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THE  MICROWAVE  REvSEARCH  INSTITUTE  PROGRAMS 

of  the 

POLYTECHNIC  INSTITUTE  OF  BROOKLYN 

Reiearch  effovts  at  the  Polytechnic  are  motivated  by  a  desire  to  fulfill  an  acade¬ 
mic  reaponsibility  by  providing  a  means  for  both  faculty  and  graduate  student  body  to 
participate  in  sifnificant  and  fundamental  research  programs  responsive  to  technolo¬ 
gical  and  national  intereata*  The  Microwave  Research  Institute  Programs  involve  aca¬ 
demic  research  activities  of  faculty  primarily  from  the  departments  of  electrical  engi¬ 
neerings  electrophysicss  and  physics  and  cover  a  broad  spectrum  ranging  from  basic 
dieoretical  investigations  in  physicss  mathematics,  and  engineering  tc  experimental 
programs  involving  basic  measurements  and  the  development  of  devices  and  materials. 
The  specific  structure  of  these  programs  is  continually  being  refined:  the  intent  here  is 
to  provide  an  over-all  stunmary  of  some  of  the  present  activity. 

It  is  particularly  desirable  to  provide  such  a  summary  in  annual  reports  to  the 
Joint  Services  Technical  Advisory  Committee,  as  this  permits  a  coherent  presenta¬ 
tion  of  the  various  phases  of  the  Joint  Services  Electronics  Program  for  the  informa¬ 
tion  of  each  of  the  sponsoring  agencies,  the  Air  Force  Office  of  Scientific  Research,  the 
Army  Research  Office  and  the  Office  of  Naval  Research,  The  work  reported  is  spon¬ 
sored  not  only  by  the  Joint  Services  (Contract  No,  AF  49(638)- 1402) but  also  by  indi¬ 
vidual  contracts  with  various  Government  Agencies,  The  aim  is  to  develop  projects 
initiated  xmder  the  Joint  Services  Electronics  Program  to  a  stature  sufficient  to  attract 
individual  support  on  their  own  merits,  and  initiate  eminently  deserving  lines  of  re¬ 
search  which  cannot  be  accommodated  within  the  present  funding  limitations.  In  this 
connection,  the  funding  provided  by  the  Polytechnic  Institute  of  Brooklyn  should  also 
be  mentioned,  as  it  frequently  provides  for  the  initiation  of  research  programs  and 
facUitieti  which  are  subsequently  continued  as  individually- sponsored  programs. 
Contributions  are  compiled  below  under  seven  descriptive  subject  headings: 
electromagnetics  and  waveguide  techniques;  quantiir*  electronics  and  optics,  plasma 
physics  and  olectronicsi  solid  state  and  materials;  cortrol  theory  and  computer  science,* 
conuntmications  and  information  processing:  networks  and  systems. 


I,  ELECTROMAGNETICS  AND  WAVEGUIDE  TECHNIQUES 

The  various  investigations  which  fall  under  the  broad  heading  of  electromagnetics 
involve  the  propagation,  guiding,  radiation  and  diffraction  of  electromagnetic  waves  in 
a  large  variety  of  environments.  These  include  major  programs  in  wave  types  near 
interlaces,  radiation  from  and  scattering  by  periodic  structures,  radiation  from 
sources  and  scattering  by  obstacles  in  media  with  arbitrary  properties,  and  a  system¬ 
atic  exploitation  of  ray-optic^  techniques  in  guiding  and  scatteriag  problems,  Coatri- 
bu.ors  tc  these  programs  have  received  seven  prizes  or  awards  within  the  past  five 
years  for  the  excellence  of  their  published  papers. 

The  program  on  wave  types  near  interfaces  some  years  ago  introduced  the  con¬ 
cept  of  leaky  waves,  showed  its  vslue  in  the  explsnstion  of  many  radiation  phenomena, 
and  laid  the  foundations  tor  s  new  class  of  trsveling-wsve  antennas,  the  leaky-wave 
antenna,  wtiich  permitted  better  agreement  between  theoretical  and  measured  ridiation 
patterns  than  any  other  type  of  antenna.  The  program  led  to  a  very  general  study  of 
wave  types,  including  several  categories  of  complex  guided  waves  end  the  lateral  wave, 
md  showed  their  interrelations,  *^0  lateral  wave  was  recently  shown  to  be  the  mech¬ 
anism  which  permits  most  of  the  point-to-point  communication  in  a  jungle  or  forest  en¬ 
vironment*  This  wave  in  electromagnetic  form  has  never  been  explicitly  exhibited  ex¬ 
perimentally,  however,  and  a  project  is  in  process  which  seeks  to  do  this. 


THE  MICROWAVE  RESEARCH  INSTITUTE  PROGRAMS 

The  program  on  periodir  structures  has  many  ramifications.  One  phase  relates 
to  general  studies  of  radiation  from  surfaces  or  interfaces  which  are  modulated  period¬ 
ically,  and  in  this  context  the  Brillouin  diagram  for  radiating  periodic  structures  was 
first  introduced  and  its  usefulness  clarified.  This  phase  now  includes  studies  of  vari¬ 
ous  types  of  log-periodic  antennas  and  periodically- modulated  slow-wave  antennas. 
Special  emphasis  is  placed  on  a  new  structure  which  is  flush- mountable  and  can  be 
scanned  all  the  way  from  backward  endfire  to  forward  endfire.  Another  phase  involves 
the  study  of  special  symmetries  in  periodic  structures,  particularly  screw  and  glide 
symmetry.  These  symmetries  permit  certain  mode- coupling  eff''cts  to  be  absent;  as 
one  practical  consequence,  screw  symmetry  allows  the  customer,  pattern  and  imped¬ 
ance  detex'ioration  at  exactly  broadside  to  be  avoided,  thus  permitting  smooth  scan 
through  broadside. 

Studies  of  scattering  by  periodic  surfaces  led  to  a  new  and  physically- satisfying 
theory  of  Wood's  anomalies  on  optical  gratings,  an  effect  which  remained  poorly  under¬ 
stood  for  60  years.  It  also  is  now  leading  to  a  rigorous  analysis  of  the  scattering  of 
light  by  acoustically-modulated  surfaces,  permitting  more  accurate  descriptions  of 
Bragg  and  Raman-  Nath  scattering.  Another  study  led  to  a  new  way  of  treating  mutual 
coupling  effects  in  phased  arrays  which  takes  these  effects  into  >  -.ount  rigorously  and 
automatically,  and  it  proposed  the  first  compensation  scheme  for  the  minimization  of 
such  effects.  A  current  study  extends  this  technique  to  the  explanation  of  resonance 
effects  in  large  phased  arrays,  a  phenomenon  that  can  cause  the  array  to  become  un¬ 
expectedly  "blind"  at  certain  scan  angles.  This  theoretical  and  experimental  study 
seeks  both  a  thorough  explanation  and  methods  for  overcoming  the  problem. 

The  program  on  propagation  and  scattering  in  media  with  arbitrary  properties 
was  motivated  by  the  recognition  that  recent  technology  requires  a  knowledge  of  the 
propagation  of  electromagnetic  waves  in  physical  environments  of  increased  complexity, 
and  of  the  radiation  characteristics  of  antennas  and  the  scattering  characteristics  of 
obstacles  in  these  environments.  Examples  of  such  media  are  provided  by  ionized 
plasmas,  either  in  the  laboratory  or  in  outer  space,  whose  electrical  properties  can  be 
described  macro scopically  in  terms  of  an  inhomogeneous  or  homogeneous  isotropic 
dielectric,  an  anisotropic  dielectric,  or  a  mechanically  deformable  dielectric  material, 
the  choice  of  a  particular  model  being  dependent  on  the  circumstances  in  question*  In 
addition,  turbulent  processes  in  the  medium  may  require  the  inclusion  of  statistical 
properties  in  its  description. 

When  a  plasma  medium  surrounds  an  antenna  or  a  scattering  object,  a  situation 
encountered  when  a  rocket  or  satellite  passes  through  the  ionosphere  or  when  a  high 
speed  vehicle  re-enters  the  upper  atmosphere,  the  above-mentioned  processes  of  radia¬ 
tion  and  scattering  become  relevant  for  problems  of  radio  communication  and  detection. 

In  order  to  understand  the  mechanism  of  propagation,  radiation  and  diffraction  in 
media  having  several  of  the  complicating  aspects  indicated  above,  it  is  necessary  to 
analyze  first  the  influence  of  individual  physical  features  in  a  particular  model.  Accord 

®  systematic  study  of  selected  guiding  radiation  and  scattering  problems  in  inho¬ 
mogeneous  media,  in  anisotropic  media,  in  compressible  plasma  media,  and  in  media 
with  random  fluctuations  is  being  carried  out  within  a  rigorous  framework.  Emphasis 
is  placed  on  asymptotic  techniques  to  extract  from  the  involved  exact  field  expressions 
approximate  information  which  permits  an  interpretatio.n  of,  and  an  insight  into,  rele¬ 
vant  processes  in  basic  physical  terms.  In  these  studies,  ray-optical  concepts  play  an 
Important  role,  and  they  also  permit  a  generalization  of  the  results  to  non- elementary 
structural  configurations  which  cannot  conveniently  be  analyzed  by  alternative  tech¬ 
niques. 

Recently,  ray  optics  has  also  been  found  useful  for  the  analysis  of  scattering  by 
discontinuities  in  waveguides,  for  the  description  of  radiating  structures,  and  for'the 
calculation  of  interaction  between  adjacent  radiating  elements.  While  ray  optics  is  a 
discipline  best  suited  to  the  determination  of  high-frequency  effects  (in  a  regime  whore 
the  wavelength  is  small  compared  to  critical  structural  dimensions),  it  has  provided 
accurate  results  even  at  low  frequencies.  The  careful  exploration  of  the  range  of 
applicability  of  ray-optical  procedures  in  propagation,  guiding,  radiation  and  scattering 
problems  in  a  general  environment  provides  the  motivation  for  much  of  the  quasi-optic 
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phase  of  the  electromagnetics  program. 

The  programa  in  microv.’ave  technologv  involve  studies  relating  to  microwave 
components!  equipment  and  techniques,  for  requirements  beyond  those  encountered  in 
the  present  microwave  art.  Such  requirements  arise  in  connection  with  a  super-high- 
power  capability,  millimeter  operating  wavelengths,  extremely  short  switching  times, 
and  other  special  response  and  performance  characteristics.  The  approach  is  partially 
experimental,  based  on  previous  experience  with  microwave  component  development, 
and  partially  analytical,  based  on  known  solutions  of  field  problems,  known  network- 
theoretic  considerations  or  applications  of  new  solid-state  effects. 

In  a  study  on  a  new  class  of  millimeter  and  submillimeter  wavelength  devices  the 
use  of  neutral  gases  as  active  media  is  being  investigated.  An  appreciable  interaction 
exists  between  molecular  electric  dipole  moments  and  electromagnetic  radiation  so  that 
one -millimeter  wavelength  radiation  will  be  attenuated  by  15  db/inch  in  10“'^  atmos- 
quency  up  to  several  thousand  GHz  and  it  is  the  basis  for  three  devices,  a  low  noise 
amplifier,  a  calorimeter  and  a  modulator,  which  at  present  cannot  be  made  with  either 
solid  or  fluid  media. 

In  the  multimode  waveguide  program,  present  areas  of  interest  include  selective 
mode- coupling  control  through  the  synthesis  of  transverse  impedance  sheets  with  a  pre¬ 
scribed  variation  of  parameters,  development  of  new  measuring  techniques  in  a  multi- 
mode  environment,  and  application  of  multimode  techniques  to  components  using  over¬ 
sized  waveguides. 

Current  topics  of  interest  in  the  high-power  area  include  the  investigation  of  the 
interaction  of  high  power  microwaves  with  various  media,  including  breakdown  in  gases, 
liquids  and  solids,  the  investigation  of  nonlinear  phenomena  such  as  the  measurement 
of  the  electro-optic  coefficient,  studies  of  the  spatial  propagation  of  breakdown  in  gases, 
and  techniques  for  the  development  of  high-power  waveguide  components. 

It  has  long  been  known  that  there  are  various  biological  hazards  attendant  on  the 
use  of  high  microwave  power.  The  human  is  particularly  sensitive  in  this  respect.  There 
exists,  therefore,  strong  motivation  for  the  establishment  of  tolerance  limits  and,  ulti¬ 
mately,  safety  standards.  A  study  of  the  effects  of  microwave  radiation  on  the  eye, 
emplo^ng  rabbits  as  subjects,  is  being  undertaken  as  a  joint  effort  of  the  Institute  and 
the  Zaret  Foundation. 


n.  QUANTUM  ELECTRONICS  AND  OPTICS 

The  general  area  of  quantum  electronics,  which  comprises  that  par.  of  electronics 
in  which  quantum-mechanical  effects  become  important,  has  recently  received  major 
stimulation  within  the  Institute's  electronics  program  bv  recent  additions  to  the  staff. 
The  new  program  in  quantum  electronics  and  lasers  consists  of  a  number  of  different 
projects.  In  two  of  these  projects,  new  lasers  are  under  development  whose  character¬ 
istics  will  advance  the  state  of  the  art.  In  various  ether  project!.,  phenomena  induced 
by  lasers  are  being  studied. 

Visible  and  near-visible  lasers  with  an  efficiency  and  power  comparable  to  the  far 
infrared  CO2  l&s«r  st^z  "till  lacking.  An  apparatus  for  investigating  the  promising 
metal- vapor  lasers  in  this  connection  is  under  construction.  An  eventual  goal  is  to 
demonstrate  the  usefulness  of  the  pulsed  copper-vapor  laser  to  gated  viewing  systems 
and  holography.  Under  a  second  project,  the  CO.  laser  will  be  frequency  stabilized 
using  a  passive  COy  absorption  cell  as  a  reference.  Factors  which  limit  the  stability 
of  this  and  other  std»ilised  lasers  are  being  studied.  Eventually,  this  system  will  be 
used  to  make  fundamental  and  useful  frequency  and  length  measurements. 

g  A  study  is  underway  of  the  feasibility  of  generation  of  very-high-temt<erature 
(10^  K)  high-density  plasmas  by  short  powerful  laser  pulses.  The  goal  is  .v  make 
spectroscopic  '  bservations  of  highly- ionised  heavy  atoms.  Specifically,  if  substantial 
numbers  of  one-electron  ions  can  be  produced  it  may  be  possible  for  the  first  time  to 
measure  and  compare  with  fundamental  theory  hyper  fine  aplittings  and  the  Lamb  shift 
in  the  visible  part  of  the  spectrum. 
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The  high  intensities  achievable  in  laser  beams  can  perturb  atomic  energy  levels 
and  radically  alter  the  shape  and  polarization  of  spectral  lines.  The  theory  of  these 
phenomena  has  recently  been  worked  out.  Eventually,  it  is  hoped  that  this  interesting 
Stark  effect  at  optical  frequencies  will  be  observed  and  compared  with  the  theory. 
Another  theoretical  study  in  progress  aims  at  understanding  the  irreducible  quantum 
fluctuations  always  present  in  the  output  of  lasers  and  other  quantum  electronic  devices, 
from  the  point  of  view  of  first  principles.  The  study  will  also  clarify  the  ranges  of 
validity  of  various  phenomenological  theories. 

The  program  on  nonlinear  optics  has  several  theoretical  and  experimental  phases, 
dealing  primarily  with  parametric  processes.  Recent  projects  have  stressed  the  inter¬ 
action  of  light  with  elastic  waves,  including  the  study  of  stimulated  Brillouin  scattering 
and  an  elastic-wave  parametric  amplifier  using  an  optical  idler.  Theoretical  studies 
have  employed  a  Floquet  expansion  which  takes  all  the  harmonics  into  account,  and  is 
rigorous  to  within  the  small- signal  regime.  The  familiar  Brillouin  diagram  for  purely- 
spatial  periodic  structures  has  been  generalized  to  include  the  time  domain,  and  it  is 
being  used  to  map  all  possible  competing  interactions.  The  rigorous  boundary- value 
problem  for  a  light  beam  incident  on  an  acoustically-modulated  or  laser- modulated 
medium  is  being  solved  and  will  be  applied  to  a  variety  of  cases. 

New  insight  regarding  the  characteristics  of  optical  resonators,  such  as  those 
commonly  employed  in  optical  masers,  has  been  gained  from  recent  studies.  Whereas 
previous  work  generally  assumes  that  the  medium  within  the  resonator  is  homogeneous 
and  isotropic,  here  the  medium  is  treated  as  inhomogmeous  and  dispersive. 

In  one  investigation,  the  effect  of  inhomogeneity  and  anisotropy  in  both  the  host 
and  active  medium  of  a  laser  cavity  upon  its  normal  (or  stationary)  modes  was  studied. 

A  parallel  development  of  some  interest  is  that  a  refinement  of  simple  ray  optics  pre¬ 
dicted  features  of  the  electromagnetic  field  within  optical  resonators  and  beam  wave¬ 
guides  previously  derived  from  solutions  of  an  integral  equation.  It  may  be  pointed  to 
remark  that  this  development  of  ray  theory  benefited  from  the  recognition  of  a  formal 
analogy  with  microwave  network  theory. 

The  program  on  quantum  optics  has  centered  on  free  coherent  radiation  fields. 

The  invariance  properties  of  the  double  integral  and  diagonal  representations  of  oper¬ 
ators,  in  terms  of  the  coherent  states  were  studied.  It  was  shown  that  a  unique  diagon¬ 
al  representation  always  exists  for  bounded  operators,  hence  for  every  density  operator, 
and  unbounded  operators  which  are  polynomials  in  the  boson  creation  and  annihilation 
operators. 

The  statistical  properties  of  the  electromagnetic  field  are  suitably  studied  with 
the  aid  of  the  quantum- mechanical  correlation  functions.  These  have  been  now  con¬ 
veniently  expressed  in  terms  of  the  Stokes  operators. 

Previous  studies  of  the  anti- correlation  ei’lecr  extended  to  the  multimode  fields. 
This  repulsion  effect  arises  in  the  theory  because  the  quasi-probability  functional  P(o) 
in  the  diagonal  representation  of  the  density  measure  may  assume  negative  values  over 
certain  parts  of  the  complex  a  plane.  Studies  of  interacting  radiation  fields  are  con¬ 
cerned  with  the  formulatio.;  and  solution  of  the  quantum  equations  of  motion  in  a  multi- 
mode  laser  amplifier  model. 


III.  PLASMA  PHYSICS  AND  ELECTRONICS 

Plasmas  arc  being  studied  in  tcrnis  of  fundamental  processes  and  as  media  for 
the  propagation  of  various  types  of  waves. 

Among  the  fundamental  problems  there  are  Investigations  into  the  initial  develop¬ 
ment  of  gaseous  discharges  by  time-resolved  spectroscopy,  and  into  the  natures  of 
instabilities  in  plasma  formation,  as  well  as  ipto  underlying  structure  of  the  trans- 
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port  theory  usually  applied  in  plasma  problems. 

Other  topics  under  investigation  are  the  interaction  of  plasmas,  and  supersonic 
plasma  shock  waves,  with  microwave  fields  of  high  power,  and  the  coupling  of  acoustic, 
electromagnetic  and  optical  waves  in  various  configurations.  In  particular, interactions 
between  laser  light  and  plasmas  are  under  investigation,  as  well  as  the  inverse  possi¬ 
bility  of  high- temperature  plasma  genert.tion  by  lasers. 

The  characteristics  of  dynamical  processes  in  plasmas  are  being  studied  both 
theoretically  and  experimentally.  Particular  attention  focuses  on  the  investigation  of 
equilibrium  configurations  and  their  stability,  by  taking  the  effects  of  nonlinearities 
fully  into  account. 

The  approach  followed  concepts  of  firdt  choosing  a  physical  model,  which,  while 
retaining  the  salient  features  of  the  process  under  consideration,  is  sufficiently  simple 
that  exact  solutions  of  the  nonlinear  equations  can  be  found.  Then,  the  model  is  refined 
and  approximate  solutions  are  obtained  by  using  a  specially- developed  perturbation 
technique.  This  procedure  has  already  yielded  some  interesting  results,  such  as  the 
conditions  under  which  the  two-stream  instability  saturates,  and  its  saturation  level, 
the  maximum  amount  of  energy  which  can  be  stored  at  the  upper  hybrid  frequency,  the 
exact  density  profiles  in  plasmas  confined  by  material  walls,  and  the  stringent  com¬ 
patibility  conditions  which  givern  the  diffusion  process  and  the  fact  that  those  condi¬ 
tions  preclude  the  attainment  of  a  laminar  flow  in  the  presence  of  appreciable  magnetic 
fields. 

The  same  method  of  attack  is  now  being  applied  to  more  complex  situations  in¬ 
volving  inhomogeneities  in  the  statistics  and  in  the  medium,  drift  waves,,  wave-wave 
interactions  and  nonlinear  Landau  damping. 

In  the  laboratory,  agreement  betweeti  theory  and  experiment  has  been  established 
in  the  case  of  resistive  and  Rayleigh- Taylor  instabilities. 

A  new  experimental  program  in  gaseous  plasmas  has  been  initiated  which  will 
study  plasma  turbulence.  To  meet  the  stringent  theoretical  requirements  for  this  study, 
a  sophisticated  hollow- cathode- discharge  arc  system  and  an  electrodeless  plasma  de¬ 
vice  using  a  novel  rf  power- coupling  scheme  are  being  built.  The  hollow- cathode  arc 
is  capable  of  producing  a  quiescent,  marginally- colli sional  plasma  of  high  density  and 
moderate  temperature.  The  rf-produced  plasma  will  be  a  quiescent,  warm,  collision¬ 
less,  currentiess  plasma  of  moderate  density. 

The  fluctuation  spectra  will  be  obtained  and  will  be  related  to  studies  of  the 
physical  mechanisms  and  nonlinear  behavior  of  the  plasma  fluctuations.  These  results 
will  be  correlated  wl'ih  nonlinear  and  quasi-linear  theories  of  plasma  turbulence,  with 
partictilar  attention  paid  to  the  effective  growth  rate  and  possible  nonlinear  stabilization 
effects.  Further,  these  plasmas  will  be  used  for  the  measurement  of  plasma  diffusion 
and  for  studies  of  plasma  waves. 

The  radiophysics  of  natural  terrestrial  and  extraterrestrial  phenomena  is  another 
new  program  area.  Emphasis  is  on  upper  atmospheric  and  ionospheric  research, 
solar  physics  and  radio  astronomy.  Initial  efforts  are  in  ionospheric  phytics  and  solar 
radio  physics  incorporating  both  experimental  and  theoretical  endeavors.  In  particular, 
current  programs  are  concerned  with  the  nature  and  physics  of  ionospheri :  irregular¬ 
ities  and  with  the  temporal  variations  of  the  ionosphere.  An  ionospheric  laboratory 
for  observational  research  has  been  started.  The  facility  enables  soundings  of  the 
ionosphere,  and  the  data  will  be  utilized  in  theoretical  efforts  aimed  at  the  interpreta¬ 
tion  of  irregularities  and  diurnal  variations. 


IV.  SOLID  ST.ATE  AND  MATERIALS 

The  solid  state  research  ranges  over  a  wide  ^rea  of  experimental  activities  en¬ 
compassing  the  creation  of  new  or  better  materials,  the  investigation  of  many  specific 
properties  of  aolids,  and  the  application  of  these  materials  and  effects  to  practical 
situations.  L.  addition,  there  are  active  programs  in  various  aspects  of  solid  state 
theory. 

In  the  area  of  materials  development,  an  important  sector  is  concerned  with  new 
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magnetic  compounds  involving  rare  earth  ions,  and  with  the  production  of  high  quality 
ferrites  in  both  bijlk  and  thin  film  form.  Programs  involving  thin  films  include  the 
development  of  high  mobility  semiconducting  layers,  and  the  preparation  of  highest 
quality  sini'le  crystal  films  of  the  noble  and  the  ferromagnetic  metals.  In  addition, 
there  are  systematic  efforts  to  produce  good,  insulating  barriers  on  semiconductor  and 
metal  single  crystal  surfaces,  for  application  in  tunneling  and  other  devices. 

Amiong  the  properties  of  interest,  those  related  to  electromagnetic  interactions 
play  a  central  role*  Electron  transport  in  semiconductors  is  studied  for  hot-electro  i 
nonlinear  effects ,  and  for  surface  interactions  .  Size  and  surface  effects  in  carrier 
transport  in  magnetic  fields,  especially  as  related  to  the  band  structure  and  to  surface 
relaxation  mechanisms,  are  investigated  in  thin  films  and  high  purity  single  crystals  at 
low  temperatures.  One  group  of  studies  centers  on  the  spin  dependence  of  electrical 
conduction  in  magnetic  materials,  while  another  is  concerned  with  the  characteristics 
of  thin  tunneling  junctions,  either  vacuum  or  insulating,  between  normal  or  supercon¬ 
ducting  mateiials.  New  research  inclu'^es  ihe  interaction  of  microwaves  with  super¬ 
conductors  of  granular  structure  and  specie- lly  shaped  boundaries. 

Studies  in  magnetism  include  a  program  of  ferromagne' ic  and  spin-wave  resonance 
in  metals  and  ferrites  aiming  at  clarifying  the  boundary  cone  .tions  on  the  magnetization, 
as  well  as  at  applying  the  nonlinear  chaiacteristics  in  the  resonant  domain.  A  funda¬ 
mental  investigation  concerns  the  nature  of  tl  e  magnetic  coupling  between  rare-earth 
ions  as  revealed  by  the  pressure  dependence  of  the  Curie  temperaPire.  Another  study 
is  looking  at  the  origins  of  the  frequenc,*  dependence  of  magnetic  anisotropy  in  ferrites. 

A  very  active  program  in  magnetic  resonance  of  ESR  and  NMR  is  elucidating  details  of 
electronic  structure  in  many  of  the  materials  used  in  other  investigation?. 

Optical  investigations  include  the  determination  of  the  Stark  effect  of  excitons  in 
alkali  halides,  and  the  systematic  study  of  the  dynamic  properties  of  rare-earth  acti¬ 
vated  phospors,  with  emphasis  on  the  mechanism  of  energy  transfer  between  lumines¬ 
cent  centers.  A  broad  investigation  of  the  Faraday  effect  in  ferromagnetic  metals  aims 
at  clarifying  details  of  their  band  structure,  especially  as  a  function  of  temperature* 
Photoelectric  emission  is  being  carried  out  on  pure  clean  single  crystal  surfaces,  in 
order  to  analyze  in  detail  the  energy  and  momentum  distribution  of  the  emerging  elj»c- 
trons.  At  very  short  wavelengths,  in  tl  X*ray  region,  studies  are  pursued  on  quanti¬ 
tative  aspects  of  the  resonant  Borrmanu  transmission  in  perfect  single  crystals  under 
conditions  where  three  or  more  distinct  beams  are  in  strong  interaction. 

X-ray  investigations  are  concerned  with  crystal  structures,  perfection,  thermal 
effects  and  charge  distributions  in  a  wide  range  of  materials.  Structural  surface  effects 
and  the  nature  of  surface  interactions  are  being  studied  by  low-energy  electron  diffrac¬ 
tion,  including  adsorption  phenomena  and  epitaxial  growth.  The  LEED  program  is  also 
concerned  with  a  series  of  studies,  with  the  fundamental  interactions  giving  rise  to 
diffraction  intensities,  and  with  the  possible  effect  of  polarizing  scattering  cross  sec¬ 
tions  on  observed  intensities. 

Examples  of  multiple -w'ave  interactions  are  being  studied  with  the  acousto- 
electric  effect  in  bismuth,  electron-phonon  interactions  in  piezoelectric  semiconductors, 
and  spin-vave  phonon  couplings  in  insulators. 

Theoretical  studies  Include  a  fundamental  program  in  electron-phonon  interactions 
in  magnetic  fields,  the  investigation  of  transport  phenomena  in  very  anisotropic  semi¬ 
conductors,  the  theory  of  slow-electron  scattering  in  solid  surfaces,  and  the  interpre¬ 
tation  of  phctcelectron  cxcitatior.  in  terms  of  band  structure.  In  addition,  there  are 
calculations  of  the  energy  band  structure  of  soUds  such  as  aluminum,  at  energies  con¬ 
siderably  above  the  Fermi  level, 

V.  CONTROL  THEORY  AND  COMPUTER  SCIENCE 


Control  systems  are  systems  which  automatically  regulate  anything  from  space 
vehicle  guidance  to  traffie  flow  along  highways.  Typical  of  current  applications  under 
consideration  are  satellite  attitude  control  and  temperature  control  for  buildings  and 
chemical  reactors. 
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The  theory  sf  control  systems  can  be  studied  apart  from  particular  applications* 
Means  for  arriving  at  stable  optimal  performance  can  be  studied  using  mathematical 
models*  Models  of  current  interest  are  defined  by  differential  equationsi  especially 
those  with  stochastic  parameters*  Useful  solutions  often  require  research  and  experi¬ 
mentation  with  computational  techniques* 

Computational  methods  are  also  being  studied  for  identifying  and  characterizing 
the  component  systems  and  stochastic  signals  which  are  used  in  the  design  of  communi¬ 
cation  and  control  systems*  Lack  of  perfect  identification  leads  naturally  to  the  study 
of  means  for  reducing  the  sensitivity  of  system  performance  to  unknown  variations  in 
system  parameters*  Component  imperfections  also  require  careftU  study  of  system 
reliability*  and  means  for  improving  this  reliability* 

In  addition  tu  standard  computational  applications*  digital  computers  are  being 
used  for  studies  of  learning  controllers*  pattern  recognition*  and  automatic  optimiza¬ 
tion*  A  newly-obtained  on-line  experimental  computer  (PDP-8)  is  being  used  to  process 
si^'nals*  i*e*i  perform  averaging*  calculate  probability  density,  etc**  obtained  from 
laboratory  experiments  dealing  with  communications  and  control  systems*  An  extended 
on-line  computer  facility  is  being  developed  for  the  purpose  of  processing  data  repre¬ 
senting  English  text  and  selecting  a  best  compression  code*  based  upon  the  redundancy 
properties  of  the  text* 

In  the  area  of  Computer  Science,  several  diverse  activities  are  pursued:  switch¬ 
ing  and  automata  theory,  computer  generation  of  sound  and  music,  and  computer  lang¬ 
uages* 

Work  in  switching  and  automata  has  focused  upon  two  areas;  the  machine  decom¬ 
position  problem,  which  explores  ways  of  finding  uniform  (i*e*,  iterative)  arrays  which 
realize  sequential  machines  with  prescribed  classes  of  modules  or  cells,  and  the  di¬ 
agnostics  problem  which  seeks  ways  of  designing  efficient  input/output  testing  experi¬ 
ments  for  sequential  machines* 

Work  in  computer  languages  presently  deals  with  the  development  of  micropro¬ 
gramming  techniques;  its  object  is  to  find  ways  of  designing  computers  with  variable 
instruction  sets  such  that  each  set  is  best  for  some  class  of  computational  problems* 

A  new  translator  for  the  PL/I  language,  called  FLAG 0/360,  is  currently  under  de¬ 
velopment*  This  project  was  initiated  in  order  to  pro%dde  an  alternative  to  utilizing 
the  IBM  PL/I  compiler  which  has  an  average  job  time  of  two  and  one-half  minutes 
using  the  IBM  dystem/SbO  Model  50  at  the  PIB  Computer  Center.  Version  I  of 
PLAGO/  360  is  expected  to  reduce  this  time  to  approximately  five  seconds. 

Medical  Electronics*  an  area  comprising  signal  analysis  techniques  applied  to 
biologically-derived  signals*  feedback  theory  and  analog  simulation  of  biological 
systems,  and  specialized  instrumentation  for  evaluation  of  medically- significant  quanti¬ 
ties,  is  being  developed  extensively*  Particular  problems  include  signal- Bow  repre¬ 
sentation  of  the  cardiovascular  system  with  emphasis  on  the  study  of  dye  dilution  simu¬ 
lation  and  development  of  a  patient-weighing  device  for  continuous  monitoring  in  con¬ 
nection  with  the  use  of  an  artifical  kidney* 


VI*  COMMUNICATIONS  AND  INFORMATION  PROCESSING 

Th*  research  program  in  communications  and  information  processing  covers  the 
areas  of  analog  and  digital  transmission,  and  the  reception  of  signals  trarsmitted 
through  fading  and  nonfading  media*  The  use  of  coding  for  error  correction,  phase- 
locked  loops  and  frequency  demodulators  using  feedback  for  threshold  improvement, 
and  the  development  of  new  and  improved  circuitry  for  use  in  all  aspects  of  these  prob¬ 
lems  are  under  study* 

With  the  advent  of  satellite  communications  and  deep  space  probes,  the  use  of  low- 
threshold  receivers  such  as  the  phase-locked  loop  and  frequency  demodulators  using 
feedback  has  become  Imperative*  Commerical  receivers  commonly  have  thresholds  of 
7db*  Receivers  built  under  this  program  have  achieved  thresholds  as  low  as  0  db* 
Studies  concerning  the  effect  of  loop  delay  on  threshold  and  the  use  of  a  phase-locked 
loop  to  detect  a  frequency- shift- keyed  signal  and  for  phase- shift  keying  arc  currently 
in  progress* 
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The  response  of  an  fm  discriminator  and  phase-locked  loop  to  analog  and  digital 
fm  signals  transmitted  through  fading  channels  is  \mder  investigation.  Experimental 
facilities  available  include  wideband  fm  generators,  low-frequency  white  noise  sources, 
a  wideband  fm  discriminator,  fading  channel  simulators  and  a  probability  density 
analyzer,  all  developed  under  this  pr>,.j{ram.  The  channel  simulators  are  capable  of 
simulating  the  ionosphere  or  troposphere  and  most  other  frequency  and  time  dispersive 
channels. 

A  study  of  traveling-wave  tubes  to  determine  distortion  and  multiple-access  capa¬ 
bility  is  also  in  progress. . 

The  development  of  nev/  and  improved  circuits  for  the  production  and  detection  of 
both  analog  and  digital  modulations  is  under  study.  Emphasis  in  these  investigations 
is  upon  new  conceptual  approaches  and  upon  circuit  approaches  that  lend  themselves  to 
construction  using  integrated  circuit  techniques.  Specific  projects  currently  underway 
include  three  different  types  of  wideband  fm  generators,  a  class  of  new  wideband  fm 
generators,  a  wideband  PDM  system,  various  diversity  systems,  as  well  as  investiga¬ 
tions  of  transistor  oscillators,  mixers  and  envelope  detectors. 

Modern  statistical  theory  and  its  application  to  communication  systems,  signal 
detection  and  other  fields  is  under  study  Some  specific  projects  which  have  been  worked 
on  include:  general  study  of  information  theory:  narrow- bandwidth  transmission  of 
television  pictures;  high-speed  transmission  of  facsimile  pictures;  design  of  digital 
coding  apparatus;  problems  involved  in  pulse  transmission;  reduction  of  multi-path  echo 
distortion;  application  of  recent  statistical  methods  to  basic  communication  theorems; 
study  of  abstract  and  practical  properties  of  digital  codes  and  the  optimum  detection 
of  weak  signals  in  noise  and  other  random  interferences.  One  of  the  features  of  modern 
communication  theory  is  the  ability  to  define  quantitatively  an  amount  of  information 
and  a  loss  of  information  due  to  errors.  AnotJier  feature  is  the  consideration  that  a 
communication  system  must  be  designed  to  handle  not  one  but  an  ensemble  of  signals 
and,  therefore,  a  statistical  approach  is  almost  necessary. 

VII.  NETWORKS  AND  SYSTEMS 

The  advent  of  integrated  circuitry  has  brought  the  network  designer  face  to  face 
with  problems  involving  the  synthesis  of  structures  contaiu^ng  both  lumped  and  distrib¬ 
uted  elements.  Recent  studies  have  revealed  that  such  (passive)  networks  are  de¬ 
scribed  by  rational  multi- variable  positive-real  functions.  Conversely,  this  program 
has  also  succeeded  in  showing  that  such  functions  are  realizable  as  driving  point  im¬ 
pedances  of  networks  containing  a  finite  number  of  the  usual  lumped,  passive  compo¬ 
nents  and  a  finite  number  of  ideal  commensurate  transmission  lines  operating  in  the 
TEM  mode.  Many  of  the  configurations  resulting  from  the  synthesis  procedure  are  im¬ 
practical  for  microwave  implementation.  Consequently,  attention  is  now  being  con¬ 
centrated  on  filter  structures  of  special  type.  One  such  type,  involving  shunt,  cap- 
acitively- loaded  cascaded  lines,  appears  very  promising. 

The  numerical  difficulties  involved  in  synthesizing  complex  filters  are  consider¬ 
able.  To  alleviate  this  situation  a  computer-oriented  algorithm  has  been  devised  for 
partitioning  a  filter  into  a  cascade  of  two  simpler  ones.  The  method  reduces  the  pro¬ 
cess  to  the  solution  of  a  homogeneous  system  of  equations  with  constant  coefficier  ts 
and  is  easily  programmed. 

Also  being  continued  is  th^  earlier  work  dealing  with  the  analyvsis  and  syntiesis 
of  large-scale  systems  via  the  state- variable  approach.  It  appears  that  a  minimal- 
gyrator  synthesis  for  nonreciprocal,  lumped,  passive  n-povts  will  soon  be  available. 

Studies  in  classical  netu’ork  theory  continue  with  emphasis  on  approximation  tech¬ 
niques,  sensitivity  analysis,  realistic  synthesis  schemes,  and  computer-aided  design. 

in  another  program,  network  and  system  concepts  are  being  extended  to  space 
coordinates  and  applied  to  optics.  Problems  in  optical  filtering,  image  roatoration, 
holography  and  apodization  are  being  invesUgated.  Optical  processing  is  b^int;  used  in 
pattern  recognition. 

New  areas  of  stochastic  modeling  arc  being  explored.  In  p.irlicular,  the  applica¬ 
tions  to  earthquake  engineering  and  the  design  of  high- speed  rail  vehicles  are  In'ing 
dealt  with. 

The  theory  of  characteristic  processes  is  being  applied  to  propagation  phenomena, 
with  applications  to  coherence  and  interference. 
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ELEMENT-PATTERN  NULLS  IN  PHASED- ARRAY  ANTENNAS:  THEORETICAL  STUDY 
G.  H.  Knittel,  A.  Hessel  and  A,  Oliner 

A  considerable  amount  of  progress  in  understanding  the  "unusual"  element-pattern 
null  effect  in  phased-array  antennas  has  been  made  in  the  past  year.  An  example  of  a 
measured  element  pattern  (the  radiation  pattern  of  one  element  in  the  array  with  all 
others  terminated)  exhibiting  this  unusual  null  is  shown  in  Fig.  1.  This  figure  plots  the 
element  pattern  gain  in  dB  versus  angle  from  broadside,  6  .  It  was  published  by  Diamond^ 
and  was  measured  with  an  array  of  rectangular  v/aveguide  in  a  triangular  grid  ("brick" 
array).  Notice  that  the  pattern  has  a  null  at  an  angle  substantially  closer  to  broadside 
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Fig.  I  Measured  Element  Pattern,  H  Plane,  "Brick"  Arr-iy  (from  Duamond) 
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than  that  for  which  an  endfire  grating  lobe  can  exist  (when  all  elements  are  excited)  ’  '  . 
Although  the  possibility  of  such  a  null  was  expected  at  the  latter  angle,  it  was  not  ex¬ 
pected  at  angles  closer  to  broadside  and  is  in  this  sense  "unusual". 

It  is  well  known  that  the  element-pattern  null  is  directly  related  to  a  complete- 
reflection  condition  which  exists  in  the  array  when  all  the  elements  are  excited.  At  this 
precise  complete -reflection  condition,  one  finds  that  the  fields  on  the  surface  of  the  array 
have  a  surface -wave -like  character, 

A  null  in  the  element  pattern  of  an  array  is  extremely  serious  since  the  gain  of  the 
array  at  a  particular  scan  angle  is  proportioned  to  tlie  element  pattern  gain  at  that  angle, 
and  the  array  is  blind  at  those  angles  for  which  the  element  pattern  has  a  null.  This 
blindness  manifests  itself  by  a  complete  reflection  of  the  incident  power  in  the  array.  It 
is  of  great  importance  to  a  phased-array  radar  that  this  phenomenon  be  avoided  within 
the  design  scan  volume.  The  present  study  is  intended  to  accomplish  this  by  attaining  an 
understanding  of  the  phenomenon,  conditions  under  which  it  may  exist,  and  means  by 
which  it  may  be  avoided. 

In  a  comprehensive  theoretical  study  of  the  phenomenon,  three  different  infinite 
phased-array  structures  have  been  examined.  One  of  tliese  is  the  brick  array  scanned  in 
the  H  plane,  for  which  a  measured  element  pattern  is  shown  in  Fig.  1.  This  array  is 
designed  to  work  with  the  dominant  (TEj^q)  mode  in  the  waveguides;  it  has  no  dielectric 
loading  either  inside  or  outside  the  waveguides. 

The  other  two  structures  studied  theoretically  are  shown  in  Fig.  2.  The  two-dimen¬ 
sional  array  of  slots  in  a  conducting  plane  (Fig.  2(a))  is  fed  by  TEM  modes  in  parallel- 
plate  waveguides  and  is  scanned  in  the  E  plane.  The  array  is  covered  by  a  dielectric 
slab.  The  initial  study  of  this  structure  was  done  for  the  case  m  which  the  aperture 
widths,  d,  are  small.  This  permits  the  representation  of  tlie  aperture  electric  field  by 
the  dominant  mode  of  the  aperture  and  enables  one  to  derive  a  simple  equivalent  network 
for  the  array.  This  network  has  been  used  to  determine  much  of  the  behavior  of  the  null 
phenomenon  by  inspection^,  and  to  show  the  relation  between  the  phenomenon  .and  the 
forced  resonance  of  a  higher  mode  in  the  dielectric.  A  further  study  of  the  structure 
for  wider  aperture':;  utilized  a  more  sophisticated  technique  in  which  the  aperture  elec¬ 
tric  field  was  represented  by  the  first  two  or  three  lowect-order  modes  of  the  aperture. 

In  this  case  the  detailed  behavior  of  the  null  was  i  'und  to  be  somewhat  different  from 
that  in  the  narrow- aperture  c  ^e,  but  many  of  the  essential  features  were  the  same. 

The  array  of  slots  in  a  rectangular  grid  (Fig,  2(b))  is  fed  by  TEj^  modes  in  rec¬ 
tangular  waveguide  and  is  scanned  in  the  H  plane.  The  height  of  the  slots  may  be  varied 
from  very  small  to  a  height  equal  to  that  of  the  feeding  waveguides.  A  dielectric  slab 
covers  the  array;  the  feed  guides  are  also  loaded  with  dielectric  so  that  the  TF. modes 
are  not  too  close  to  cutoff. 
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(a)  Two-Dimensional  Array  of  Slots  Covered  by  a  Dielectric  Slab 


(b)  Array  of  Slots  in  a  Rectangular  Grid  Covered  by  a  Dielectric  Slab 


Fig.  Z  Two  Structures  which  Exhibit  the  Element-Pattern  Null  Phenomenon 

Tht  theoretical  etudy  of  the  aforementioned  etructuree  wae  ueually  done  by  approxi¬ 
mating  the  aperture  electric  field  with  the  twe  loweet-order  modes  of  the  aperture.  The 
ratio  of  the  two  model  voltages  is  then  determined  from  the  Galerkin  method  (of  solution 
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of  integral  equations)  thus  specifying  the  shape  of  the  aperture  *‘ield  at  all  scan  angles, 

The  aperture  field  shape  is  then  used  in  a  positive-real  expression  for  array  admittance 
Y,  derived  by  requiring  conservation  of  the  complex  power  across  the  aperture  plane. 

The  array  reflection  coefficient  and  element  pattern  are  then  computed  from  Y  by  standard 
relationships. 

From  the  above  study  of  various  array  structures  it  has  been  concluded  that  the 
unusual  element-pattern  n\ill  is  caused  by  the  presence  of  a  leaky  wave  in  tlie  structure^. 


Fig.  3  Sketch  showing  Interference  between  Direct  Element  R.idiation  and  that  from 
Leaky  Wave  to  Produce  Element-Pattern  Null  on  Left  Side  of  Pattern 

The  way  in  which  this  leaky  wave  causes  the  null  is  illustrated  in  Fig.  3.  The  direct 
radiation  from  the  element  is  exactly  cancelled  by  that  from  the  leaky  wave  which  is 
supportable  by  the  array.  The  attenuation  constant  of  the  leaky  wave  determines  the 
width  of  the  null. 

As  mentioned  earlier,  when  all  the  elements  of  the  array  are  e,\cited,  as  in  radar 
operation,  the  element-pattern  null  manifests  itself  as  a  complete  reflection  of  the  inci¬ 
dent  power.  This  is  brought  about  by  a  cancellation  of  coupling  from  the  dominant  mode 
of  the  aperture  field  to  the  radiating  mode  in  spate  by  coupling  from  the  higher  modes  of 
the  aperture  field.  Thus  the  radiating  mode  in  space  is  not  excited  and  therefore  the 
conductance  of  the  array  admittance  becomes  zero  at  the  rcsonar.t  or  complete-reflection 
condition. 

The  above  characteristics  of  the  phenomenon  identify  it  as  a  relative  of  the  famous 
Wood's  anomaly  on  optical  reflection  gratings^.  This  phenomenon  has  been  long  known 
(since  1902)  on  optical  gratings  but  has  apparently  been  only  recently  observed  on 
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microwave  transmission  gratings,  with  the  much  increased  use  of  phased-array  antennas. 
Joint  Services  Technical  Advisory  Committee 
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ELEMENT-PATTERN  NULLS  IN  PHASED- ARRAY  ANTENNAS:  EXPERIMENTAL 
CONFIRMATION  IN  A  WAVEGUIDE  SIMULATOR 

G.  H.  Knittel,  A.  Hessel  and  A.  A.  Oiiner 

In  order  to  experimentally  confirm  some  of  the  prt'Ceding  theoretical  study,  thi' 
measured  performance-  of  the  array  in  Fig.  2(b)  of  the  preceding  section  was  obtained 
by  simulating  the  array  in  a  waveguide  simulator^  This  device  precisely  simulates 
an  infinite  array  with  an  array  of  only  a  few  elements  by  imaging  in  the  walls  of  a 
waveguide:  the  simul.ition  is  valid  at  a  particular  ■  et  of  frequencie-*  and  scan  angles 
determined  by  the  mode  which  is  u.sed  in  tin-  simulator  w.t veguitii* . 

In  thi-  prt'sent  c.tse,  only  1-1/2  eb-ments  (»f  the  .array  v.ere  construi  ted  in  ordi-r 
to  simulate  the  array  it  a  .scan  angle  of  about  18"  in  the  H  pj.ine,  ^«.it^.  element  sp;u  ing 
of  about  0,32  wavelengths'^.  An  exploded  view  oi  the  simul.iti  r  is  shown  in  th<-  photo¬ 
graph  in  Fig.  1.  Standard  L-band  w.iveguide  loniu-cts  to  u  dieb  ct ric - lo.ided  tr. ins- 
former  (shown  in  the  figure)  -which  conneets  to  a  half-height  feed  w,-»veguide.  (The 


6 


ELECTROMAGflETICS  AND  WAVEGUIDE  TECHNIQUES 


Fig.  1  Exploded  view  of  Waveguide  Simulator  for  Array  in  Fig.  2(b)  of  the 

preceding  section  showing  Rexolite- Loaded  Feed  Waveguides,  Slot  Plate, 
Rexolite  Slab,  and  Simulator  Waveguide 

adjacent  half-height,  half-width  feed  guide  is  truncated  a  short  distance  behind  the 
aperture  since  it  has  no  propagatii  g  modes.)  A  separate  slot  plate  covers  the  feed 
guides  so  as  to  permit  control  of  the  height  of  the  radiating  slot.  The  rexolite  slab 
adjoins  the  slot  plate  and  is  enclosed  by  the  simulator  waveguide.  An  air-filled  wave¬ 
guide  taper  (not  shown)  connects  the  simulator  waveguide  to  standard  L-band  guide. 
Measurements  of  the  reflection  and  transmission  coefficients  of  the  structure  were 
made  by  exciting  the  L-band  guide  behind  the  aperture  in  the  TEj^  mode  and  then 
varying  frequency.  At  each  frequency,  the  simulator  exactly  represents  the  infinite 
array  at  a  different  scan  angle, 

A  comparison  of  the  theoretical  and  experimental  performance  of  the  array  of 
Fig.  2(b)  of  the  previous  section  is  given  in  Fig.  2  for  the  case  In  which  the  height  of 
the  slots  is  equal  to  that  of  the  feed  waveguides.  Notice  the  agreement  between  the 
measured  and  computed  performance,  especially  at  the  complete- reflection  (or  reso¬ 
nance)  condition  f  =  1.  370  GHz.  The  measurements  thus  confirm  the  adequacy  of  the 
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Fig.  2  Performance  of  Array  in  Fig.  2(b)  of  the  preceding  section  with 
Open-Ended  Feed  Waveguides 

two-mode  field  approximation  used  in  the  computations  and  also  show,  for  the  first 

time,  that  the  phenomenon  is  indeed  characterized  by  a  complete  reflection  (magnitude 

2 

of  reflection  coefficient  greater  than  0.99)  of  the  incident  power  in  an  infinite  array. 

Additional  measurements  were  made  in  the  simulator  for  the  case  of  narrow- 
height  slots.  In  these  cases,  the  frequency  for  resonance  and  the  value  of  reflection 
coefficient  at  resonance  agreed  well  with  theoretical  predictions  but  the  reflection 
curve  off  resonance  was  different  than  the  theoretical  curve.  This  difference  i.s  proba¬ 
bly  due  to  a  loss  observed  in  the  measurements  which- becomes  greater  as  the  slots  are 
made  narrower.  For  very  narrow  slots,  this  loss  amounts  to  as  much  as  30%  of  the 
incident  power.  Special  precautions  were  taken  in  the  measurements  to  ensure  that 
the  loss  was  not  caused  by  poor  contact  between  the  various  waveguide  components.  It 
appears,  rather,  that  the  loss  is  caused  primarily  by  dissipation  in  the  slot  plate  and 
is  therefore  present  in  an  actu<il  array  .>s  well  .is  in  the  simulator.  The  presence  of 
this  loss  is  important,  and  should  prob.ibly  be  taken  account  of  in  future  theoretical 
studies  and  in  computations  of  the  element-pattern  null  phenomenon. 
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INTERRELATIONS  AMONG  MUTUAL  COUPLING,  ELEMENT  EFFICIENCY  AND 
ACTIVE  IMPEDANCE  IN  LINEAR  ARRAYS 

W.  K.  Kahn  and  W.  Wasylkiwskyj 

We  present  a  systematic  formulation  of  the  interrelationships  among  mutual 
coupling,  element  ifficiency  and  active  impedance  for  infinite  (uniformly  spaced)  linear 
arrays.  These  relations  are  formally  deduced  from  an  (infinite  order)  difference  equation. 

Of  this  list  of  important  array  parameters  only  the  element  efficiency  requires 
special  introduction.  In  his  analysis  of  mutual  coupling  effects  in  infinite  arrays,  Hannan^ 
introduced  this  element  efficiency,  which  may  be  defined  as  the  ratio  of  power  radiated 
by  an  element  in  the  terminated  array  environment  and  the  power  available  at  an  element. 
This  quantity  is  a  gross  measure  of  mutual  coupling  effects  and  mismatch  in  the  active 
array.  There  exists  an  upper  bound  on  this  efficiency  (necessary  mutual  coupling  effects), 
which  is  a  function  of  array  geometry  only.  Calculations  of  this  bound  for  linear  and 
various  planar  arrays  were  published  recently^. 


##•  O  O 

n-m  n-2 


TO  PORT  OF  n**' 
F.LEMENT 


Fig.  1  Infinite  Linear  Array 
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An  infinite  linear  array  is  composed  of  identical  equally  spaced  reciprocal  elements 
as  shown  in  Fig.  1.  Each  element  is  driven  by  a  voltage  generator  E^  with  internal  im¬ 
pedance  Zg.  The  elements  of  the  (infinite  dimensional)  open-circuit  impedance  matrix 


n-fv 


i„,„=o,v*o 


(1) 


are  independent  of  n  in  view  of  the  symmetry  of  the  array.  The  port  voltages  of  the  array 
are  ther^ifore  related  to  the  port  currents  I^  by  the  infinite  order  difference  equation 


V  =N 


Hm 

N“*“ 


^n+  V 


(2) 


It  is  convenient  to  employ  a  scattering  description  in  terms  of  incident  and  reflected 
wave  amplitudes  normalized  to  the  complex  impedance  Z  =R  +jX  , 

s  s  s 


2  mHT  a  =  V  +  Z  I 
g  n  n  g  n 


(3a) 


2jW^  b„  =  V  -  z;  I  . 
g  n  n  g  n 


(3b) 


The  elements  of  the  scattering  matrix  relating  these  wave  quantities  S  =  [S  then  have 
the  usucd  physical  interpretation  of  transducer  power  gain. 

Let  the  m*^  array  element  be  excited  by  a  unit  amplitude  incident  wave.  Then  the 
currents  satisfy 


=N 

lim  )  z  I  ,  +  Z  I  =2 vR'  ^ 

M-.®  ^  V  n+v  m  g  nm  g  mn 

v=  -N 

The  solution  of  this  equation  can  be  written  as 


(4) 


I  =  J-  I* 
n  m  Zv  .i 


;  2vir' 

— Vtohi — • 


(5) 


where 

Q(^)=lim  ;  * 

:  =  .N 

By  s^tperpositlon.  the  current  due  to  arbitrary  ircident  waves  a  are  then 


(i.) 
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m  *m 


m=  -• 


if  d5c-J”5  — isli: - 

:n  z  +  Q(?) 

8 


When  the  excitation 


is  prescribed  at  each  element  the  sum  in  the  numerator  of  Eq.  (7)  can  be  replaced  by  the 
delta  function  2n  -a),  and  integration  yields  the  currents 


I^(a)  = 


2^n^ 


Z  +  Q(a) 

8 


Direct  calctilations  based  on  the  equivalent  circuit  given  in  Fig.  i  with  E^=  2-/l^  e 
identifies  Q(<x)  as  the  input  impedance  to  an  element  in  the  array  excited  with  unifortc 
amplitude  and  phase  progression,  Eq.  (8).  The  (open  circuit)  mutual  impedances  are  co¬ 
efficients  in  the  complex  Fourier  e]q>ansion  of  the  active  impedance  obtained  with  this 
excitation.  The  active  reflective  coefficient  is 

Q(a)-Z* 

=  otsttz* 

8 

The  active  reflection  coefficient  seen  at  any  one  antenna  port  (say,  the  m*^)  is  the  sum 
of  the  ordinary  reflection  coefficient  at  the  port  plus  the  contributions  from  all  the 
remaining  elements 


S  . 

m  n 


Thus,  the  normalised  mvtual  scattering  parameters  ire  also  the  Fourier  expansion  co¬ 
efficients  of  tits  active  reflection  coefficient  Eq.  UO). 

On  comparing  excitation  and  response  I^,  Eq.(9),  In  respect  of  their  dependence 
on  the  index  n,  uniform  amplitude  and  linear  phase  varlatfon  is  identified  as  the  eigen- 
excitation  of  the  array.  This  characteristic  form  results  from  the  symmetry  of  the 
array,  and  is  i  i^j pendent  of  the  particular  values  of  t,  v  hich  of  course  derive  from  a 
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particular  form  of  element.  As  previously  pointed  out  in  connection  witli  finite  arrays  , 
for  eigen-excitations  the  radiation  pattern  obtained  from  an  array  is  undisturbed  by 
mui,  'al  coupling,  i.  e. ,  the  normalized  pattern  is  precisely  the  same  as  would  be  calcu¬ 
lated  from  a  zero  order  calculation  in  which  mutual  coupling  is  neglected.  The  point 
just  made  is  crucial.  It  extends  the  correspondence  in  scan  space  of  visible  and  invisible 
regions  for  a  particular  phase  progvession  of  impressed  antenna  currents  to  a  rigorous 
correspondence  for  a  particular  phase  progression  of  antenna  excitations  by  generators 
with  finite  ir.te  rnal  impedance  in  which  normally  mutual  coupling  would  be  expected  to 
play  a  role. 

The  overall  efi :  t  of  mutual  coupling  on  array  performance  is  measured  by  the  ele¬ 
ment  efficiency  -n,  defined  as  the  ratio  of  the  realized  gain  to  the  directi'/e  gain  of  an  ele¬ 
ment  in  the  terminated  array  enr’ironment.  This  is  equivalent  to  the  ratio  of  the  power 
actually  radiated  by  an  element  in  the  terminated  array  environment  to  the  pow?r  avail¬ 
able  at  an  element.  For  an  array  of  lossless  antennae, 


.P  (radiated) 
P(availatie)  ’ 


(12a) 


=  1  -  ; 


m=-* 


(12b) 


1  ”  J  Ir  (^)l^  da  ; 


(12c) 


in  lz_+Q(a)| 


(12d) 


As  is  evident  from  Eq.(Ub)  the  element  efficiency  is  a  definiie  measure  of  the 
strength  of  mutual  coupling.  The  stronger  the  mutual  coupling  among  the  elements  of  the 
.^rray,  the  smaller  is  the  value  of  the  clement  efficiency.  The  formula  (12c)  for  follows 
directly  from  Eq.(l2b)  and  the  expression  Eq.(U)  for  .  (i) ;  { i)  is  simply  multiplied  by 
its  conjugate  and  the  resulting  scries  integrated  over  a  fundamental  interval  in  a.  It  is 
evident  from  {I2c)  that  the  element  efficiency  is  a  measure  of  the  active  reflection  co¬ 
efficient  magnitude,  excitation  Eq.(8).  averaged  over  a  fundamental  Interval  in  a .  It  may 
be  objected  that,  since  |.’(i)l  Is  necessarily  unity  over  portions  of  the  interval  <a<  u 
for  which  all  radiation  lobes  are  in  the  invisible  region,  the  element  efficiency  does  not 
represent  *n  appropriate  measure  of  |r(a)|  over  the  scan  ran<te  of  interest,  i.e. .  the 
values  of  "t  for  which  a  real  radiated  beam  exists.  TMa  objection  is  removed  by  normal¬ 
ising  the  element  efficiency  tr  the  ideal  or  maximum  clement  cffU  lencv  whir',  accounts 
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for  just  this  feature.  For  0  <  kD<  n  the  quantity 
kD 

is  the  active  reflection  coefficient  squared  averaged  over  the  visible  region  alcr.s. 

The  formula  Eq.  (I2d)  follows  from  Eqs.(l2c)and  (10),  Provided  no  grating  lobes 
enter,  i.  e. ,  provided  0<  kD<  n,  the  limits  -n  to  in  Eq,  (12d)  may  be  replaced  by  -kD 
to  ■I'kO.  When  the  radiated  power  in  Eq.  (12a)  is  written  as  an  integral  over  the  elemitnt 
pattern  in  the  terminated  array  environment  ,  comparison  with  Eq,  (12d)  leads  directly 
to  the  ReQ(a)  as  a  function  of  a  . 

The  significant  interpretation  of  the  element  efficiency  in  terms  of  the  active  re¬ 
flection  coefficient  of  arrays  excited  by  generators  with  uniform  amplitude  and  linear 
phase  may  be  broadened  somewhat.  Formulas  (12c)  and  (12d)  still  follow  even  if 
the  relative  phases  of  the  generators  are  modified  by  arbitrary  increments  ?  ,  dependent 

on  the  element  but  independent  of  scan  angle  E  sZo/fT"  '  ’-n  ^  Under  these  circum- 

n  g 

stances  the  active  reflection  coefficient  shotild  take  on  new  values  (a)  as  a  function  of 

n 

scan,  but  still  have  the  same  mean-square  value  over  a  fundamental  interval  -n<  a  <  +  n. 
A  case  of  practical  interest  consisting  of  alternate  elements  fed  through  polarity  reversal 
transformers,  corresponds  to 

S  =0,  neven; 
n 

=  n ,  n  cdd  . 

Of  course,  this  special  case  can  alternatively  be  v’ewed  in  more  conventional  terms  as 
shift  in  origin  a  +n,  and  the  same  conclusion  drawn.  Further  details  and  exten 
sions  of  this  work  are  contained  in  P.efs,  4-7, 
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ON  THE  PROPAGATION  CHARACTERISTICS  OF  PERIODIC,  SCREW-SYMMETRIC 
TRAVELING-WAVE  STRUCTURES 

A.  Hessel  and  M.  H,  Chen 

A 

The  Brillouin  (kd  -  ?d)  diagrams  of  pcriodically-londod  waveguides  normally  exhibit 

A 

stop  bands  at  values  of  the  phase  delay  per  period,  -d,  equal  to  an  integral  multiple  of  tt  . 

When,  in  addition  to  periodicity,  other  symme’jries  are  present,  some  of  the  stop  bands 
12  3 

may  be  eliminated  ’  ’  .  This  becomes  important  in  applications  to  radiating  structures 
such  as  tra veling-wa VC  ar /ays  or  log-periodic  antennas.  In  the  former  case,  the  appear¬ 
ance  of  a  stop  band  may  delimit  the  scan  range;  in  the  latter  the  wide-band  operation 
may  be  impaired.  Examples  of  such  symmetries  arc,  in  crystal  terminology,  the  glide- 
reflcction-symmetry  and  the  screw-symmetry.  A  glide-reflcction-symmetric  structure 
remains  invariant  with  respect  to  an  operation  consisting  of  a  translation  by  half  its  geo¬ 
metric  period  d  ,  followed  by  a  reflection  with  respect  to  a  glide  plane.  A  periodic 
structure  is  said  to  possess  anN-fold  screw  axis  when  it  remains  in\'ariant  with  respect  to 
the  screw-symmetry  opc-ration  S  consisting  of  a  translation  by  ,  followed  by  a  rotation 
of  ~  radians.  Figure  1  shows  a  circular  waveguide,  periodically  loaded  v,  ith  irises  and 
possessing  a  3-fold  screw  axis.  An  important  stop  towards  understanding  the  role  of 
symmetry  in  the  formation  of  kd--d  diagrams  of  periodic  guiding  structures  was  made  in 
Ref.  1.  However,  due  to  limitations  in  tiu'  method  of  analysis  imiployed,  these  results  are 
incomplete  in  the  case  of  screw -symmetry  and  do  not  apply  to  ca!..T-  for  whu  h  two  degen¬ 
erate,  cross-pola  rired  mod  s  are  present  in  an  i>mpfv  guide.  Su-,  :i  a  situation  always 
arises  in  a  circular  or  coaxial  geometry,  w  lu  .i  (he  empty  waveguide  mode  is  not  of  the 
angularly  symmetric  variety. 

The  following  i.s  a  description  of  ,in  ajjproat  li  (hat  permits  a  .systematic  prediction  of 
the  qualitative  form  of  tlie  itrilloiiin  diagram  ol  sl  rev  -.sy  mmeti- ic  c  lo.s  eil -v.  a  \  e  guidi>  strui  - 
lures.  The  approach  is  ba.sed  on  Fierce's  mode-coupling  priiv  i-de.  applied  to  .*  suitahle 
.set  of  empty  waveguide  '■••.id.*-.  Tlu*  op»-n-structure  la.ses  w.  iU  not  i>e  con.s idered  now, 
although  the  li.tsic  me'’.iod  is  still  «ppltcable. 
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Fig.  1  Periodically  Iris -Loaded  Circular 

Waveguide  with  a  3-Fold  Screw  Axis 


The  Generalized  Floquet  Theorem: 


In  the  case  of  a  periodic  structure  with  an  N-foid  screw  axis,  the  Brillouin  diagram 
is  most  clearly  exhibited  in  terms  of  the  screw-symmetry  operator  S^^  wavenumber  spectrum 
arising  from  the  solution  of  an  eigenvalue  problem  for  the  electromagnetic  field 


The  eigenvalue  problem  Eq.  (1)  is  referred  to  as  the  Generalized  Floquet’s  Theorem 
and  replaces  the  usual  Floquet's  Theorem  as  expressed  in  the  eigenvalue  problem  for 


the  translation  operator  T ,  ,  i.  c,  , 

d 


(2) 


The  interpretation  of  Eq.(t)  is  that,  in  going  from  one  observation  ;ioint  to  anotlier, 
spaced  by  ”  and  rotated  by  ^  radiant, the  modal  field  _j_  on  a  structure  with  an  N-fold 
screw  axis  multiplies  itself  by  a  con>plex  constant  e  . 


Consider  the  analysis  ol  the  propagation  characteristics  of  a  traveling-wave,  periodic 
structure  possessing  an  N-fold  screw  axis.  A  full  utilization  of  symmetry  ut  the  onset 
of  the  analysis  brings  about  a  considerable  simplification  and,  more  importantly,  permits 
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a  simple  deduction  of  a  scheme  for  the  determination  of  tlie  qualitative  form  ol  tl’.e 

Brillouin  diagrain  of  the  .structure.  To  take  advantage  of  the  symmetry,  one  introduces 

at  periodic  intervals, “  apart  along  the  waveguide  axis  z,  different  coordinate  systems 

^  '  2tt 

in  the  xy  plane,  each  frame  rotated  by  an  angle  radians  with  respect  to  its  prede¬ 
cessor.  This  set  of  coordinate  systems  lias  the  identical  symmetry  as  that  of  tlie  traveling- 
wave  structure.  Along  with  each  coordinate  system  one  introduces  a  suitable  modal 
vector  basis  of  a  form  which  is  invariant  under  rotation.  The  transformation  between  tne 
neighboring  modal  basis  is  expressed  in  terms  of  a  rotation  matrix  (R)  .  The  virtue  of 
this  transformation  of  the  modal  basis  is  tiiat  in  terms  of  its  own  modal  liasis  the  descrip¬ 
tion  of  every  section  of  length  of  the  structure  is  the  same.  Hence,  the  modal  voltage- 
current  relation  sampled  at  periodic  intervals,  ■—  on  the  traveling  wave  periodic  struc¬ 
ture  with  an  N-fold  screw  axis,  may  symbolically  be  represented  in  terms  of  an  iterative' 


Fig.  2  An  Interative  Network  Representation  of 
Periodic  Traveling  Wave  Structure  with 
an  N-Fold  Screv/Axis 


network  shown  in  Fig.  2,  wliere  {  ^^n  i }  ’  ^n  1  In  i  I  denote  the  various  modal  voltages 

and  currents  at  thi  reference  plane  of  the  n-th  coordinate  system.  Here  (T)  and  (L) 

denote,  respectively,  the  transfer  matrices  representing  tlie  loading  and  tlie  portion  of  tlie 

('Hipty  waveguide  that  are  present  in  the  cell  of  lengMi  .  Onr  observes  that  the  network 

cl  ^ 

of  ’'ig.  2  ha.s  the  period  ■r  ,  the  .so-calU-d  »-ffective  period  which  i.s  diffi-rent  from  the 
geometrical  period  of  the  structure,  Tlu-  dispersion  relation  wliieli  is  obtained  via  appli¬ 
cation  to  the  network  of  Fig.  2  of  the  stand. ird  Flofiuet's  Tliforem  e\prt>sses  tile 

Generalized  Floquot  Theorem  for  the  screw-symmetric  structure  and  yields  tlie 
representation  of  tl’.e  N-fold  screw  op»  rator  .  >.  e- 

(Sj^)  -■  (t){l;(r)  . 


(H 
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Determination  of  the  Qualitative  Brillouin  Diagram: 

The  network  representation  of  Fig.  2,  which  leads  to  the  Generalized  Floquet's 
Theorem  Eq.  (2)  with  (S^^)  given  by  Eq.  (3),  has  interesting  implications  and  yields  directly 
a  scheme  for  the  determination  of  a  suitable  set  of  empty  waveguide  dispersion  curves. 

As  a  follow-up,  the  qualitative  form  of  the  Brillouin  diagram  for  a  structure  with  screw- 
symmetry  is  obtained  as  a  consequence  of  the  mode-coupling  principle. 


Consider,  in  the  limit  of  vanishing  loading,  relations  Eqs.  (2)  and  (3).  In  this  case, 
(T)  -  (1),  while  (L)  and  (R)  remain  unchanged.  Thus,  the  dispersion  relation  for  the 
empty  waveguide  modes  becomes 


(L)  (R)  - 


=  0 


(•i) 


It  is  important  to  realize  that  in  the  network  of  Fig.  2,  save  for  periodicity,  no  other 
symmetries  are  present.  Therefore,  according  to  Pierce's  mode- coupling  theory,  all 
intersections  of  the  various  dispersion  curves  resulting  from  Eq,  (4),  i.  e.  ,  arising  in 
the  limit  of  vanishing  loading,  will  couple  and  produce  stop  bands  in  the  contradircctional 
case. 


Examples: 

The  above  general  considerations  have  been  applied  to  two  specific  structures  svith 
a  3 -fold  screw  axis  : 

a)  a  periodic  stack  of  parallel  strip  gratings; 

b)  a  circular  waveguide,  periodically  loaded  with  small  conducting  discs. 


y  y 


Fig.  3  Schematic  Diagram  of  a  P.irallcl  Stack 
of  Gratings  with  a  3-Fold  Screw  ,\x»s 
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Example  (a):  The  structure,  shown  schematically  in  Fir.  3,  consists  of  an  infinite 
stack  of  zero-thickness,  perfectly-conducting  st-ip  gratings,  spaced  ^  apart  and  seejuen- 
tially  rotated  clockwise  by  1  20"^ .  The  strip  spacing  "a"  is  chosen  less  than  'll  so  that 
no  diffracted  spectral  orders  appear.  No  spatial  variation  in  the  xy  plane  is  assumed. 

In  the  absence  of  higher-mode  interaction, the  electromagnetic  field  may  be  represented 
in  terms  of  two  spatially  orthogonal  TEM  plane  waves.  A  cell  of  the  equivalent  net\vork 
of  Fig.  2  is  shown  in  Fig.  4.  The  loading  inductance  and  capacitance  jX  and  jB  have 
been  obtained  from  Ref.  4.  The  matrices  (TJ  .  (L)  and  (R)  have  the  form 


Fig.  4  A  Unit  Cell  of  the  Equivalent  Network  of  the 
Structure  Corresponding  to  Fig.  ,3 


\VithEffs.{4)  and  tlu-  free  sp.ue  mod.il  propacalton  constants  he<  i>n,. 
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Rd  =  -k  (kd  +  2n  +  6nn)  (6a) 

and  ,  (n  =  0,  ±  1 . . .  ) 

Hd  =  ±  (kd  -  2n  +  6nn)  (6b) 

The  modes  corresponding  to  Eqs  .  (6a)  and  (6b)  are, respectively,  right  and  left  circularly 
polarized. 


A 

Fig.  5  The  kd-Kd  Diagram  for  S^  for  the  Grating 

Structure  of  Fig.  .i,  in  the  Limit  of  Vanishing 
Loading.  R  and  L  denote  Right  and  Left 
Circularly-Polarized  Modes. 


Upon  introduction  of  finite  loading,  the  modes  of  Fig.  5  will  couple  at  every  point 
of  synchronism  ,  i.  e.  at  each  intersection.  One  observes  the  following  characteristic 
features  of  the  Brillouin  diagram  :  whereas,  at  A(kd  =  n)  the  two  right  circularly-polar¬ 
ized  modes  couple  in  a  symmetric  fashion,  and  at  B  (kd  =  2n)  the  two  L  modes  couple 
symmetrically,  the  coupling  of  an  R  to  an  L  mode  is  a8>TTimctrical  due  to  a  different 
relative  location  with  respect  to  C  of  the  stop  bands  which  will  appear  at  A  ard  B,  In 

contrast  to  the  standard  Brillouin  diagram  for  T .  (in  the  limit  of  vanisliing  loading) , 

d 

which  does  not  distinguish  behvoen  the  two  degenerate  cross-polarized  mode.s,  the 
Brillouin  diagram  for  (S^^)  removes  this  degeneraev  via  the  two  op|-.Jsit«ly -circularly- 
polarized  modes,  which  correspond  to  different  eigenvalues  of  S^.  .  Thus,  instead  of 
the  usual  n  -  0  pair  of  straight  45  linos  through  the  origin  i-f  the  kd  -  i*d  pl.me,  repri-- 
senting  tlie  tevo  forward  and  hvo  )>ackward  traveling  cross-poU rized  v.aves,  the  duigram 


f>  Calculatfd  Wavenumber  Spccirum  ot  for 
Iterative  Grating  Structure  of  Fig.  3  with 
a/d  -■  C.G*!,  wAi  .  1  ()■*-* 


Fig.  7  Calculated  Wavenumber  Spectrum  of  for  the 
Structure  of  Fig.  3,  a/d  =  0.05,  w/d  =  0.001 

of  Fig.  5  displays,  lor  n»0,  two  pairs  of  45'  straicht  lines,  originating  on  the  *d 
axis  at  i  ,  and  representing  the  right  and  left  circularly-polarized  TEM  modes. 

Two  calculated  Drillouin  diagrams  are  shown  in  Figs,  h  and  7.  In  Fig.  to  which  corre¬ 
sponds  to  extremely  narrow  strips,  the  diapcrsion  curves  of  the  two  circularly-polarized 
modes  of  the  unloaded  structure  arc  also  shown.  As  expected,  in  view  of  the  contra- 
directional  coupling,  a  stop  bend  appears  at  each  intersection  of  the  \arious  straight 
lines  and  their  sp.'ice  harmonics.  The  stop  Iwnd  at  kd-,  is  vmmetrical.  fhis  iji 
cle.irly  visible  in  Fig.  7  where  the  vari.ition  of  the  pliase  constant  in  the  stop  liand  is 
conspicuous. 

Example  (b)  :  The  propagation  ch.-»f.ictrri8tics  of  a  rirciil.ir  \v.Tvec'  ide  with  S,  , 
periodically  loaded  with  transverse  •.'^lall  circular  pcrfrrtly-cnnduclirg  duo  s  Swive  hern 
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considered.  The  empty  waveguide  propagation  constants  are  H  ,  m  denotes  the 
angular  variation  e  ±  1. . .  )  and  -t  the  radial  mode  index.  In  a  traveling  mode 

basis,  one  has  the  diagonal  forms 


Substitution  of  Eq.  (7)  into  Eq.  (4)  yields  directly 

X  ,  d  =  ±  (  H  ,d  +  2*Tm  +  6nm)  (n  =  0,  ±  1 . . .  )  (7a) 

men  ml. 


for  the  propagation  constant  of  the  right  and  left  elliptically-polarized  modes. 

The  Brillouin  diagram  corresponding  to  {7a)  is  constructed  with  the  help  of  the 

standard  form  of  )i  =  -/k^  -  kr  •  I  »s  noted  that  for  modes  with  no  angular  variation 
ml  ‘-ml 

(m  =  0)  where  no  degeneracy  is  possible 


*  <  '‘ml 


i,  e,  ,  for  the  n  =  0  curve  H  =  x  .  For  m  ?^0, the  n=0  dispersion  curves  arc  displaced 

m  I  m  A 

by  2TTm  in  a  fashion  similar  to  that  in  Example  (a).  Fig.  8  presents  an  illustration  of  the 
Brillouin  diagram  tor  S.  in  the  limit  of  vanishingly  small  loading, based  on  the  j  mode 
of  circular  guide.  The  features  of  this  diagram  resemble  those  of  Fig.  5. 


Fig.  8  The  Wavenumber  Spectrum  of  of  a  Pcriod»c.»Uy*  Loaded  Circular 

Waveguide,  Propagating  the  M..  Mode  Only,  with  }-F*old  Screw-Axis, 
in  the  Limit  of  Vanishing  Loadfing 
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Fig.  9  The  Wavenumber  Spectrum  ofS^  for  a  Periodically-Diac-Loaded  Circular 
Waveguid'  for  a  =  1,  =  0.3,  "  0.1 

When  the  loading  i«  finite,  the  waveniuiiber  spectrum  of  for  this  type  of  structure 

calculated  via  the  small  obstacle  procedure,  is  shown  in  Fig.  .  wlii;  h  applies  tv.r 

d/a>7.  Herc*a*is  the  radius  of  the  wa\cguule,  r  the  radius  of  the  disc,  and  R  the 

o  o 

radial  distance  of  the  disc  center  from  the  origin.  Only  the  stop  l»and  at  kd  -  14.4  is  due 
to  the  coupling  of  LadR  modes  ;  other  stop  liands  correspond  to  t  oupling  between  like 
modes.lt  is  seen  that  the  stop  bands  at  tlie  value  of  kd  corresponding  to  that  ol  .\  Imt  at 
Jd  '  ^  .  as  well  as  that  corresponding  to  the  value  of  kd  at  H  hut  for  *d  i"  ,  liave  been 
elimi.nated. 

As  a  final  coniment,  one  may  predict  tl-j»t  the  largest  \  aveiiumber  fvandwidth 
u  lU  appear  in  coaxial  structures  operating  in  the  TF.M  mode  with  m  in  thi*  »a»r. 

(or  N*  1,  in  the  limit  of  vanishing  loa  fing  the  wavenumber  spectrum  of  S.  i*  shown  m 
Fig.  10.  One  observes  that  the  two  stop  fisnds  at  ad  -  *“  and  at  Jd  =  2“  have  iieen  ••hmsnaled. 
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Fig.  10  Wavenumber  Spectrum  for  in  the  Limit 
of  Vanishing  Loading  of  a  Coaxial  Structure 
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SCATTERING  BY  A  MULTIMODE  CORRUGATED  STRUCTURE  WITH  .APPLICATION 
TO  P  TYPE  WOOD  .ANOMALIES 

A.  Hetsel,  A.  A.  Oliner  and  D.  Y.  Teeng 

.Although  Wood  anomalies  of  the  S  type  (E  or  TM  poLiriiation)  have  been  studied 
extensively  by  many  investigators,*'^  tliose  '  the  P  type  (H  or  TE  polarisation)  are  far 
less  well  understood.  These  anomalies  refer  to  rapid,  and  originally  une.xpcctcd,  varia¬ 
tions  in  the  amplitudes  of  the  diffracted  orders  wUh  change  in  frequency  or  incidence 
angle  of  a  pLinc  wave  which  illuminates  a  diffraction  grating  of  the  reflection  type. 
ExperlmcntAliy,  the  presence  of  these  P  type  anomalies,  under  appropriate  conditions, 
has  been  well  eetabllshcd  by  the  work  of  Palmer  their  appearance  w.te  shown  to  be 
related  to  the  use  of  deeply-grooved  gratings.  Mo»t  of  the  theories  of  Wood  anomalies 
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ar«  batud  on  a  multiple-scattering  approach  which  is  applied  to  structures  with  shallow 
grooves  or  arrays  of  reflecting  elements  with  dimensions  small  relative  to  wavelength. 
Under  those  renditions,  these  theories  wsre  able  to  confirm  only  the  S  type  anomaly, 
but  not  the  P  type. 

2 

Recently,  Hessel  and  Oliner  treated  the  subject  of  Wood  anomalies  from  a  new 
point  of  view.  They  showed  that  these  anomalies  need  not  occur  near  the  Rayleigh  wave¬ 
length,  and  that  tliey  can  be  related  to  the  guided  waves  supportable  by  the  reflection 
grating.  In  their  theory,  the  S  type  Wood  anomaly  was  examined  and  explained  in 
terms  of  an  idealised  surface  reactance  model  of  a  planar  periodic  stxucturc.  Also,  an 
explanation  for  the  existence  of  tl:<e  P  type  anomalies  was  offered  on  the  basis  of  this 
model.  However,  in  explaining  the  possible  presence  of  the  P  type  anomalies,  their 
model  required  the  exiateu''?  of  proper  TE  surface  waves  in  the  iimit  cf  smail  modulation 
of  the  structure.  Moreover,  the  idealized  surface  reactance  structure  considered  in 
that  theory  need  not  alway.  be  a  physically  realizable  one. 

In  order  to  investigate  the  possible  presence  of  P  typ"  anomalies  theoretically,  on 
A  more  realistic  model,  the  planar  corrugated  structure  was  chosen.  This  structure 
offers  the  advantages  of  being  physically  realizable,  possessing  the  required  groove 
depth  parameter  (i.  e- ,  the  corrugation  deptl.)  for  the  study  of  P  type  anomalies,  and, 
it  is  amenable  to  a  rigorous  analysis.  Sinca  the  planar  corrugated  structure 
does  not  support  a  proper  TE  s  .  rface  wave  m  th?  'imit  of  small  modulation  (i.  e, ,  when 
the  corrugation  depth  approaches  zero),  f  e  theory  of  Hessel  and  Oliner  is  not  valid  for 
this  excitation.  However,  their  theory  is  applicable  to  corrugated  structures  for  TM 
polarization. 

The  corrugated  structure  for  which  the  scattering  analysis  was  undertaken  is  shown 
in  Fig.  1.  The  incident  plane  wave  possesses  TE  polarization  (electric  field  parallel  to 
the  groo’-e.^)  with  no  riation,  and  the  spacing  of  the  grooves  is  such  that  propagating 
diffractcvi  orderj  may  be  present,  in  addition  to  the  reflected  vave.  The  analysis  is 


Fig.  1  Planar  Corrugated  Structure 
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phrased  generally  so  as  to  account  for  multimode  conditions  of  operation. 

The  present  analysis  shows  that  a  form  of  P  type  anomaly  does  indeed  exist.  To 
uur  knowledge,  these  results  constitute  the  first  theoretical  confirmation  of  such  anom¬ 
alies  for  a  physically- realizable  structure.  Unlike  the  characteristic  behavior  of  the 
usueil  (S  type)  Wood  anomalies,  these  P  type  anomalies  appear  to  be  broad,  and  they 
exhibit  some  unusueil  features.  Under  certain  conditions,  a  total  (100%)  power  conver¬ 
sion  takes  place  between  the  incident  plane  wave  and  the  n  =  -l  diffracted  spectral  order, 
with  the  amplitude  of  the  specularly- reflected  wave  becoming  zero  at  this  point.  In  the 
neighborhood  of  such  points,  large  power  exchanges  take  place.  The  appearance  of  such 
P  type  anomalies  is  shown  to  be  directly  associated  with  the  solution  of  the  dispersion 
relation  for  the  structure.  As  formulated,  the  analysis  is  valid  for  any  number  of  prop¬ 
agating  modes  in  both  the  air  and  corrugation  regions  of  the  structure. 

For  tlie  analysis  of  the  planar  corrugated  structure,  the  electromagnetic  problem 
is  formxalated  on  the  basis  of  a  scattering  matrix  which  represents  the  junction  discon¬ 
tinuity  between  the  air  and  the  corrugation  regions  of  the  structure.  The  scattered  and 
incident  modal  components  of  the  field  are  related  at  the  junction  by  the  elements  of  the 
scattering  matrix.  As  for  the  matrix  elements  themselves,  they  are  determined  expli¬ 
citly  from  the  solution  of  the  field  problem  for  a  modified  structure  .which  consists  of  an 
infinite  array  of  parallel,  conducting  half-planes.  Function-theoretic  techniques  involv¬ 
ing  a  complex  Fourier  transform  are  utilized  for  the  construction  of  the  integral  repre¬ 
sentation  of  the  field.  By  an  appropriate  deformation  of  the  contour  in  the  inversion 
integral,  the  effects  of  the  higher  mode  contributions  to  the  problem  are  explicitly 
accounted  for.  It  is  this  feature  which  allows  the  higher  mode  contributions  to  be  handled 
in  a  systematic  manner. 

Numerical  computations  made  from  the  analytic  e5q>ression8  for  the  plane  wave 
reflection  coefficients  for  the  planar  corrugated  structure  show  that  P  type  anomalies  do 
exist,  and  the  locations  of  these  anomalies  can  be  predicted  theoretically  on  general 
grounds.  These  anomalies  are  shown  to  be  of  a  type  not  previously  recognized.  They 
differ  from  the  classical  (Rayleigh)  type  and  the  resonance  (Hessel-Oliner)  type  in  that 
they  are  broad  and,  under  appropriate  conditions,  may  be  characterized  by  a  zero  ampli¬ 
tude  in  the  specularly- reflected  wave.  Under  these  circumstances,  total  (100")  power 
conversion  to  the  higher  spectral  order  takes  place;  an  example  is  shown  in  Fig.  2.  Thr 
conditions  under  v  hich  this  anomaly  will  take  place  are  given  in  terms  of  the  angle  of 
incidence  (or,  alternatively,  in  terms  of  tlie  frequency)  of  the  incident  wave  and  the  cor¬ 
rugation  depth.  By  imposing  those  conditions  on  the  expression  for  the  specular  re¬ 
flection  coefficient,  it  is  shown  analytically  that  a  zero  ampHtnde  is  indeed  chtained  in 
that  coefficient. 
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Fig.  2  P  Anomalies  for  Plane  Waves  with  TE  Polarization  Incident  on 
a  Corrugated  Structure  for  which  h/d  =  0.5.  The  Bragg-angle 
Anomaly  Corresponds  to  p^d  =  it  . 

The  theory  of  Hessel  and  Olintr^  shows  that  the  occurrence  of  anomalies  is 
related  to  tlie  pretence  of  guided  (leaky)  waves  supportable  by  the  scattering  structure. 
The  properties  of  these  guided  waves  are,  of  course,  obtained  from  the  solution  to  the 
dispersion  relation  for  the  structure.  In  the  case  of  the  corrugated  structure,  there 
are  no  H  mode  guided  waves  in  the  usual  sense,  and  the  solut.’on  to  the  dispersion  rela¬ 
tion  yields  mostly  improper  waves  which  conform  to  a  vertical  line  at  ^^d  =  ”  .  in  a  kd 
vs.  .^^d  diagram.  It  is  of  considerable  interest  that  nevertheless  the  occurrence  of  the 
broad  P  type  anomalies  described  above  can  be  directly  related  to  this  sulution  to  the 
dispersion  relation;  In  fact,  the  .'Oove- mentioned  curve  in  the  kdvs.  diagram  permits 
the  location  of  these  anomalks  in  frequency  and  angle  to  be  determined  graphically  in 
rather  accurate  fashion. 
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As  the  plot  in  Fig.  2  indicates,  the  peak  of  the  anomaly  occurs  at  3^d  =  Tr,  in  agree¬ 
ment  with  the  comment  above  regarding  the  dispersion  diagram.  In  addition,  this  peak 
is  seen  to  correspond  to  100%  power  conversion  into  the  n  =  -l  spectral  order;  at  this 
point,  the  amplitude  of  the  specularly  reflected  {n=0)  wave  goes  to  zero  and  the  n  =  -l 
spectral  order  is  scattered  precisely  in  the  direction  opposite  to  that  of  the  incoming 
plane  wave.  Since  corresponds  to  the  Bragg  condition  in  a  periodic  structure, 

these  resonance  effects  may  be  referred  to  as  Bragg  angle  anomalies.  When  100%  con¬ 
version  occurs,  the  peak  of  the  anomaly  corresponds  to  the  presence  of  an  improper 
root,  with  zero  attenuation,  of  the  dispersion  relation.  This  condition  is  thus  analogous 
to  the  Brewster  angle  condition  (although  for  the  opposite  polarization),  where  the  van¬ 
ishing  of  the  plane-wave  reflection  coefficient  is  associated  with  an  improper  root  of  the 
dispersion  relation  with  zero  attenuation. 

A  three-port  network  representation  of  the  interface  discontinuity  between  the  air 
region  and  the  corrugation  region  has  been  derived  for  the  case  for  which  the  reflected 
and  the  n  =  -l  diffracted  waves  are  present  in  the  air  region  and  only  the  dominant  mode 
is  above  cut-off  in  the  corrugations.  This  representation,  which  is  simple  in  form,  has 
been  incorporated  into  an  overall  transverse  network  for  the  corrugated  structure.  This 
latter  network  has  been  found  useful  in  offering  a  simple  explanation  as  to  when  and  why 
the  anomalies  occur.  They  occur  when  the  incident  plane  wave  mode  is  impedance 
matched  to  the  n  =  -l  spectral  order  mode  by  means  of  a  transformer  which  couples  these 
modes  to  the  mode  propagating  in  the  corrugations. 
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THE  field  of  a  LINE  SOURCE  EMBEDDED  IN  A  PERIODICALLY-STR ATIFIED 
MEDIUM 

T.  Tamil  and  B.  Singer 

The  present  work  is  concerned  with  the  rigorous  derivation  of  the  far  field  pro¬ 
duced  by  a  finite  electromagnetic  source  in  a  periodically-stratified  configuration  which 
is  representative  of  a  large  class  of  periodic  structures.  The  solution  obtained  may 
therefore  be  regarded  as  the  canonic  form  of  a  field  pertinent  to  a  number  of  applica¬ 
tions  which  include  diffraction  of  light  by  ultrasonic  waves,  Brillouin  scattering  proc¬ 
esses  and  other  wave  interactions.  These  phenomena  usually  involve  a  strong  wave 
that  produces  a  modulation  of  the  electromagnetic  properties  of  a  medium  which  in  turn 
causes  a  diffraction  of  a  weaker  wave.  Although  results  are  availa!)le  for  the  simpler 
case  of  plane  wave  incidence,  no  rigorous  treatments  seem  to  exist  for  realistic  situa¬ 
tions  corresponding  to  localized  finite  sources.  In  the  absence  of  such  solutions,  a  clear 
understanding  of  the  power  flow  mechanism  is  difficult  and  a  geometric  optical  inter¬ 
pretation  (or  an  extension  thereof)  is  not  evident. 


X 


€(Z)»  2*) 

Fig.  1  Geometry  of  the  Sinusoidally-Stratified  M*'di<iii!: 

c(r)  =  f  (I  -  M  cot  I/) 
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The  configuration  describing  the  wave  interaction  process  is  shown  in  Fig.  1  where, 
as  usual,  it  is  assumed  that  the  stronger  wave  produces  a  modulation  of  the  permittivity 
while  the  permeability  of  the  medium  remains  unaffected.  The  permittivity  therefore 
exhibits  a  variation  about  an  average  value  2^;  this  variation  is  confined,  for  simplicity, 
to  the  z  coordinate  and  is  assumed  to  be  sinusoidal  in  form,  such  that 

e(z)  =  e^(l  -  Mcos  2z)  (1) 


where,  for  convenience,  the  periodicity  (cell)  length  was  normalized  to  .  The  modu- 

-4 

lation  coefficient  M  is  usually  very  small  in  practice,  being  of  the  order  of  10  or  less. 


In  general,  the  modulated  medium  behaves  both  as  a  phase  and  as  an  amplitude 
grating  with  respect  to  an  incident  electromagnetic  wave  whose  enei’gy  is  therefore 
scattered  in  a  rather  complicated  pattern.  To  allow  for  a  large  variety  of  possible 
incident  fields,  the  present  work  examines  the  case  of  a  basic  source  in  the  form  of  a 
filamentary,  uniform,  electric  current  located  at  z  =  z^.  This  is  evidently  the  Green's 
function  statement  for  the  present  two-dimensional  problem  whose  solution  yields  the 
possibility  of  examining  the  fields  of  other  source  distributions  by  simple  superposition 
techniques.  The  rigorous  formal  solution  is  obtained  for  the  present  canonic  problem 
and  its  asymptotic  result  is  evaluated  to  a  first  order  of  the  modulating  (perturbing) 
parameter  M.  Although  this  is  sufficient  for  mos\.  realistic  cases,  the  accuracy  may  be 
improved  by  extending  the  method  described  herein  to  any  desirable  order. 


Due  to  the  present  choice  for  the  source,  the  electric  field  E  occurs  along  the  y 
coordinate  only  and  the  magnetic  field  is  derived  from  it  via  Maxwell's  equations.  A 
complete  solution  of  the  problem  is  thus  given  directly  by  the  scalar  electric  field  E 
whose  rigorous  formal  expression  is: 


E  = 


m  n 


2i(m7.  +nz)SP  a  (  )a  ('  )  i[k  x  + 
o  m  n  X 


z-z 


dk 


(2) 


where  a  time  dependence  exp(-i  t)  is  assumed  and  suppressed.  The  quantity  =  (k^) 

is  the  Floquet  exponent  pertinent  to  a  Mathieu  differential  equation  which  represents  the 
\\avt'  equation  for  the  present  problem  and  possesses  a  Wronskian  denoted  by  "^(k_^:z^). 
The  functions  a^^(  )  and  a^(  )  indicate  the  vippropriate  Fouriei  coefficient  for  the  Mathieu 
functions  and  they  correspond  to  the  space  harmonics  of  the  respective  Floquet-type 
characteristic  solutions. 


The  discussion  is  henceforth  restricted  to  frequencies  sucli  that  0  k  =  „  :  I, 

0  0 

where  all  lengths  are  normalized  with  respect  to  '  anits.  This  restriction  means  that 
there  is  not  more  than  one  angular  direction  tlia,  satisfies  the  f'ragg  condition 
ksin  =  N {•- integer).  One  may  then  derive  solutions  if  Eq.(2)  accurate  to  a  first  order 
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in  M.  For  that  purpose  one  uses  expansions  appropriate  to  the  Mathieu  functions  which 
show  that 


v  =  -(i  MkV  • 


(3) 


It  may  furthermore  be  shown  that,  to  the  same  approximations,  it  is  sufficient  to  retain 
m, n  =  0,  1  in  Eq. (2)  and  disregard  the  higher  space  harmonics  of  the  Floquet  expres¬ 

sions. 

The  integrals  in  Eq.  (2)  are  evaluated  by  carrying  out  a  saddle-point  integration 
in  the  complex  plane  which,  due  to  relation  (3),  is  a  six-sheeted  Riemann  surface. 
The  saddle>point  equation  is  a  cubic  whose  three  solutions  are  intimately  related  to  the 
observation  point  (p,  9)  and  the  Bragg  angle  9g.  The  latter  satisfies  the  condition  that, 
at  9  =  6, 


B- 


k  sin6g=  1 


(4) 


A  ray  which  initially  starts  from  the  sources  at  3  =  would,  if  geometrical  optics  were 
valid,  be  interpreted  as  a  local  plane  wave  whose  phase>8hift  across  a  periodicity  (cell) 
distance  is  equal  to  tt  .  In  that  case,  regions  separated  by  integral  numbers  of  cells 
produce  reflections  which  add  in  phase.  This  phenomenon  may  be  phrased  in  terms  of  a 
stop-band  for  propagation  with  respect  to  a  wave  initially  incident  at  Such  a  sit¬ 

uation  corresponds  to  total  reflection  and  ordinary  geometric  optical  techniques  are  then 
no  longer  valid.  This  total  reflection  effect  is  instrumental  in  distinguishing  between  the 
following  three  differently -behaving  regions: 

Region  1:  9g<|9|<rT 


In  this  region,  the  cubic  saddle  point  equation  yields  two  complex  and  one  real 
solutions.  Only  the  latter  is  significant  and  it  yields  the  asymptotic  result: 


^  V  IT  ® 


Uko-i) 


2  2  .2iz  ,  2iz 


r,  /Mk'x  /e  ‘'*‘  +  e 

^T-Tsif 


— *'”rnrrnr^/J 


(5) 


This  is  essentially  a.  cylindrical  wave  perturbed  by  the  terms  of  order  M  and  repre¬ 
sents  a  result  that  may  be  obtained  a  :  o  by  a  WKB  analysis.  Hence  the  field  cor¬ 
responds  to  a  ray  emitted  by  the  source  at  an  angle  very  close  to 

The  wedge  regions  1  M  '  "U  are  indicated  in  Fig,  2  where  the  critical  angle 
is  also  shown.  The  energy  emitted  at  "s  '  -’g  would  travel  along  the  various  possible 
paths  shown  in  the  figure  if  simple  reflections  were  considered.  !t  is  then  clear  that 
these  paths  cannot  penetrate  into  region  I  (below  9^)  and  the  stop-band  effect  discussed 
above  does  not  therefore  occur  therein.  The  Identity  of  i‘**«utt  (S)  with  that  obtainable 
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Fig.  2  The  Different  Diffraction  Regions 

The  trajectories  shown  describe  possible  paths  taken  by  "Bragg  rays"  v/hich 
connect  the  source  with  an  observation  point  P  in  Region  2  via  numerous 
successive  reflections.  Note  that  such  a  ray  complex  cannot  extend  beyond 


from  a  WKB  analysis  is  consequently  expected  since  geometric  optical  arguments  are 
applicable  in  this  domain. 

Region  2;  ( |  9  |  <  9g) 

This  region  is  characterized  by  the  fact  that  all  of  the  energy  flow  initially  emitted 

at  OT  must  leak,  after  one  or  several  reflections,  into  the  interior  of  the 

wedge  1,91  <  9^;  hence  a  portion  of  the  energy  reaches  any  observation  point  P,  as  shown 

by  the  various  paths  in  Fig.  2.  This  phenomenon  is  reflected  in  that  all  of  the  three  saddle 

points  in  (2)  are  now  real.  The  first  one  of  ihese  yields  a  field  E^^^  identical  to  E^^^  in 

(2)  (2)  ^ 

Eq.  (5),  to  which  one  must  add  two  more  fields  E'^  '  and  E'  contributed  by  the  two  saddle 

J 

points  which  now  are  real  rather  than  complex.  The  two  additional  fields  are  given  by 
j.{2)^  fKT  -  <nJ.  .  e'^^^1  .iL'/k^-l  x+z-Zq] 


where  f  ,(  ')  and  a('^)  are  functions  of  the  polar  angle  '.  It  is  noted  that  E'^  are  of  order 

i  3 

1 /’  (2)  ( 11 

M  *■  and  therefore  U\c»e  fields  are  larger  than  the  second  term  of  E,  '  =  E'  given  by 

(2)  * 

tq.(S).  It  can  be  shown  thcit,  whereas  E'  is  Interpreted  as  a  power  flow  in  the  direction 

(2)  * 

,  the  additional  components  E^  represent  power  flow  which  is  emitted  by  the  source 

at  .ingles  just  below  and  just  above  j.,  respectively.  Hence  is  termed  a  "Hragg" 

field.  3 

If  terms  with  the  same  phase  dependence  are  grouped  together  in  Eq.  (hi.  the  Bragg 
field  may  be  written  as: 
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i  [k  p  cos  (9-3q)  +  4  (0)] 


.  rAB\^^^  -l[kpcos(9  +9  )  +  4(e)] 
+  [TS'I  *  ® 


(7) 


where  AB  and  AB'  are  the  Hides  of  the  parallelogram  shown  in  Tig.  2,  and  g(0)  and  4(9) 
are  functions  of  the  polar  angle. 


The  last  e}g)ression  justifies  an  interpretation  of  the  Bragg  field  in  terms  of  plane 
waves  progressing  at  the  Bragg  angles  ±  9^.  Theee  waves  are  successively  reflected 
and  the  total  Bragg  field  may  therefore  be  said  to  reach  the  observation  point  via  a 
multitude  of  parallel  paths,  as  shown  in  Fig.  2.  The  greatest  utility  of  expression 
(7)  is,  however,  in  that  it  points  the  way  towards  a  geometric  optical  extension  of  the 
diffracted  Bragg  field  to  a  larger  class  of  problems  involving  additional  boundaries  and/ 
or  scattering  objects  placed  in  the  periodically-stratifievi  medium. 

Region  3:  1 0  |2s  0^ 


This  region  corresponds  to  the  range  where  one  of  the  two  additional  ("Bragg") 
saddle  points  is  arbitrarily  close  to  the  first  saddle  point.  The  field  in  this  case  contains 
a  component  E^j^^  =  E^^^  gh-en  by  Eq.  (5);  in  addition,  a  term  E^^^  appears  to  produce  a 
transition  between  the  fields  in  regions  1  and  2.  This  transition  component  is  in  the  form: 


M 


(kp) 


h(p,e) 


(8) 


where  n(p,  includes  an  Airy  function.  Hence,  although  0  with  M-*  0  or  p  -*  ®  ,  as 

expected,  it  decreases  less  rapidly  than  all  of  the  other  field  components  with  respect  to 

both  M  and  i?.  Consequently,  E^^^  accounts  for  a  radiation  peak  at  an  angle  very  close  to 

a 

Q' 


A  good  understanding  of  the  nature  o(  the  three  distinct  regions  described  above 
enables  a  straightforward  extension  of  the  result  for  the  case  when  the  Bragg  condition 
is  satisfied  for  several  angles  ^  = ‘Biyj(N=l.  2,  3. . . ).  It  may  be  then  shown  by  a  simple 
geometric  construction  that,  except  at  fke  Bragg  field  anywhere  is  given  by 

contributions  which  are  analogous  to  those  discussed  for  region  2  above.  However,  more 
than  two  such  contributions  may  appear  for  N>  1,  but  their  number,  as  well  as  their 
Initial  power  (low  direction,  can  easily  be  ascertained. 


In  conclusion,  the  two-dimensional  field  produced  by  line  sources  in  an  unbounded 
periodic  medium  was  found  to  e:diib!t  three  varieties  of  characteristic  regions:(l)  a 
oomatn  tvheren'i  siniple  geometric  optical  tevhiiiques  ure  valid  and  the  field  consists  of 
a  cylindrical  wave  with  additional  diffraction  terms  of  order  M  ,  where  M  denotes  a 
perturbing  quantity  which  produces  the  periodicity;  (2)  regions  wherein  the  dominant 
additional  diffraction  waves  are  of  order  M  and  these  correspond  to  a  Bragg. type 
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propagation  mechanism;  (3)  narrow  transition  regions  centered  around  the  Bragg  direc¬ 
tions  of  the  medium  wherein  radiation  peaks  occur  due  to  a  terni  proportional  to 
in  the  field  expressions.  The  Bragg-type  waves  may  be  cast  in  a  mathematical  form 
which  indicates  the  possibility  of  a  geometric  optical  extension  in  regions  wherein  ordi- 
nary  geometric  optical  arguments  are  otherwise  invalid.  The  radiation  peak  effects 
in  the  Bragg  angle  regions  are  particularly  strong  at  large  distances  and  at  periodicity 
(cell)  lengths  which  are  of  the  order  of  a  wavelength  However,  the  diffraction  effects 
are  important  even  at  shorter  distances  in  applications,  such  as  optical  imaging,  where 

the  question  of  optical  aberrations  is  of  considerable  interest. 

Air  Force  Cambridge  Research  Laboratories 
Office  of  Aerospace  Research 

AF  19(628)-4324  T.  Tamir 

MECHANISM  OF  PROPAGATION  OF  ELECTROMAGNETIC  FIELDS  IN  LOSSY  MEDIA 
H.  L.  Bertoni,  L.  B.  Felsen  and  A.  Hessel 

While  considerable  attention  has  been  given  to  electromagnetic  radiation  prob¬ 
lems  involving  lossy  media,  study  of  such  problems  has  primarily  been  limited  to 

identification  of  the  wave  types  occurring  in,  and  to  the  evaluation  of  the  radiated  fields 

12  3 

for,  configurations  amenable  to  rigorous  analysis  '  ’  .  Little  attempt  has  been 
made  to  understand  the  physical  mechanism  by  which  the  fields  radiated  by  a  source 
reach  an  observation  point,  e.g. ,  the  path  and  local  region  of  propagation.  The  object 
of  this  investigation  is  to  determine  the  path  and  local  region  of  propagation  of  the 
fields  in  a  lossy  medium.  It  is  hoped  that  such  knowledge  will  lead  to  a  systematic 
method  for  calculating  approximately  the  fields  radiated  in  lossy  configurations  not 
amenable  to  rigorous  analysis. 

To  clarify  '"hat  is  meant  by  the  path  and  region  of  propagation,  the  propagation 
of  the  field  from  the  source  to  the  observation  point  is  viewed  as  occurring  in  two  steps. 
First,  the  source  illuminate.s  a  (real  or  mathematical)  plane  located  between  it  and  the 
observation  point.  The  fields  in  this  plane  are  viewed  as  an  eoiiivalent  source  distri¬ 
bution,  and  one  seeks  that  area  in  the  plane  whose  illumination  Is  principally  respon¬ 
sible  for  establishing  the  fields  at  the  observation  point.  The  "v  imtei  ’  of  this  area  may 
be  regarded  as  locating  the  intersection  of  the  path  of  prop.igalion  with  .ae  platn  ,  and 
the  area  Itself  is  taken  as  the  projected  c ross -.section  of  the  fhree-ilinu  n.sion.-il  region 
through  which  the  main  portion  of  the  fields  prop.ig.ite.s .  It  i.s  well  known  that  for  loss¬ 
less  media,  the  p.iths  of  propagation  are  the  rays  of  geometric.il  optii  s  .ind  the  .isea  in 
t  >e  nlane  then  corresponds  to  the  fir.st  few  Fresnel  zones. 

For  configurations  ccirt.iinlng  los.sy  medl.i  two  cases  >ccur.  First,  thos.-  fi,'lds 
th.it  do  not  traverse  regions  h.tving  different  loss  langent.s  (eg.,  th.-  fi.  Id.s  r  idiiteei  in 
•in  infinit.-  homogeneous,  lossy  medium)  propag.itc  along  th.-  r.ivs  of  g.  omctric.il  opii  ... 
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In  this  case*  the  area  in  the  plane  whose  illumination  is  principally  responsible  for  the 

field  at  the  observation  point  again  corresponds  to  the  first  few  suitably-defined  Fresnel 

zones.  However,  for  fields  traversing  regions  hat'ing  different  loss  tangents  (e.g.  ,  the 

fields  penetrating  a  lossy  medium  from  free  space),  the  paths  of  propagation  are  not 

the  conventional  ravs  since  in  the  extension  of  ray  optics  to  this  case,  the  rays  con- 

4  5  6 

necting  real  source  and  observation  points  travel  through  complex  space  '  ’  (formed 
by  allowing  the  space  coordinates  to  take  on  complex  values).  In  the  present 
investigation,  these  aspects  are  considered  for  a  simple  example  and  they  clarify  cer¬ 
tain  basic  features  of  propagation  in  inhomogeneous  lossy  media. 

11.6  Region  of  Propagation; 

For  simplicity,  a  two-dimensional  problem  is  considered  in  which  a  plane  wave 
(source  at  infinity)  is  incident  obliquely  from  free  space  on  the  planar  interface  between 
free  space  and  a  lossy  medium  located  in  the  region  z  >  0  (see  ^ig.  1).  The  incident 
electric  field  E .  is  taken  as 

5i  =  Tio* 

where  ri  is  the  real  transverse  wave  number,  h  =  \j  -  t\^  ,  and  k  =  r.  -'.'""u 
o  o  o  o  o  '  'o  o 

is  the  free  space  wave  number.  The  amplitude  1/T,  where  T  is  the  transmission 


_ 


€o,/Xo 


[GAUSSIAN 

WINDOW 


Fig.  1  PUn.»r  Interface  Configuration 

coefficient  at  the  interface,  is  chosen  so  th,at  the  electric  field  x  F.  transmitted  into 

—  o  i 

the  lossy  medium  is  given  by 

(2) 

e 

’'~~i  T" 

In  Eq.  (2).  -  ~  V  k  -  «  where  the  complex  wave  number  k  for  the  lossy  medi  an 

^  o  o 

is  given  by  k  -5  . 
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In  order  to  find  the  region  through  which  the  dominant  portion  of  the  fields 
propagate  in  reaching  an  observation  point  (yj,  Zj)  in  the  lossy  medium,  an  ideal¬ 
ized  "window"  is  inserted  in  the  lossy  medium  parallel  to  the  y  axis  at  a  variable  dis¬ 
tance  h  below  the  observation  point  (see  Fig.  1 ).  This  sampling  window  is  assumefl 
to  be  of  zero  thickness  and  to  transmit  the  fields  essentially  over  a  limited  ranj'o  of  y. 
The  y  coordinate  of  the  center  of  the  window  is  then  adjusted  so  that,  for  a  minimuna 
window  width,  the  field  at  the  observation  point  approximates  E^  to  some  fixed  accu¬ 
racy.  By  this  process  the  area  in  the  z  =  z^-h  plane  whose  illumination  is  principally 
responsible  for  the  field  at  is  determined.  The  location  and  width  of  this 

region  in  the  z  =  Zj-h  plane,  when  considered  as  a  function  of  h,  traces  out  the  entire 
principal  region  of  propagation. 

In  order  to  avoid  diffraction  effects,  which  in  the  case  of  lossy  media  can  be 
exponentially  stronger  than  the  transmitted  fields,  the  function  describing  the 

-a(y-y  )^' 

trans;,iittance  of  the  window  should  be  entire.  The  Gaussian  function  e  ^  ,  which 

possesses  the  necessary  properties  and  is  mathematically  simple  to  treat,  is  used  here. 

The  window  is  centered  at  y  -  y  and  has  a  1/e  half-width  W  =  1/v^.  Using  the 

^  ® 

Gaussian  window  function,  the  electric  field  at  z  =  (z^  -  h)  is  given  by 

^  -jCv* 

•  e  -  ■‘e  .  (3) 

Taking  the  !  ■'o.rier  transform  of  Eq.  (3)  and  multiplying  by  c  wh“re 

""S  F 

.  k  -  and  ti  is  the  transform  variable,  the  field  at  written  in 

terms  of  an  inverse  transform  .as 


'V'i'V 


'u  o'".'  *  -j||,  (y^.y  ).  sh]  ' 

- - - —  - -  e  e  d  T;  . 


2  a 


{-I 


The  integral  in  Fq.  (4)  v  .in  be  ev.ilu.ited  approximately  by  the  m<  ‘hod  of  steepest 

descent. 


As  .1  function  <»!  ,  the  steepest  descent  .approximation  of  Eq.  (4)  is  found  to 

have  .a  maximum  magnitude  .»«  Nome  v.alue  of  y  .  For  y  in  the  vi-  inity  of  this  valut 

c  r 

Afiri  for  1  Ih**  drscrnl  rv*ilu.^lior>  of  FTq.  (<*)  is  found  to 
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/T 


Ejah 


(51 


where 


Y  sy-hRe—  ;  d=-hlm—  . 
'cm  'Is  ? 

o  o 


(6) 


For  a  small  and  under  the  approximation  e  =  1  -f  x,  the  magnitude  of  the  deviation  of 

the  exponential  term  in  the  brackets  of  Eq.  (5)  from  unity  will  be  minimum  for 

independent  of  a..  Thus,  it  is  seen  from  Eq.  (5)  that  if  the  magnitude  of  the  difft'^-ence 

of  the  exponential  from  unity  is  some  fixed  value,  a  will  be  greatest,  i.  e. ,  least, 

when  y  =y  .  Because  of  the  above  described  behavior  of  Eq.  (5),  this  expression  is 
c  cm 

interpreted  as  implying  that  the  fields  at  (yj*^j)  established  princqially  by  the 
illumination  in  some  region  of  the  plane  z  =  z^-h  centered  about  the  point  y^^- 


Requiring  the  bracket  term  of  Eq.  (5)  to  be  approximately  unity  at  Y^~Y^jj^» 

that  E  will  be  approximately  equal  to  the  field  E.  in  the  absence  of  the  window, 

8  * 
determines  an  upper  limit  on  a,  i.e. ,  a  lower  limit  on  the  half- width  W^.  The  half¬ 
width  in  turn  gives  the  region  centered  about  Ike  z  =  z^-  h  plane  whose  illumi¬ 

nation  is  principally  respo’isible  for  the  fields  at  (yj,  Zj).  With  the  upper  limit  for  a, 

it  can  be  argued  that  the  relative  error  made  In  using  Eq.  (5)  for  E  at  y  =  y  is 

g  c  cm 

less  than  the  deviation  from  unity  of  the  bracketed  term  in  Eq.  (5)  if  |s^lh  >  1 . 

The  bracketed  term  in  Eq.  (5)  at  y^  =  differ  from  unity  by  an  amount 

whose  magnitude  is  less  than  some  fixed  quantity  if  the  denominator  and  the  exponential 

individually  differ  from  unity  by  an  amount  whose  magnitude  is  less  than  half  that  quan- 

4 

tity.  Choosing,  for  the  sake  of  argument,  an  error  of  Z/n  (»!.0Z),  the  denominator 

4 

will  differ  from  unity  by  an  amount  whose  magnitude  is  less  than  1/^  if 


(7) 


In  view  of  Eq.  (7),  the  exponential  at  y  =  y  will  differ  from  unity  by  an  amount 
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whose  magnitude  is  less  than  1/n  if 


a  d  < 


W  >  n  Id  I 
g 


Taking  W  so  as  to  satisfy  both  Eqs.  (7)  and  (8)  insures  that  E  =E^(1  +a) 

4  ®  ®  ■ 

with  la  I  <  2/n  ,  which  implies  that  it  is  principally  the  illumination  over  this  region 

of  half-width  W  centered  at  y  in  the  plane  z  =  z  -h  that  gives  rise  to  the  fields 
g  cm  1 

at  {yj»Zj).  For  lossless  media  (c  real,  d  =  OVEq.  (7)  . reduces  tt-  the  form  of  tlie 

well-known  Fresnel  criterion  and  y  represents  the  intersection  of  the  geometric- 

cm 

optical  ray  passing  through (y^.z^)  with  the  plane  z=Zj^-h.  The  primary  effect  of  loss  on  the 
width  of  the  region  of  propagation  is  to  impose  a  condition,  linear  in  h,  that  must  be 


satisfied  in  addition  to  the  Fresnel  criterion.  For  h  < 


r  / 

—  • 

I  ?  '  o 


condition 


(7)  determines  W  while  for  h  greater  than  this  value,  Eq.  (8)  determines  W  ,  Note 
g  8 

that  the  valur.-  of  h  for  which  Eqs.  (7)  and  (8)  are  the  same  is  independent  of  the  error 
limit. 


It  has  been  found  that  the  location  y  of  the  region  giving  the  principal  con- 

cm 

tribution  to  the  fields  at  (y^t 2j)»  and  the  condition  (8)  on  its  width,  have  simple  inter¬ 
pretations  in  terms  of  the  complex  ray  passing  through  the  point  (y^.z^).  This  inter¬ 
pretation  is  expected  to  hold  in  more  complicated  problems,  which  will  be  examined  in 
the  future. 

National  Science  Foundation 

GU-1557  H.  Bertoni 
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RAY  METHOD  FOR  SOUND  WAVE  REFLECTION  IN  AN  OPEN-ENDED  CIRCULAR 
PIPE 

L.  B.  Felsen  and  H,  Y.  Yea 

In  previous  reports^,  it  has  been  shown  how  a  ray-optical  technique  can  be 
enqployed  for  tiie  study  of  radiation  and  reflection  from  die  open  end  of  a  parallel  plane 
waveguide,  both  in  the  dominant  mode  and  in  the  multimode  regimes.  The  purpose  of 
the  present  investigation  is  to  demonstrate  that  the  technique  remains  applicable  also 
for  the  open-ended  circular  waveguide  configuration.  While  the  previous  studies  were 
carried  out  for  the  electromagnetic  wave  problem,  we  nov/  consider  acoustic  wave  prop¬ 
agation  in  a  hard-walled  circular  ^e. 

In  die  analysis,  die  discontinuity  at  the  mouth  of  the  circular  tube  is  regarded  as 
an  equivalent  non-isotropic  ring  source  whose  radiation  back  into  the  tube  establishes 
the  reflected  waves.  The  characteristics  of  this  induced  source  are  known  in  terms  of 
its  far  zone  radiation  pattern  which  is  established  by  viewing  the  rim  locally  as  a  straight 
edge  excited  by  a  plane  wave  descriptive  of  the  incident  mode.  The  rays  originating  at 
the  ring  source  and  reflected  repeatedly  from  the  tube  wall  must  be  converted  into  modal 
form  if  the  modal  reflection  and  coiqiling  coefficients  are  to  be  extracted.  Finally,  by 
^king  into  account  multiple  diffraction  between  relevant  points  on  the  rim,  one  can  refine 
the  above -sketched  primary  diffraction  computation. 

While  the  basic  approach  tc  the  calculation  of  the  reflected  modes  in  the  circular 
geometry  is  the  same  as  in  the  parallel  plane  configuration,  there  are  important  differ¬ 
ences  which  place  further  strain  on  the  ray  method.  The  ray  interpretation  is  effective 
for  those  propagation  and  diffraction  phenomena  which  behave  locally  like  plane  v  a/es. 

A  mode  in  a  pzirallel  plane  region  can  be  decomposed  exactly  into  two  plane  waves,  and 
the  scattering  of  these  plane  waves  by  a  straight  edge  discontinuity  is  known  rigorously 
from  classical  diffraction  theory.  The  conversion  of  the  multiply  reflected  ray  field  into 
modal  form  can  also  be  performed  within  a  rigorous  framework.  These  features  are  not 
present  in  the  circular  geometry  where  the  modes,  e^ressed  in  terms  of  Bessel  func¬ 
tions,  behave  like  local  plane  waves  oiJy  sufficiently  far  from  the  waveguide  axis.  The 
replacement  of  the  curved  rim  by  a  local  straight  edge  constitutes  a  further  approximation, 
as  does  the  manner  vf  summing  the  multiply  reflected  rays  emanating  from  the  rim  into 
modeil  form.  Thus,  various  ray  constructs  which  apply  in  the  parallel  plane  geometry 
without  approximation  do  so  only  asymptotic etUy  in  the  circular  configuration, 

Basic  to  tlie  analysis  of  the  scattering  problem  is  the  evaluation  of  modes  excited 
in  a  circular  pipe  by  a  non-isotropic  ring  source.  To  assess  the  validity  and  quality  of 
this  ray-acoustical  calculation,  the  rigorously  solvable  isotropic  ring  source  problem 
has  been  considered  in  some  detail.  It  is  found  that  the  ray  solution,  when  converted 
into  modal  form,  yields  the  high-frequency  asymptotic  approximation  of  the  exact  result 
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for  the  higher  order  rnodest  in  regard  to  tlw  coordinate  dependence  of  the  modes  as 
well  as  the  ncdul  amplitudes.  This  asymptotic  correspondence  does  not  extend  to  ^e 
lov^est  mode  when  the  ring  source  is  uniform,  and  it  holds  only  with  poor  accuracy  for 
the  lowest  mode  when  the  ring  soui  ce  has  a  one-cycle  (cos  i)  variation.  To  extend  the 
range  of  validity  cf  the  ray- acoustical  calculation,  we  replace  various  asymptotic  approxi 
mations  for  the  higher  order  modes  by  their  exact  generating  functions,  and  we  extra¬ 
polate  the  resulting  forms  even  to  the  lowest  mode,  Uxereby  forcing  the  asymptotic  ray- 
acousticed  mode  series  into  its  exact  equivalent.  When  tiie  ring  source  is  non-isotropic, 
the  ray-acoustical  calculation  provides  the  same  asymptotic  mode  series  but  with  modal 
amplitudes  modified  by  the  source  pattern  function.  Use  of  the  substitutions  mentioned 
above  transforms  this  series  into  an  exact  solution  of  the  wave  equation,  with  approxi¬ 
mate  modal  amplitude  coefficients  which,  however,  ‘reduce  to  the  exact  ones  in  the  iso¬ 
tropic  case  where  the  pattern  function  equals  unity.  ITiis  being  done,  the  remaining  cal- 
cxjlation  of  the  modal  reflection  and  coupling  coefficients  for  the  open-euded  tube  is  analo¬ 
gous  to  that  for  the  parallel  plane  configuratior.. 

Since  exact  resiilts  are  available  for  reflection  from  the  open  end  of  a  thin-walled 
tube,  these  may  serve  to  check  the  accuracy  of  the  inflection  coefficients  calculated  by 
the  ray  method.  Cuarves  computed  from  exact  formulas  for  some  of  the  lower  (ka)  values 
{k  =  free-8pace  wavenumber,  a  =  tube  radius)  are  given  in  Ref.  2  and  are  shown  solid  in 
Fig.  1 ;  part  (a)  of  the  figure  presents  die  reflection  coefficient  amplitude  while  part  (b) 


C'Var  1 

primary  diffraflinn 

primary  diffrai'ii'm  and  sinple 
inU'raoti«>n  ( |  T  | ) 

primary  and  miilliplr  diffraction 

dr'p’ + 


Fig.  1(a)  Reflection  Coefficient  Amplitudes  for  n  =  0  and  n  =  1  Mode, 
with  q  =  0  Mode  Incident 
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Fig.  1(b)  Reflection  Coefficient  Phase  for  n  =  0  Mode, 
with  q  =  0  Mode  Incident 


shows  the  phase,  refers  to  the  reflected  wave  observed  in  the  n-th  mode  due  to  an 
incident  q-th  mode,  with  the  mode  indices  nor  q  relating  to  Oie  radial  per  iodic  it/ (the  curves 
refer  to  the  azimuthally  symmetric  case).  Tlie  dashed  curves,  obtained  from  very 
simple  primary  diffraction  formulas,  are  seen  to  predict  the  average  behavior  of  the 
relevant  quantities.  They  do  not  account  for  undulations  which  are  particularly  pronounced 
near  the  cutoff  point  of  any  of  the  propagating  modes.  Inclusion  of  single  interaction  of 
ttie  primary  diffraction  fields  across  the  mouth  of  the  tube  gives  rise  to  the  restdts  indi¬ 
cated  by  crosces  in  Fig.  1  and  produces  much  of  the  fine  structure.  Even  these  formulas 
are  quite  elementary.  Inclusion  of  multiple  interaction,  indicated  by  black  dots,  provides 
further  refinement  and  remarkable  accuracy  even  at  (ka)  valuta  close  to  unity  for  the 
lowest  symmetric  mode  and  also  near  the  cutoff  point  of  higher  order  modes. 

The  accuracy  of  results  computed  by  the  ray  method  thus  having  been  established 
even  at  low  frequencies,  the  method  can  be  used  with  confidence  for  calculations  for 
which  exact  data  are  not  known  or  not  readily  available.  An  illustration  is  the  reflection 
coefficient  chart  for  the  unflanged  guide  excited  in  the  lowest  symmetric  mode  as  shown 
in  Fig.  2,  carried  out  to  large  (ka)  values.  These  curves  are  obtained  by  using  the  mvC- 
tiple  interaction  formulation.  Since  the  ray  technique  i-,  eypected  to  be  better  at  high 
frequencies,  there  is  no  reason  to  suspect  the  accuracy  of  these  computations  except  in 
the  vicinity  of  the  cutoff  point  of  any  given  mode.  Therefore,  the  curves  have  been 
terminated  before  the  cutoff  point  is  reached.  The  ray  method  also  accounts  without 
difficulty  for  flanged  terminations  for  which  no  exact  solutions  are  known.  For  the 
special  case  of  a  right-angle  flange,  one  finds  the  solid  curves  in  Fig.  3,  against  which 
the  previously  obtained  results  for  the  unflanged  case  are  shown  for  comparison.  Evi¬ 
dently,  the  presence  of  the  flange  reduces  the  reflection  coefficient  magnitude  from  its 
value  for  the  unflanged  case,  a  not  unexpected  result  since  the  flange  softens  the  edge 
singularity  associated  with  a  thin-walled  tube.  The  quality  of  these  results  should  be 
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Fig.  Z  Reflection  Coefficient  Amplitudes  for  Higher  Order  Modes, 
with  q  =  0  Mode  Incident 


Legend: 


flanged,  unflanged. 


ooo  variationa'..  (flanged  pipe) 


i 


! 


Fig.  3  Reflection  Coefficient  Amplitude:  Comparison  of  Flanged  and 
ITnflanged  Pipes,  with  q  -  0  Mode  Incident 
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compfttablft  to  that  achieved  for  the  unflanged  pipe.  Also  shown  are  low-frequency  data 
obtaitied  by  the  variational  method'  which  are  seen  to  agree  reasonably  well  with  our 
calculations. 
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BOUNDARY  LAYER  THEORY  AND  UNIFORM  ASYMPTOTIC  EXPANSIONS  IN  DIFFRAC¬ 
TION  PROBLEMS 

E.  Zauderer 

In  a  previous  report^  a  method  was  presented  for  obtaining  uniform  asymptotic 
expansions  in  and  near  transition  regions  that  occur  in  the  asymptotic  solution  of  various 
electromagnetic  diffraction  problems.  The  method  was  based  on  the  use  of  the  boundary 
layer  theory  to  determine  the  special  functions  which  must  enter  into  the  uniform  expan¬ 
sion.  We  refer  to  Ref.  1  for  a  full  discussion  and  references. 

It  was  emphasized^  that  the  choice  of  boundary  layer  variables  pjlays  an  important 
role  in  determining  the  form  of  the  boundary  layer  expansion  and.  subsequently,  the  as¬ 
sumed  form  of  the  uniform  expansion.  To  determine  the  field  asymptotically  in  the  tran¬ 
sition  regions  using  either  the  boundary  layer  method  or  the  uniform  method,  the  ray 
expansions  outside  the  transition  regions  must  be  known.  It  is  the  confluence  of  a  set  of 
rays  or,  equivalently,  the  wavefronts  which  invalidate  the  ray  .jxpansions. 

An  example  in  the  vicinity  of  a  smooth  two-dimensional  caustic  with  two  sets  of 
boundary  layer  coordinates  was  considered  as  in  Ref.  1.  One  coordinate  was  a  length 
along  the  caustic  curve.  The  other  was  either  the  normal  distance  from  the  curve  or  a 
distance  along  the  positive  or  negative  tangent  line  (which  correspond  to  the  ray  direc¬ 
tions).  We  next  introduce  another  possible  set  of  coordinates.  Let  s  const,  be  the 
wavefronts  of  the  incoming  field  and  'n  «  const,  be  the  wavefronts  of  the  outgoing  field  (1.  e, 
the  field  after  it  has  passed  the  caustic).  Using  the  (t,  4>)-coordinate  system  we  can 
immediately  obtain  ray  expansions  away  from  the  caustic  in  the  form. 
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00 

^ikcp(x.y)  y  ^  (x.y)k“" 
n  =  o 

e^k'l^<^'y)y  w  (x.y)k-n 

n 

n  =  o 

At  the  caustic  these  expansions  fail,  for  flp  =  const,  and  iji  -  const,  are  tangent  to  each 
other  along  it.  Accordingly  we  seek  a  new  system  of  boundary  layer  coordinates.  One 
appropriate  set  is 

O'  =  Jfp,  0=  0-4< 

h 

and  another  is 


since  cp  and  i|^  are  symmetric  near  the  caustic.  In  any  case,  the  coordinate  /a  undergoes 
the  stretching,  since  it  essentially  gives  the  distance  from  the  caustic  curve  which  is 
located  at  /3  =  0.  That  the  appropriate  stretching  is  of  order  k’^  is  not  difficult  to  mo¬ 
tivate.  While  the  argument  of  the  exponential  and  Airy  functions  that  arise  from  this 
boundary  layer  approach  are  exactly  those  that  occur  in  the  uniform  expansion,  the 
boundary  layer  expansion  obtained  by  standard  perturbation  methods  would  still  not 
yield  the  correct  uniform  expansion.  To  achieve  it  we  must  proceed  as  in  Ref.  1. 

In  the  neighborhood  of  a  shadow  boundary,  e.  g.  that  arising  in  diffraction  by  a 
half -plane,  or  in  the  transition  region  for  the  lateral  waves  in  the  interface  problem, 
the  above  a^  proach  involving  wavefront  coordinates  and  their  differences  leads  directly 
to  the  Weber  functions  that  are  known  to  occur  in  these  problems.  Then,  it  is  easy  to 
generate  a  uniform  asymptotic  expansion. 

In  cases  where  three  or  more  wavefronts  coalesce  to  form  a  transition  region,  the 
situation  is  more  complicated  since  that  generally  means  that  two  or  more  boundary 
layers  intersect.  Thus,  more  than  one  boundary  layer  variable  must  be  stretched  and 
the  "uniform"  boundary  layer  coordinates  must  reflect  this  fact.  Such  cases  occur  near 
the  cusp  of  a  caustic  or  near  a  finite  caustic. 
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EEFEGTS  encountered  IN  THE  THEORY  OF  DIFFRACTION  OF  A  FOCUSED  WAVE 
m  AN  OPAQUE  OBSTACLE 

L.  B,  Felsen  and  L.  Lavey 

A  eonyarging  wava  may  form  a  ragion  of  gaomatric  optical  shadow  whose  boundary 
is  tha  eauatie  of  tha  rays  charactarising  lha  wave.  As  is  well  known,  Airy  integrals  are 
appropriate  canonical  functions  for  tha  description  of  tha  high  fraquency  fields  in  the 
neighborhood  of  tiba  caustic.  Gaomatric  optical  shadow  regions  also  occur  when  a  non> 
convergent  wava  is  incident  vqpon  an  opaque  ObstabU.  The  shadow  boundaries  consist 
in  this  case  (tf  those  rays  which  Just  grass  the  obstacle.  Expressions  for  the  high  fro* 
quency  fields  near  thergrasing  rays  involve  Fresnel  integrals  as  canonical  functions. 

Whan  an  opaque  object  is  illuminated  by  a  convergent  wave,  new  phenomena  are 
encountered  since  both  types  of  shadow  boundary  curves  (i.  e. ,  caustic  and  grazing  ray) 
are  present.  This  is  illust:rated  in  Fig.  1  in  which  are  shown  some  of  tibe  rays  (numbered 


1  tiirough  S)  of  a  two-dimensional  converging  wave  that,  in  the  absence  oi  an  obstacle, 
possesses  the  cnusttc  T'TT".  The  shadow  region  in  the  presence  of  the  obstacle  is 
bounded  by  the  curve  S^TT*  conqpoeed  in  part  ^  the  grazing  ray  (2)  and  in  part  of  tiie 
caustic  TT'  of  the  undisturbed  rays  of  the  wave.  Neither  an  Airy  integral  nor  a  Fresnet 
inlogral  can  serve  as  a  canonical  ftaction  in  ei^ssions  for  the  high  frequency  fields  in 
Bie  vicinity  ^  point  of  contact  T  of  the  two  distlnet  curves  delimiting  the  shadow 
region  .  A  transtiion  function  applleablr  to  this  region  U  considered  here, 

A  eonqposite  shadow  boundary  having  features  similar  to  those  of  Pig.  1  can  also 
occur  for  certain  problems  involving  layered  inhomogeneous  media.  An  Inugral  formutsiion 
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and  analysis  of  vuch  problems  is  given  in  Ref.  2.  Aspects  of  tho  transition  function 
to  be  discussed  are  also  relevant  to  scattering  problerns  involving  certain  curved  struts 
and  non»unifomily  illuminated  apertures. 

One  procedure  yielding  the  desired  transition  function  consists  in  part  of  determin¬ 
ing  an  equation  for  this  field  ftat  i.i  simpler  than  the  reduced  wave  equation  and  is 
cable  as  an  approximation  in  a  lay*  r  about  die  composite  shadow  boundary.  This  approach 
has  been  applied  in  Ref.  1  to  a  smooth  caustic  for  which  only  one  of  two  spatial  variables 
needed  to  be  "stretched".  For  die  '  imposite  shadow  boundary  considered  here,  tlie 
"stretching"  of  two  spatial  variables  is  required. 

It  is  convenient  to  employ  caustic  components  (S ,  ri),  deftned  in  terms  of  the  caustic 
of  the  incident  wave,  as  spatial  variables.  From  a  point  in  the  illuminated  region  a 
tangent  is  drawn  to  the  caustic,  as  shown  in  Fig.  2  for  P  and  P'.  t>  is  equal  to  the  arc- 


length  along  the  caustic  from  die  contact  point  T  to  the  corresponding  point  of  tangency  and 
?  is  equal  to  the  sum  of  n  and  the  length  along  die  tangent.  If  the  total  field  ui? ,  n)  is 
SNpressed  in  the  form 


u(4 ,  n)  ae 


Ik?  .-i2/3kt^/2a^ 


(1) 


where  t »  ?  -n  and  "a"  is  the  radius  of  curvature  of  the  caustic  at  T,  and  the  caustic  co¬ 
ordinates  are  "stretched"  by  dis  substicution 


X" 


(2) 


dien  the  afiproximate  bmuidary  layer 
is  given  by 


■  0  . 


equation  derived  from  the  reduced 


wave  aquatioii 


(3) 


(Reitvairt  detaJle  IcadUng  to  Eq.  (3)  may  be  found  in  Rele.  i  r.d  4  in  connection  widi  prob- 
ieme  ni  a  diffarent  character  but  eimilar  geometry. ) 
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Equation  3  is  n  parabolic  differential  equation  of  Uie  form  applied  by  Fock^  and 
oStara  in  analyses  of  Uie  hi^  &equency  fields  near  tiie  surfaces  of  convex  diffracting 
bo^s.  Wbereas  in  ffieae  analyues,  solutions  to  Eq.  (3)  are  obtained  by  separation  of 
variables,  in  ffie  present  case  sqipropriate  ablutiona  are  in  tiie  form  of  "incomplete  Airy 
functions".  These  functions  are  defined  by  integrals  of  flie  form 

m 

=  J  ds  (4) 

6 

where  ffie  upper  limit  lies  within  one  of  tiie  ftree  sectors  of  the  s-plane  for  which  die 
integral  converges.  If  we  let  a= -y  and  6  =  •x,  it  is  8inq>le  to  show  dtat  Eq.  (4)  satisfies 
Eq.(3). 

The  transition  function  for  the  region  about  the  point  of  contact  is  given  by  Eq.  (1) 

with 


w 


1 


k*^‘A£e(r)] 


•"iji 

e~'  '^cf|(-y,-x) 


_  k^^^Atein)] 


\  ;k) 


(5) 


A(6)  is  a  prescribed  (and  assumed  slowly  varying)  function  which  determines  the  ampli¬ 
tude  of  ffie  incident  geometric  optical  field  along  the  rays  arriving  from  Uie  direction  B. 
9(«)  designates  the  direction  of  the  ray  tangent  to  the  caustic  at  The  integral  I,  is 
defined  by 

«» 

I(a,a;k)  =  J  ei^*^^^3  8^+as3 

e 


and 


§'  = 


t'  = 


Subscripts  on  I  and  J  denote  that  the  upper  limits  are  taken  in  the  sector  0<  arg  s  • 

It  is  noted  that  has  saddle  points  at  s  =  t*. 

To  demonstrate  that  an  appropriate  transition  function  for  the  region  about  T  is 
given  by  Eqs.  (1)  and  (5),  it  should  be  shown  that  the  resulting  e;q>ression  connects  in  a 
continuous  manner  with  other  high  frequency  descriptions  of  the  field  known  to  be  valid 
in  the  various  geometric  optical  domains  in  the  neighborhood  of  T.  This  has  been  done 
and  requires  a  detailed  examination  of  the  asymptotic  properties  of  the  relevant  incom¬ 
plete  Airy  function  which  will  not  be  carried  through  here.  We  will,  as  an  example, 
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consider  only  the  case  when  the  field  point  departs  from  T  but  remains  near  the  caustic. 

The  caustic  is  described  by  the  curve  a  .r>=t  =  0  so  that  in  the  lit  region  near  the 
caustic  §  >  t<»  0.  The  integral  I|  has  two  neighboring  real  saddle  points.  Its  endpoint  is 
to  the  left  of  tiie  negative  saddle  point  and  recedes  frcm  it  as  the  field  point  moves  away 
fxom  T.  It  may  be  shown  titat  in  Oiis  case 


^1- 


2n 

7^ 


Ai(k^^^a)  - 


1 

W 


a  +3 


ik(l/3  3^+a3)^ 


(6) 


When  Eq.  (6)  is  substituted  in  Eqs.  (1)  and  {3),  &e  first  term  reproduces  the  high  frequency 

field  associated  with  the  region  about  a  smooth  caustic  of  a  converging  wave.  The-  second 

term  may  be  shown  to  be  descriptive  of  the  field  diffracted  by  the  obstacle  at  Ute  grazing 

point  of  the  incident  wave. 
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PROPAGATION  AND  SCATTERING  IN  THE  PRESENCE  OF  BOUNDED  FLUCTUATING 
MEDIA 

L.B.  Feisen,  I.  Kupiec  and  S.  Rosenbaum 

The  majOx'  portion  of  the  technical  literature  on  propagation  in  fluctuating  media  is 
concerned  with  regions  of  unbounded  extent,  and  scattering  due  to  finite  regions  has 
usually  been  taken  into  account  by  the  Born  approximation.  Use  of  the  Born  approxima¬ 
tion  involves  the  assumption  that  the  average  field  in  the  fluctuating  medium  differs  little 
from  that  in  the  exterior,  thereby  limiting  the  applicability  to  tenuous  media  and  to  weak 
fluctuations.  To  this  order  of  approximation,the  boundary  conditions  on  the  surface 
between  the  exterior  and  the  fluctuating  medium  play  no  role  in  the  formulation  of  the 
scattering  problem. 

When  the  average  properties  of  the  scattering  medium  differ  markedly  from  those 
of  the  exterior  region,  or  when  the  scattering  medium  fluctuates  strongly,  the  above- 
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itienHon^d  boundary  conditions  can  no  longer  be  ignored.  If  the  medium  boundary  itself 
undergoes  fluctuations,  as  is  indeed  the  case  fcr  2q[>p]ications  such  as  scatti:ring  from 
turbulent  plasmas,  even  the  proper  formulation  of  the  boundary  conditions  becomes  a 
major  undertaking.  For  fliis  reason,  it  is  advisable  to  explore  first  the  effect  of  deter* 
ministic  boundary  conditions.  In  this  connection,  it  is  of  special  interest  to  ascertain 
under  what  circumstances  certain  average  propagation  and  scattering  characteristics  in 
the  presence  of  bounded  media  can  be  determined  from  those  in  unbounded  media  merely 
by  cissigning  to  the  finite  scattering  vohime  the  refractive  index  properties  descriptive 
of  propagation  of  the  average  field  in  the  infinite  volume.  If  this  can  be  done,  calculation 
of  the  average  field  in  the  presen^'e  of  a  bounded  fluctuating  medium  is  carried  out  in  the 
saime  manner  as  for  a  deterministic  medium.  Evidently,  su  h  a  procedure  ignores  the 
possibility  of  coupling  from  the  fluctuating  field  to  the  average  field  via  the  boundary 
surface. 

V/e  are  presently  involved  in  a  program  aimed  at  Cie  clarification  of  the  questions 

T 

raised  above.  A  convenient  starting  point  is  the  ’’bilocal"  approximation*  which,  in  an 
unbounded  randomly* fluctviatmg  medium  with  sufficiently  long  correlation  time,  leads  to 
a  modified  refractive  index  n^  for  the  average  (coherent)  wave  that  accounts  for  continuous 
scattering  into  the  fluctuating  (incoherent)  wave.  The  incoherent  field,  however,  is 
singly  scattered  in  the  sense  that, once  generated  by  the  average  wave,  it  propagates 
through  a  medium  described  by  the  average  refractive  index  <n>  without  further  scattering 
(the  fluctuating  refractive  index  is  written  as  u(£)=<n>+  n^’r)).  In  performing  a  calcu¬ 
lation,  one  first  fuids  the  average  field  <U'^  and  uses  it  as  the  driving  term  for  the  deter¬ 
mination  of  the  incoherent  field  Uj  =  u-<u>.  It  may  now  be  appreciated  why  the  above- 
mentioned  procedure  for  bounded  .nedia,  i.  applicaole,  simplifies  substantially  the  evalu¬ 
ation  of  the  coherent  as  well  as  the  incoherent  fields.  In  one  of  the  very  few  papers 

attempting  to  deal  with  bounded  fluctuating  media  by  a  method  superior  to  the  Born 
approximation,  validity  of  this  procedure  has  in  fact  been  assumed  without  justification  . 

Our  efforts  at  clarifying  the  influence  of  a  boundary  on  the  dispersive  properties 
of  a  fluctuating  medium  have  proceeded  along  two  different  lines,  both  utilizing  the  bi¬ 
local  approximation.  The  first,  and  more  rigorous,  seeks  a  self-consistent  solution  of 
the  biloced  equations  subject  to  the  correct  (though  idealized)  boundary  conditions  on  the 
total  field,  thereby  allowing  for  coupling  betv'een  the  average  and  incoherent  fields  at 
the  interface.  Due  to  complexity  encountered  in  this  approach,  results  have  been  ob¬ 
tained  so  far  only  for  a  one-dimensional  problem  wherein  a  plane  wave  impinges  normally 
from  vacuum  onto  a  fluctuating  half  space,  with  the  fluctuations  in  the  medium  constrained 
to  the  coordinate  along  the  propagation  direction.  Two  different  meti.ods,  v?lid  for  differ¬ 
ent  parameter  ranges,  have  been  employed  in  the  one-dimcasional  case.  The  first,  by 
S.  Rosenbaum,  provides  in  the  limit  of  small-scale  fluctuations  (correlation  length  a"*  0) 
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but  for  arbitrary  <n>  an  approximate  differential  equation  for  the  average  field  which 

3 

can  be  solved  in  terms  of  Bessel  functions  .  The  second,  used  by  I.  Kupiec,  reduces 
the  problem  to  an  integral  equation  of  the  Wiener-Hopf  type  which  can  be  solved  by  stand¬ 
ard  techniques;  the  value  of  the  average  refractive  index  <n>  is  now  required  to  be 
approximately  the  same  as  in  vacuum,  but  finite  correlation  lexigths  "a" are  allowed  if  the 
mediiim  fluctuations  are  sufficiently  weak.  Both  approaches  eidiibit  coupling  effects  due 
to  the  interface  which  affect  the  propagation  properties  of  the  coherent  wave,  especially 
when  the  refractive  index  fluctuations  are  large  or  when  <n>  differs  substantially  from 
unity.  Implications  of  the  results  obtained  by  the  different  methods  are  now  under  study. 
The  calculations  are  also  being  compared  with  available  exact  numerical  data  for  scat- 

4 

tering  by  a  one -dimensional  random  slab  ,  and  .vith  the  simple  but  semi-heuristic  method 
in  Ref.  2. 

The  second  line  of  approach  alluded  to  pbove  is  motivated  phenomenologically.  In 
this  investigation,  carried  out  primarily  by  I.  Kupiec,  it  is  asfsumed  that  a  plane  wave 
incident  from  vacuum  on  a  fluctuating  half  space  (fluctuations  are  now  permitted  in  two 
dimensions)  generates  in  the  medium  an  average  plane  wave  v/ith  a  modified  and  as  yet 
unspecified  amplitude  A  and  wavenumber  K  »  ’vhere  is  the  wavenumber  in  vacuum, 

n  is  assumed  to  be  complex  to  account  for  scattering  into  the  incoherent  field.  To  deter¬ 
mine  properties  of  n  ,the  energy  scattered  out  of  a  cylindrical  volume  excited  by  the  aver¬ 
age  wave  is  computed  in  the  bilocal  approximation,  due  account  being  taken  of  the  presence 
of  the  interface,  and  this  scattered  energy  is  equated  to  the  energy  loss  experienced  in 
the  same  volume  by  the  postulated  plane  wave.  The  resulting  energy  balance  equation 
provides  a  relation  between  the  real  and  imaginary  parts  of  n  (it  does  not  specify  n  com¬ 
pletely),  and  this  relation  turns  out  to  be  the  same  as  in  an  unbounded  medium  (i.  e.  ,  it 
does  not  depend  on  the  presence  of  the  interface).  This  result  suggests  that  description 
of  the  transmitted  field  in  terms  of  a  single  modified  plane  wave  may  be  possible  pro¬ 
vided  that  the  plane  wave  amplitude,  (Re  n  )  and  (Imn  )  are  selected  so  as  to  incorporate 
in  some  sense  the  properties  of  the  interface.  The  validity  of  this  conjecture  is  under 
investigation. 
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REFLECTION  .TRANSMISSION  AND  SCATTERING  OF  SCALAR  WAVES  FROM  A 
RANDOMLY-INHOMOGENEOUS  HALF-SPACE:  ONE -DIMENSIONAL  CASE 

5.  Rosenbaum 

The  propagation  and  scattering  characteristics  of  scalar  waves  in  randomly  fluc¬ 
tuating,  statistically  homogeneous  and  unbounded  media  have  been  the  subject  matter  of 

1-9 

several  intensive  investigations  in  recent  years  .  It  is  well  understood  at  least  within 

3  4 

the  range  of  validity  of  the  so  called  "bilocal"  approximation  to  the  Dyson  equation  ’  , 
which  possesses  the  merit  of  simplicity  and  which  has  broadened  the  range  of  validity 
of  the  Born  approximation  to  a  considerable  extent  particularly  in  the  limit  of  small 
scale  fluctuations.  More  recent  work  has  been  carried  out  which  provides  a  more  re¬ 
fined  approximation  to  the  Dyson  equation,  by  accounting  for  multiple  scattering  to  a 

still  higher  order  (when  compared  with  the  "bilocal"  approximation)  and  which  is  ener- 

7-9 

getically  self-consistent  to  a  given  order  in  some  suitably  selected  smedl  parameter 

The  simplicity  of  the  analytical  investigations  in  the  statisticedly  homogeneous  un- 
boxmded  domain  stems  from  the  fact  that  exact  formal  solutions  to  the  Dyson  equation 
are  readily  obtainable  since  the  resulting  integral  (or  integrand-differential)  equation 
involve  integral  operators  of  the  convolution  type.  Consequently,  the  Dyson  equation  is 
diagonal  in  the  Fourier  representation  and  is  readily  solvable.  This  simplifying  feature 
is  lost  whenever  the  transmission  media  under  study  are  statistically  inhomogeneous  or 
of  finite  extent.  The  "mass"  operator  no  longer  depends  exclusively  on  the  difference 
r-r'  and  the  domain  of  integration  is  generally  finite.  As  a  result,  plane  waves  no 
longer  constitute  eigensolutions  of  the  Dyson  equation.  A  recent  work  by  Bassanini  et 
al.^^  which  attempted  the  study  of  scattering  characteristics  of  a  scalar  wave  from  a 
randomly  fluctuating  half-space  (in  the  "bilocal"  approximation)  sviffers  from  an  inherent 
inconsistency  which  will  become  evident  later,  and  which  ic  rectified  for  the  simpler 
one -dimensional  case  formulated  below. 

The  one -dimensional  case,  although  of  relatively  little  importance,  has  recently 
attracted  the  attention  and  interest  of  sevsial  investigators,  due  to  its  relative  simpli¬ 
city  which  provides  additional  physical  insight  into  the  scattering  processes,  and  the 
recent  availability  of  exact  Monte  Carlo  type  computations  pertaining  to  the  one-dimen¬ 
sional  random  slab^^,  which  highlight  the  failure  of  the  conventional  Born  approximation. 

Formulation  and  Description  of  the  Problem: 

A  monochromatic  plane  wave  with  suppressed  time  dependence  exp(Jrt), 
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Up{z)  =  e 


*  K  "  "'^0^0 


is  incident  upon  the  half-space  2>  0  filled  with  a  randomly  fluctuating  medium,  charac¬ 
terized  by  a  random  permittivity  fxxnction 

c(z)=<g>{l  +  e(z))  (2) 

where  the  temporal  fluctuations  are  presumed  slow  and  thus  regarded  as  changes  in  the 
realizations  of  the  random  function  e(z)  (quasi-monochromatic  approximation). 

The  statistical  characteristics  of  a  scalar  wavefunction  u(z}  are  sought,  which 
obey  the  one -dimensional  reduced  wave  equations  (note:  k  =k  <s>  ,  < e (z)  >  =  0) 


+  k^)  U2(z)  =  -k^  c(z)  u^iz)  ,  z>  0 
dz 

2 

(■Aj. +k^)  Uj(2)  =  0  ,  Z<0 


together  with  the  radiation  condition  at  z"*  ±  *  and  the  continuity  conditions 
3u,(0)  9u2(0) 

Ui(0)=U2(0)  , 

where  the  subscripts  1  and  2  denote  the  regions  z  <  0  and  z  >  0,  respectively. 
In  the  region  z  <  0,  one  obtains 


Uj(z)  =e 


-jk  z  jk  z 

°  +  r  e  °  ,  z<  0 


where  F,  the  reflection  coefficient,  is  a  random  variable  whose  characteristics  are 
determined  below.  It  is  convenient  to  separate  the  coherent  wave  (t(z)  -  <u(z)  >  )  from  the 
fluctuating  (incoherent)  part  (to  be  denoted  by  C!)(z)su(z)  -  i|'(z))  which  results  in 

^j(s)  =  e  ®  +<r>e  ®  (7) 

j(z)  =  r  e  ®  .  Fa  r-<F>  .  (8) 

7'he  field  in  the  random  half-space,  to  be  determined  to  the  "bilocal"  order,  obeys 
the  follow!. ;g  pair  cf  coupled  equations: 
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•  z 

dz* 

Tlie  incohcTont  wavCi  evaluated  coneJstently  with  the  required  continuity  conditions  at 
z-Q,  results  in 

OB 

cpj(x)sk^J  dz' Gj{z,z«)  e(z') 0 
2  0  2 

where  G,  ,(z,  z')  denotes  the  zeroth  order  Green's  function  appropriate  to  the  configura 
tion  of  Fig.  1.  The  expression  Eq.  (11)  is  in  accord  with  the  continuity  conditions 


Fig.  1  Physical  Configuration 


- 3I—  (12) 

as  well  as  the  radiation  conditions  at  z~*  ~  From  Eq.  (1 1)  one  obtains 

Oft 

<€(s)cP2(z)>*:k^  f  da'  G2{z.s')  B^(z.z')  (H) 

0 

where  Bg(s,  s')  <€(s)  c(b')>  *  b^(z-B')  denote^  the  correlation  function  of  the  preBum> 

edly  wide  sense  homogeneous  process  i{z).  The  oubstitutlon  of  Eq.(n)  into  Eq.  (9) 
resvlts  in  the  following  integradifferentlal  equation  for  V2(s): 


*  - .  •' 
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j  dz'  K(z)e“j^^*'  'Ji2(z'),  *>  0 
0  (14) 


where  G2(z,  z*)  has  been  written  in  the  form  , 


G2(z,z')=G^(£)  +  r^G^(z)  e'^j^*’  ,  £=  z-z'  . 


r  ii\-  ^  „-jk|S|  j:  1  _-jkz  _  _ 


k«k 


_ o 

o  k-l-k 


and  the  quantities 


K(£)=  Bg(£)  G^(£)  andK(£)H  Bg(£)G^(£) 


(15) 


have  been  defined.  The  inconsistency  in  Ref.  10,  which  roughly  follows  the  sam^  analyti¬ 
cal  sequences,  stems  from  tlie  fact  that  the  e}q>ression  for  tp2  substitutad  into  the  equiv- 
cdent  of  Eq. (9)  is  inconsistent  with  the  continuity  conditions  of  Eq.(i2).  Although  expres¬ 
sions  for  cpj  and  satisfying  Eq.(12)  are  eventually  obtained, they  do  not  coincide  with 
those  initially  used  for  the  substitution  into  Eq.  (9);  consequently  the  second  term  of  the 
right-hand  side  of  Eq.  (14)  is  missing. 

In  the  limit  of  small  scale  fluctuations  Dg(£)  (and  thus  K(£)  and  K(z))  is  sharply 

peaked  at  £  =  0.  Therefore,  subject  to  the  exclusion  of  observation  points  near  the 
interface  to  within  several  correlation  lengths,  the  limits  of  integration  in  Eq.  (14)  may 
be  extended  over  the  infinite  domain  -ox  <  z'  <  «  .  in  the  limit  <  S  >  -•  i,  the  last  term  on 
the  right-hand  side  of  Eq.  (14)  may  be  omitted.  The  resultant  equation  is  of  the  Wiener- 
Hopf  type  and  is  readily  solvable  without  extending  the  range  of  integration. 

The  solution  to  Eq.  (14)  which  satisfies  the  radiation  condition  at  z  -  *  is  cf  the 

form 


OR 


6  ^  n 

n=0 

It  follows  upon  the  substitution  of  Eq.  (16)  into  £q.(14), 
exponential  that 


(16) 

and  from  the  orthogonality  of  the 


"^+k^+  Zti  k^lCC-)-©, 


(17) 
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2n  +2kn) 


*n-l  -(r|+2kn)  +k  +2TTk  K(ti  +  2kn) 

A  ^ 

where  K(n)  and  K(r|)  denote  the  Fourier  transforms  of  K(z)  and  K(z),  respectively. 

As  could  be  antic4>&ted,  the  dispersion  relation  (17)  (from  which  'i  is  determined) 
is  identical  with  ^at  obtah^ed  for  the  unbounded  domain,  and  entirely  independent  of 
^e  boundary  conditions. 

In  t!ie  limit  of  small  scale  fluctuations,  the  infinite  series  defined  by  Eqs.  (16-18) 
may  be  summed  tq)  in  closed  form;  however,  this  limit  may  be  treated  directly  by  the 
analytical  sequence  .illustrated  below. 

In  this  limit  Eq.  (14)  may  readily  be  shown  to  reduce  to 


r  2  / 

oz 


■jZkzV; 


2  2 
where  a 2  CT  ka  is  a  conveniently  defined,  dimensionless  parameter,  in  which  =BJ0) 

-2 1  *  ^ 

and  a,  the  correlation  length,  is  conventionally  defined  via,  a  sc  J  Bg(z)dz. 

It  follows  from  Eq.  (17)  (in  the  limit  ka~'  0)  that 


(g)  . 


The  introduction  of  a  new  independent  variable 


/T-rn-  .  -jkz  d'^  _  .  2  d  d 
ys^/TTT^e  .  ^--1^  yg7 

results  in  the  equation 

which  is  readily  recognized  to  ue  of  the  Bessel  type.  We  select  for  -2(1)  that  i.idepend- 
ent  solution  which  satisfies  the  radiation  condition  at  s'*  **,  i.  e. , 


.-(s)  «  A  J  \'’Jar_  e  J  ,  z>  0 


This  choice  is  indeed  in  accord  with  the  radiation  condition  as  may  be  observed  from  the 
power  series  expansion  of  Eq.  (22),  in  which  each  term  separately  satisfies  the  desired 
condition. 
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It  shoiild  be  noted  that  if  sources  exist  within  the  half-space  z>  0  the  complement¬ 
ary  solution  will  be  needed  as  well. 

The  mean  reflection  and  transmission  coefficients  follow  readily  from  the  conti¬ 
nuity  conditions  at  z-0,  which  lead  to  the  expression, 


o 


'  V 


k 

IT 


-1 


(23) 


and 


<  r>  = 


o  o 

( ^  r )  ^ .  1  ( ^)  *  ( ^  ir)  .1 


(24) 


Under  the  condition  |c:r^|<<l  which  often  prevails  in  actual  physical  situations, Eq,  (24) 
reduces  to 


<r> 


ho-n  + 

V^-ijkaro 


(25) 


In  the  limit  0  the  reflection  coefficient  (I’^-"^)  (k^+  n)’^  is  that  derived  by  simply 
replacing  the  fluctuating  medium  by  an  effective  medium  obtained  from  the  analysis  of 
the  correspondir^  unbounded  problem.  This  procedure  is  clearly  unjustified  in  the 
general  case. 


The  incoherent  wave  intensity  in  free  half-space  (*<  0)  follows  c'.irectly  from 
Eq.  ill): 


<K>j(»)l 


2 

> 


"  "  -jMi,-s,) 

J  ***1  J  <*■2  ®c<*l-*2>* 

0  0 


which  in  the  small  scale  limit  reduces  to: 


<1  j(*)l  >  * 


k^jT  1^ 

o 

“1 - 


•alAi 


ds. 


-jks, 


(26) 


(27) 


where  T^e2k(k-fk^)“*.  The  e:q>reosion  for  <  1-32(1)1^ '»  follows  from  Eq.  (1 1)  In  an  anal- 
''gous  manner. 
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terminating  the  diacussion,  the  following  comments  should  be  made.  Al- 
tiie  physical  interpretation  of  the  wavefunctions  represented  by  Eqs.  (16*18)  or 
£q.(22)  is  not  completely  transparentt  it  la  clear  that  the  ^pearance  of  the  high 
order  terms  («  e]^-Ja(r|‘f  2kn),n>  1)  represents  the  interaction  between  the  coherent 
field  and  die  incoherent  wave  reflected  from  &e  interface.  This  effect  which  is  consid¬ 
erable  in  one -dimensional  configurations  may  play  a  secondary  role  when  a  three- 
dimensional  problem  is  considered.  This  anticipation  stems  from  the  following  rather 
vague  physical  observation.  In  die  one-dimeneional  case  tY-  waves  (both  coherent  and 
incoherent)  are  confined  to  the  postulated  one-dimensional  space.  Doth  waves  propagate 
along  the  same  direction  at  almost  equal  speeds  providing  suitable  conditions  for  mutual 
interaction.  In  the  multidimensional  scattering  configuration,  on  the  other  hand,  the 
incoherently  scattered  wave  is  virtually  radial  (in  the  limit  ka<<l)  and  only  a  small 
part  of  the  energy  carried  by  the  incoherent  wave  ran  be  found  within  the  spectral  range 
suitable  for  effective  interaction.  Consequently,  any  attempt  to  extend  one -dimensional 
results  or  interpretations  to  the  multidimensional  case  should  be  approached  with  caution. 
The  work  reported  here  is  incomplete  in  several  respects  (even  within  the  framework  of 
the  one-dimensional  problem):  a)  The  starting  point  of  the  analysis  has  been  the^'bilocally" 
iqiproximated  Dyson  equation  which  is  particularly  useful  in  the  limit  of  small  scale 
fluctuations.  The  scattering  from  a  randomly  fluctuating  half- space  in  the  limit  of  large 
scale  fluctuations  is  currently  under  investigation,  b)  Also  under  study  is  the  more 
significant  (but  considerably  more  complicated)  slab  problem.  In  the  small  scale  limit, 
the  coherent  wavefunctions  no  longer  satisfy  Bessel's  equation  but  the  more  complicated 
Mathieu  equation. 
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NON-UNIFORMITY  EFFECTS  IN  MICROWAVE  Pl-ASMA  DIAGNOSTICS 
J.  W.E.  Griemsmann 


Possible  electromagnetic  errors  are  analyzed  £tr  a  particular  TM^j^mode  cavity 

diagnostic  measurement  used  in  wake  studies  in  ballistic  ranges.  The  wake  is  modeled 

by  a  cylindrical  plasma  column  having  a  radial  distribution  of  electron  density  specified 

by  N  =  N  e 
P 


where  r  i.?  the  radius  and  Npis  the  peak  electron  density.  Wide  ranges 


of  average  and  peak  electron  density  along  with  several  pertinent  collision  frequencies 
arc  considered,  including  values  extending  beyond  those  for  which  the  cavity  measure¬ 
ment  is  intended.  One  source  of  error  investigated  is  the  effect  of  the  usual  measurement 
assumption  that  the  cavity  measures  the  total  count  of  electrons  within  its  field  regardless 
of  the  distribution  of  electrons.  The  other  source  of  error  investigated  is  the  possibility 
for  power  leakage  through  the  open  pipes  of  the  cavity  via  higher  modes  which  are  con¬ 
ceivably  capable  of  propagating  under  non-uniform  conditions.  The  influer  e  of  non-uniform 
electron  distribution  on  the  error  have  been  determined  for  a  wide  range  of  electron 
density  and  formulas  derived  for  hybrid  lossy  leakage  modes. 


Shown  in  Fig.  1  is  a  schematic  depicting  cavity  diagnostics  of  a  ballistic  range  wake 
as  used  at  Lincoln  Laboratories.^  The  phase  measuring  cirvuit  scheme  indicated  there 
is  used  to  measure  a  wide  range  of  electron  densities.  The  arrangement  rru  y  he  shown, 
in  any  case,  to  measure  the  radial  input  admittance  plasma  column  corree'ed 

(or  appropriate  ei-anescent  fringe  field  effects  of  the  open  ptprs  as  illustrated  in  Fig.  2. 
Not  taken  into  account  in  this  measurement  are  the  possibilities  of  power  leakage  ihe 
open  pipes  via  spurious  modes  and  the  possibilities  for  spurious  Tonks-Dattm.  r  electro- 
acoustic  resonances.^ 


Severs!  examples  of  the  radial  electron  density  distribution  for  the  cylindrical  plasma 
models  arc  shown  in  Fig.  )  normalised  to  uniform  density.  The  maximum  ratio  of  peak 


I. 


I 


I: 

I 

ft. 

■| 


58  ELI-  i  ’^OM.\GNETICS  AND  WAVEGUIDE  TECHNIQUES 


WAVC  ">1^  BEYOND 
CU'o'  ENTRY 
AND  EXi  OPTS 


UHF 

OSCILLATOR 
~450  Mcps 


AMPLITUDE 

DETECTOR 


DUAL" BEAM 


OSCILLOSCOPE 


Fig.  1  Schematic  of  Wake  Diagnostics 
(Lincoln  Laboratory) 
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Fig.  2  Schematic  of  Cavity 
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value  of  electron  density  occurring  at  the  axis  (r  =  0),  was  about  50  times  the  average 
density.  The  range  of  average  density,  N^,  was  from  JO’  electrons  per  cc  t  2.  5x  10® 
electrons  per  cc.  The  critical  density  at  450  megacycles  per  second  was  thus  exceeded 
locally  in  many  cases.  Collision  frequency  value s  ,  V,  chosen  were  10  ,10^,  and  2.5x10  ' 
(1/ser)  .  For  the  purpose  of  analysis,  this  distribution  was  further  assumed  to  bo  repre¬ 
sented  by  50  cylindrical  shells,  in  each  of  which  the  electron  density  vv  as  assumed  to  be 
uniform  and  equal  in  value  to  the  average  electron  density  lor  that  shell.  Radial  trans- 

3 

mission  line  relationships  were  used  to  perform  the  analysis  on  a  conqiutor. 

To  determine  measurement  errors  caused  only  by  the  electron  density  distribution, 
fringe  field  effects  were  neglected,  and  the  n>ode  field  assumed  uniform  in  the 

axial  direction  (infinite  length  plasma  column).  Shown  in  Fia.  4,  for  this  case,  is  tue 
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radius, r 

Fig.  4  Uniform  Plasma  Distribution 


influence  of  the  presence  of  uniform  electron  density  on  the  axial  electric  field  distribu¬ 
tion.  The  fields  are  normalized  to  that  at  the  axis  and  plotted  on  a  suppressed  scale. 

When  the  electron  density  ts  as  low  as  2.  5x  lO’  electrons  per  cc,  the  distribution  of  the  axial 
electric  field  is  essentially  equivalent  to  that  of  free  space  ,  namely,  a  Bessel  function 
distribution.  For  higher  densities  the  electric  field  at  the  axis,  r  =  0,  is  seen  to  be  weaker 
with  respect  to  the  field  at  the  input  surface  of  the  column,  r  =  r.  An  int'^resting  effect 
observable  in  the  figure  is  that  a  higher  collision  frequency  dampens  the  degree  of  mag¬ 
nitude  change  with  increasing  electron  density. 

In  the  computation  used  to  obtain  Fig.  4,  the  admittance  at  the  input  -urface  r  '  '  of 
the  plasma  coliunn  is  also  calculated.  Under  the  basic  diagnostic  measurement  assump¬ 
tion  that  the  input  admittance  is  reasonably  independent  of  electron  density  distribution, 
this  value  (designated  as  Y  )  is  the  N’llue  that  is  expected  to  be  measured. 

pu 
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Fig.  5  Influence  of  Non-Uniform  Distribution 

The  plot  of  Fig.  5  displays  on  a  suppressed  scale  typical  variations  of  axial  electric 

field  with  radial  position  for  an  extreme  peak  to  uniform  density  ratio  of  40,  again  frr  the 

case  of  no  axial  field  variation.  The  radius  at  which  the  local  electron  density  eo'.als 

the  uniform  electron  density  is  shown  as  the  vertical  dotted  line  in  the  graph.  The  shielding 

effect  of  the  extremes  of  electron  density  toward  the  center  can  be  observed.  The 

admittance  values  at  the  input  surface  to  the  colunm  are  also  calculated  for  this  case 

and  designated  as  Y 

pn 

Typical  values  of  measurement  error  arc  caused  by  non-umformity  effects  and 
tabulated  in  Fig.  f>  along  with  the  expression  used  for  v  invj.  -.tation  of  error.  The  admit- 
f*t*^'*^  **  measured  at  the  input  radius  of  the  phisma  column  with  the  plasma  and 
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ERROR 


1.25x10® 

10® 

.0007205  +  j. 3626640 

.  077 

.  107 

(1/20) 

2.82x10^ 

.0102260  +  j.  3728273 

.079 

.119 

2.  5  X  10® 

10® 

.0014306  +  j.  3423846 

.  068 

.083 

(I/IO) 

2.  82x10^ 

.  0203775  +  j.  3625645 

.  076 

.108 

1.5  X  10^ 

.0* 

(-).003 

(-).  100 

(3/5) 

2.82x10^ 

.  1179084  +  j. 2600734 

,  056 

.112 

ERROR  = 


1— 

Y 

-  Y 

pn 

pu 

A 

Y 

-  Y 

0 

pu 

o 

£  =  450x10 


N  =2.5x10' 
c 


y  =  1.3830910 
o 


Fig.  6  Table  of  Errors 

air  removed  (vacuo).  For  the  values  of  electron  density  chosen  (namely,  l/<i0,  l/lO,  and 

3/5  of  criHcal),  and  for  the  typical  collision  fr  ■  •rer'ci es  indicated,  the  n;ensure-’,  values 

with  non-uniformity  present  would  be  too  high  by  at  most  12%.  The  one  negative  value 

is  oeyond  practical  cavity  measurement  range.  Another  conclusion  evident  in  the  table 

is  that  the  non- uniformity  error  is  not  diminished  by  going  to  lower  electron  densities 

at  least  in  the  range  indicated.  Also  illustrated  in  part  is  that  non-uniformity  errors 

can  occur  for  relatively  modest  non-uniformities  such  as  N  /N  “  5  with  further 

’  P  u 

error  incrc'.sing  only  slowly  with  further  density  peaking.  This  latter  effect  may  he 
caused  by  the  further  effective  reduction  of  electricnl  radius  in  which  most  of  the 
plasma  lies.  The  electrical  radius  of  the  plasma  column  (where  >  is  ti>e  free 

space  wavelength)  is  43''.  The  above  conclusion  should  be  applied  only  to  plasm.i  of 
comrnensurato  electrical  dimensions. 

Development  of  a  specialized  computer  optimisation  program  lias  been  required  to 
evaluate  the  leakage  characteristics  of  the  most  detrimcnul  leakage  modes.  To  date 
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no  quantitative  bases  for  serious  leakage  problems  have  been  determined. 

Advanced  Research  Projects  Agency 
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TRANSIENTS  IN  DISPERSIVE  MEDIA 
L.B.  Felsen 

1 .  Introduction 

The  propagation  of  transient  signals  in  dispersive  media,  a  subje«  t  of  long- 

1,2 

standing  interest  in  electromagnetics  ,  has  received  increased  attention  more 

3 

recently  because  of  it:i  relevance  to  pulsed  excitation  of  waveguides  ,  whistler  propa- 

4  5  6 

gation  in  magnetospheric  ducts  ,  ionospheric  and  VLF  propagation  problems, 
plasma  diagnostics^,  etc.  While  certain  special  situations  admit  of  a  closed  form 
solution  for  the  transient  field  in  terms  of  known  functions,  it  is  generally  necessary 
to  resort  to  an  integral  representation,  usually  involving  a  (real  or  complex)  fre¬ 
quency  integration  of  the  time-harmonic  result.  Often,  the  latter  is  itself  given 
only  in  the  form  of  series  or  integrals,  thereby  adding  to  the  overall  complexity  in 
the  formulation  of  the  space-time  dependent  field.  Therefore,  it  has  been  necessary 
to  resort  to  approximation  procedures  in  order  to  gain  explicit  information  about  the 
nature  of  the  transient  response.  If  the  field  is  ''xcited  by  a  localized  source,  its 
time-harmonic  behavior  in  the  far  zone  can  usually  be  deduced  by  asymptotic  (sad¬ 
dle  point)  techniques  based  on  the  largeness  of  the  distance  (in  wavelengths)  from 
the  source  region  to  the  observation  point.  Since  the  same  large  parameter  appears 
also  in  the  resulting  integral  over  frequency,  a  timilar  asymptotic  procedure  per¬ 
mits  -  often  without  the  need  for  additional  assumptions  -  the  extraction  of  the 
transient  response  in  relatively  simple  form.  The  result  van  be  interpreted  in 
terms  of  one  or  more  "packets"  of  plane  waves,  each  h.iving  a  central  frequency  •  , 
a  wavenumber  k,  and  an  amplitude  A,  all  depending  on  the  observation  point  r 
and  on  the  observation  time  t.  This  simple  description  fails,  and  must  be 
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modified,  In  transition  regions  corresponding  to  specific  values  of  r  and  t  for  which 
individual  wave  packets  either  are  not  yet  fully  developed  or  are  modified  by  mutual 
interaction. 

g 

While  these  general  aspects  are  well  known  and  some  of  them  have  also 
9 

recently  been  summarized  ,  there  are  certain  gaps  in  the  discussion  of  the  tran¬ 
sient  field  observed  at  a  distant  observation  point  £  at  arbitrary  observation  times 
t,  especially  when  the  dispersive  properties  of  the  medium  are  such  as  to  admit  of 
cutoffs  and  resonances  (as  in  a  magnetoplasma).  For  this  reason,  a  more  complete 
asymptotic  treatment  of  the  frequency  integral  is  appropriate.  It  is  also  worthwhile 
to  emphasize  simple  graphical  procedures  which  provide  quick  and  often  quantitative 
insight  into  the  propagation  mechanism  without  the  need  for  elaborate  numerical 
computation. 

An  interesting  interpretation  of  transient  signal  propagation  stems  from  the 
introduction  of  space-time  rays^^  which  are  only  beginning  to  be  exploited  sys¬ 
tematically  by  the  electromagnetic  propagation  specialist.  These  concepts  have 
been  reviewed  and  extended  for  specific  excitation  problems  by  utilization  of  the  dis¬ 
persion  surfaces  characteristic  of  the  medium,  especially  in  the  presence  of  inter¬ 
faces  or  boundaries. 

2.  Asymptotic  Evaluation  of  the  Complex  Frequency  Integral 

After  the  far-zone  solution  of  a  time-harmonic  radiation  or  diffraction  prob¬ 
lem  has  been  accomplished  and  analytic  continuation  into  the  complex  frequency 
plane  perfor.med,  determination  of  the  transient  response  for  a  particular  vave  con¬ 
stituent  requires  evaluation  of  the  typical  integral 


•  +ia 

I  =  f  f(i» 
-••(  la 


q(i)  =  '('i)r-»t,  1  •  0, 


(1) 


where  •(!*)  denotes  the  frequency  dependent  wavenumber  of  ilu-  local  pl.tne  wave  con¬ 
tributing  to  the  far  zone  field  (in  an  anisotropic  medium,  *(•  )  is  in  general  related 
to  the  ray  refractive  index),  r  is  a  typical  (large)  distance  parameter,  .»nd  f(t  )  is 
the  local  plane  wave  amplitude  (w'hich  may  actually  depend  algebraically  on  r 
although  this  dependence  has  not  been  Indicated).  The  generic  form,  Eq.  (I),  accom¬ 
modates  many  propagation  phenomena  in  homogeneous  isotropic  and  anisotropic 
media.  The  above-mentioned  far  zone  approximation,  if  it  has  been  utilized, 
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usually  involve*  the  more  preciie  restrictionji^  (n’)  1 ^  1 »  i-e.,  -('.)-40,  which 

must  be  kept  in  mind  in  subsequent  manipulations  of  the  integral  in  Eq.  (1).  It  will 
be  assumed  that  ?(n-')  ~  nj/c  as  (i  -*  in  the  upper  half  plane,  c  being  the  speed  of 
light  in  vacuum,  and  that  the  system  is  quiescent  for  time  t  <  0.  The  latter  require¬ 
ment  can  be  met  by  taking  the  integration  path  above  all  of  the  singularities  in  the 
integrand  and  implies  furthermore,  on  assumption  that  f(i  )  does  not  behave  expo¬ 
nentially  for  large  x,  that  I  -  0  for  t  <  r/c,  -{'•;)  is  generally  a  multivalued  func¬ 
tion  cf  •'  which  must  be  defined  so  that  Imf  >  0  on  the  integration  contour. 

a.  Result  for  most  observation  times 


Since  the  exponent  in  Eq.  (1)  contains  the  large  parameter  r,  one  may  employ 
the  conventional  saddle  point  approximation  which  states  that  the  major  contributions 
to  I  arise  from  the  vicinity  of  the  saddle  points  uu^  determined  by 


q'  (ui^)  =  0,  or 


^  )  =  - 
s  r 


V  (I  ) 

g  s 


(2) 


where  the  prime  denotes  the  derivative  with  respect  to  the  argument,  and 

=  [d?/du,'j'^  is  the  group  velocity  of  a  wave  packet  centered  at  the  frequency  u’ , 
For  dominant  effects,  only  real  saddle  points  are  of  interest,  and  only  those  which 
render  q(tt))  real.  Then  from  the  standard  approximation  for  an  isolated  saddle 
point  at  It'  =  t  '>  0  (i.e.  ,  q"  (t  )  ^  0,  f(i‘  )  finite): 


I 


'0) 


- 


i  L'('t  )  r-'t  t  ±  o.'/4  : 

®  {'V  )  •-  0  . 

s  s 


(3) 


Since  I  in  Eq.  (1)  must  bo  a  real  function  of  r  and  t,  saddle  points  occur  in  pairs 

at  i  t  and  I_^  =  I^  .  Thus,  the  contribution  from  the  saddle  point  pair  at  +  t  is 
*88  * 
given  by  the  familiar  formula: 


I  f(  •  )  I  cos’  '  )r-  i  t  +  V  t  74  I ,  *  "(i  )  • 

8  U  8  *  ~  J  * 


0. 


(4) 


where  .  '  arg  f.  The  direction  of  th''  steepest  descent  path  h  adii.g  away  from  the 
saddle  points  at  is  —45°  when  ®  f  45°  when  '' 

deforms  the  original  path  into  the  steepest  descent  paths  only  near  the  s.tddle  points 
and  use*  elsewhere  path  segment*  lying  in  "valleys"  near  the  re's!  >-axis,  thereby 
avoiding  the  complication  of  finding  the  complete  steepest  descent  p.ttks .  Any 
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singularities  crossed  during  the  path  deformations  carried  out  in  connection  with  the 
saddle  point  procedure  must  be  added  to  the  result  in  Eq.  (4),  as  are  contributions 
from  other  relevant  saddle  point  pairs. 

Since  a  constant  value  of  (r/t)  in  Eq.  (2)  implies  a  constant  value  of  the 
wave  packet  in  Eq.  (4)  moving  at  the  group  velocity  maintains  its  center  frequency 

IB  and  wavenumber  f  (tu  ).  On  the  other  hand,  if  r  is  fixed  and  t  is  allowed  to  vary, 

ft  ft 

or  vice  versa,  the  saddle  point  frequency  changes  with  t  or  r,  A  difficulty  in  apply¬ 
ing  Eq.  (3)  stems  from  the  fact  that  'ii^(r,t)  is  known  only  implicitly  since  ”  (t)  in 
Eq.  (2)  is  generally  a  complicated  function.  Howevt  r,  as  is  evident  from  Eq.  (2), 
the  existence,  multiplicity  and  general  behavior  of  the  saddle  pQint(s)  can  be  ascer¬ 
tained  from  a  plot  of  v^(ib)/c  or,  equivalently,  of  c(d*/dt  )  vs.  i:  by  locating  the 
intersection  points  on  these  plots  with  a  horizontal  line  at  a  height  (r/ct)  and  (ct/ r), 
respectively.  If  the  and  b  axes  are  labelled  t  and  respectively,  these  plots 

provide  directly  the  behavior  of  each  .b  with  t  -  ct/r.  One  may  also  use  a  plot  of 

s 

the  amplitude  factor  in  Eq.  (4)  vs.  t;  together  with  the  curve  of  "  to  construct 
the  envelope  of  the  oscillations  correspjonding  to  each  distinct  saddle  point.  These 
aspects  are  illustrated  in  Figs.  1  and  2  for  a  dispersion  curve  and  amplitude  function 
N  appropriate  to  extraordinary  mode  propagation  across  the  d.c.  magnetic  field  in  a 
cold  magnetoplasma. 

b.  Transition  regions 

The  simple  saddle  point  result  descriptive  of  well-developed,  isolated  wave 
packets  fails  in  transition  regions  where  individual  wave  packets  are  not  yet  fully 
developed  or  where  strong  interaction  with  other  wave  packets  oci  urs.  For  fixed 
observation  points  r,  the  transition  phenomena  occur  at  and  near  selected  observa¬ 
tion  times  t.  For  transients  caused  by  a  suddenly  switched-on  time-harmonic 
signal,  f(iB)  in  Eq.  (1)  has  simple  pole  singularities  at  the  sign.%1  frequency  •  ,  and 

transition  phenomena  occur  near:  a)  time  of  arrival  of  the  fir.st  r.  sponse  (t  -»)  ; 

s 

b)  very  long  observation  times  (•  -  •  .)  ;  c)  time  of  .at rival  of  tran.slent  at  .. 

ft  I  g  w  •  3 

group  velocity  maximum  (•  •  r  )  ;  d)  time  of  .arrival  of  main  signal  (•  '  '  )  : 

c)  time  of  arrival  of  main  signal  when  this  corresponds  .»isu  to  the  time  of  arrival  of 

a  group  velocity  maximum  asymptotic  approxtm.ations  h.nve 

been  obtained  in  all  of  these  transition  regions,  thereby  making  results  available  for 
arbitrary  observation  times. 
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Fij*.  Z  Griiphical  Constructi  >n  ul  I  inir  trom  F  rruucni  v 
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).  Spacr-Tinu-  Ray« 
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tlon  of  astymptoilc  time ‘hat  monir  firldn  i«  w'^ll  ostablisht'd,  noit  h  tustomary  i« 
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a  corresponding  development  for  non*harmonic  space*time  dependent  fields  (see  how¬ 
ever  Reft.  10-15).  In  the  time -harmonic  regime,  rays  define  the  space  trajectories 
of  the  energy  emitted  continuously  by  the  source.  Under  transient  conditions,  rays 
describe  the  location  in  space  and  time  of  a  wave  packet  centered  around  a  given 
frequency.  Just  as  the  k-surfaces  for  constant  ir  have  proved  useful  in  the  treatment 
of  propagation,  radiation  and  scattering  problems  in  the  sinusoidal  steady  state,  so 
can  the  full  (uu,k)  dispersion  surfaces  be  employed  for  transient  processes.  Some 
observations  to  this  effect  for  propagation  in  infinite  media  have  been  made  in  the 
literature^ ^ and  we  have  extended  these  considerations  to  bounded  media. 

The  saddle  point  condition  expressed  by  Eq.  (2)  can  be  used  to  define  a  set  of 
trajectories  or  rays  in  (r,ct)  space.  Each  ray  is  given  in  the  present  case  of  a  homo¬ 
geneous  medium  by  a  straight  line  whose  slope  is  determined  by  a  p.articular  fre¬ 
quency  i'  and  corresponding  wavenumber  *  ,  as  a  result  of  which  the  group  velocity 

S  8 

is  also  a  constant.  Since  only  the  times  t  r/c  arc  relevant  and  v  :  c  for  nor- 

g 

mally  dispersive  media,  the  rays  in  the  (r,ct)  plane  lie  in  a  region  confined  to  an 
angular  extent  of  about  the  ct-axis  (the  smaller  the  group  velocity,  the  more 

nearly  is  a  ray  parallel  to  the  ct-axis).  By  moving  along  a  ray,  one  finds  the  space- 
time  location  of  a  particular  wave  packet  characterised  by  a  constant  frequency 
by  moving  parallel  to  the  ct-axis,  one  finds  the  frequenc>  variation  in  the  wave  pack¬ 
ets  reaching  a  fixed  observation  point  r  at  times  t  '■  r/c  ;  and  by  moving  parallel  to 
the  r-axis,  one  finds  the  frequency  distribution  of  wave  packets  in  space  at  any 
instant  of  time  t. 

It  can  be  shown  that  the  space-time  rays  in  (r,ct)  space  correspond  to  the 
properly  orirnted  normals  to  the  (-* )  branch  of  the  (kc,  •  )  dispersion  surface,  and 
that  in  the  presence  of  an  interface  between  two  media,  the  frequency  of  the  inci¬ 
dent  ray  is  preserved  in  the  reflected  and  refracted  rays.  This  condition  can  be  used 
to  chart  the  progress  of  the  space-time  reflected  and  refracted  rayr .  A  simple 
example  pertaining  to  reflection  and  transmission  of  pulsed  plane  wave  incident 
normally  on  a  plane  boundary  between  v.scuum  and  an  isotropic  plasma  is  shown  in 
Fig.  3.  where  the  excitation  function  *(x)  '(t)  corresponds  to  a  point  source  in 
(x,ct)  space.  The  dispersion  curve  for  the  plasma  is  (with  ’  "k  and  '^representing 

the  plasma  frequency):  (kc)^  -  ^  -  0,  whi'e  that  for  the  v.Acuum  is  .  (kc)^ 

P 

The  preceding  considerations  permit  the  complete  tracking  of  the  incident,  reflected 
and  refracted  ray  trajectories  as  indicated  In  Fig  3 
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VACUUM  DISPERSION  SURFACE 


(b)  RAY  PLOT  FOR  INCIDENCE 
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Ic)  RAY  PLOT  FOR  INCIDENCE  FROM  VACUUM 

Fig.  3  Plane  Wave  Reflection  and  Refraction  at  Plasma  Interlace* 

The  procedure  is  being  utilized  to  construct  quantitative  expr»*ssions  for  the 

transient  field  and  is  to  be  further  extended  to  accommodate  anisotropic  dispersive 

media  and  also  media  with  temporally  varying  properties. 

Air  Force  Cambridge  Research  Laboratories 
Office  of  Aerospace  Research 
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MICROWAVE  BISTATIC  SCATTERING  FROM  CAPILLAR  f  WAVES  ON  WATER 
E.  S.  Cassedy 

In  a  previous  report\  measurement‘s  of  microwave  backscattering  from  capillary 
waves  on  water  were  reported.  The  purposes  of  these  measurements  were:  1)  to  con¬ 
firm  the  Bragg  scattering  nature  of  this  phenomenon- and  2)  to  obtain  experimental  data 
on  polarization  dependence  of  the  back-scattering  from  capillary  wtves  on  water.  The 
22  GHz  microwave  setup  has  now  been  reconstructed  in  ord.'r  to  make  bistatic  scatter¬ 
ing  measurements  as  indicated  schematically  on  Fig.  1.  That  is,  the  scattered  micro- 
wave  fields  may  now  be  received  over  a  range  of  observation  angle  s  ( for  a  given 
angle  of  incidence  (0^)  and  not  limited  as  in  the  previous  setup  to  the  backscattering 
angle. 
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Fig.  2  Microwave  Homodyne  Set-Up 
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The  receiving  system  for  the  bistatic  setup,  shown  schematically  on  Fig.  2,  is 

.  .  2  .  2 
a  homodyne  (or  synchronous  mixing  )  receiver.  The  homodyne  receiver  provides 

linear  detection  and  attains  a  sensitivity  improvement  over  a  simple  video  detection. 

In  the  homodyne  operation  used  here,  the  received  scattered  power  is  mixed  with 
reference  power  coupled  from  the  transmitter.  Since  the  microwave  iields  are  scat¬ 
tered  from  a  moving  rough  surface,  they  have  doppler-shilted  frequencies.  The  doppler 
frequency  shift  for  scattering  from  sinusoidal  traveling -wave  ripples  is  just  that  of 
the  water  ripple  itself  (or  a  harmonic  thereof)  .  The  detected  homodyne  signal  is  the 
doppler  frequency  (i.e, ,  the  water-wave  frequency  or  one  of  its  harmonics). 

Reference  power  for  homodyne  detection  is  provided  in  the  bistatic  setup  by  means 
of  the  microwave  circuit  indicated  in  Fig.  2.  The  microwave  circuit  consists  of  direc¬ 
tional  couplers  and  two  waveguide  arms.  The  waveguide  arms  are  connected  through  a 
rotary  joint  in  order  to  provide  reference  power  of  constant  power  and  phase  as  the  re¬ 
ceiver  is  rotated.  The  reference  arm  is  also  provided  with  a  variable  attenuator  (not 

2 

shown)  in  order  to  adjust  the  reference  power  for  optimum  signal  to  noise  ratio  .  Final¬ 
ly,  the  transmitter  is  monitored  as  indicated  for  constant  power  output  and  the  detector 
is  provided  with  a  stub  tuner  (not  shown)  for  optimum  match. 

The  bistatic  scattering  range  just  described  can  be  used  to  continue  the  measure¬ 
ments  of  polarization  dependence  of  scattering  described  in  the  previous  report^  That 
is,  the  ratio  of  vertical  to  horizontal  scattering  may  be  compared  for  several  Bragg 
scattering  orders,  without  being  restricted  to  the  incidence  angles^  defined  by  the  Bragg 
(back  scattering)  condition.  Even  more  important,  however,  the  cross-polarization 
ratio  on  scattering  may  now  be  measured  conveniently  with  the  present  receiver  in 
contrast  to  the  previous  setep  where  it  could  not. 

The  fo rementioned  scattering  measurements  all  relate  to  a  sinusoidally  modulated 
surface.  This  surface  is  created^  by  m.eans  of  capillary  waves  driven  by  a  polystrene 
wedge  attached  to  a  loud  speaker  cone.  The  speaker  cone  is,  in  turn,  fed  by  a(sinus- 
oidal)  signal  generator  and  audio  amplifier.  The  same  transducer  system  may,  how¬ 
ever,  be  driven  by  a  random  signal  and  thereby  create  a  randomly  rough  surface  on 
the  water.  For  this  purpose  a  noise  generator  has  been  constructed  and  is  being  used 
to  drive  the  speaker-wedge  transducer  assembly.  This  system  is  intended  to  permit 
the  experimental  study  scattering  from  randomly  rough  surfaces  of  the  form  treated 
earlier^  in  theory. 

Joint  Services  Technical  Advisory  Committee 
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EFFECTS  OF  MICROWAVE  RADIATION  ON  THE  EYE 

L,  Birenbaum,  I.  T.  Kaplan,  W.  Metlay,  S.  W.  Rosenthal,  H.  Schmidt,  M.  M.  Zaret 

For  some  time,  we  have  been  engaged  in  work  of  a  bio-engineering  nature:  a 
measurement,  at  microwave  frequencies,  of  the  power  levels  just  sufficient  to  cause 
injury  to  the  eye.  The  method  uses  one  eye  of  an  anesthetized  rabbit  to  terminate  a 
length  of  waveguide.  This  permits  direct  measurement  of  the  power  entering  (or  dissi¬ 
pated  in)  the  eye.  Details  of  the  procedure  and  the  results  of  ea.  Her  work  at  5.  5,  5.  4 

12  3 

and  70  GHz  have  been  described  in  previous  reports  oi  this  series  '  ’  .  Here,  we  wish 
to  present  some  new  data  for  5.  2  and  4.  2  GHz;  to  evaluat*?  our  results  to  date  with  a 
view  toward  finding  how  the  threshold  levels  depend  on  frequency;  and  finally  to  discuss 
some  new  work  we  have  just  started  at  0.  8  GHz. 

A  summary  of  our  C~band  work  is  shown  below  in  Fig.  1,  illustrating  the  cataract- 
ogenic  thresholds  so  far  observed.  The  5.  5  and  5.  4  GHz  curves,  reported  earlier,  are 
composites  of  the  pulsed  and  CW  exposures  listed  in  Table  1,  and  were  obtained  by 


Fig.  1  Single-Exposure  Cataractogenic  Thresholds 
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TABLE  1 


TABULATION  OF  C-BAND  EXPOSURES 


Frequency  (GHz) 

Number  of  Exposures 

5.5 

100 

pulsed 

62 

CW 

5.4 

28 

pulsed 

36 

CW 

5.2 

58 

pult-ed 

4.2 

22 

pulsed 

making  use  of  the  adapter  of  Fig.  2.  The  same  device  was  used  to  obtain  the  data  from 
which  the  5.  2  eind  4.  2  GHz  curves  were  drawn,  representing  pulsed  data  only.  All  of  the 
pulsed  work  was  done  with  .  001  duty  cycle  power.  Before  it  was  possible  to  work  at 


STANDARD  C-BAND  FLANGE, 


Fig.  2  Two-Secticn  Transition  from  Standard 
C-band  Waveguide  to  Rabbit  Eye 
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Fig.  3  Estimated  Transmission  Loss  of  Adapter 

4.  2  GHz,  it  was  necessary  to  extend  the  adapter  loss  measurements  shown  in  the  right 
half  of  Fig.  3  much  lower  in  frequency  to  find  out  whether  the  adapter  was  usable;  that  is, 
to  make  sure  that  there  existed  no  internal  resonances  within  the  structure.  The  left 
half  of  Fig.  3  illustrates  a  very  pronounced  resonance  at  4.  6  GHz,  but  a  useful  region 
near  4.  2  GHz.  This  data  was  obtained  as  follows:  the  circular  waveguide  end  of  the 

adapter  was  short-circuit  terminated,  and  the  standing  wave  ratio  "r”  in  the  input  rec- 

2 

tangular  waveguide  was  measured.  The  quantity  10  log(^~-j-)  was  then  computed,  and  used 
as  an  estimate  of  the  transmission  loss.  A  sharp  rise  in  the  los-s  was  assumed  to  indicate 
the  existence  of  a  spurious  mode  resonance  in  the  ridged  section  of  the  adapter. 

Inspection  of  Fig.  1  suggests  that  the  cataracto genic  eiiectiveness  of  C-band 
microwave  power  decreases  as  tlie  frequency  decreases.  Verification  of  this  conclu¬ 
sion  by  measurement  over  a  much  wider  frequency  band  would  be  of  considerable  in¬ 
terest.  With  this  objective  in  mind,  a  simpler,  less  problematical,  irradiating  dev.ce 
was  conceived  and  built  (see  Fig.  4).  By  virtue  of  its  coaxial  construction,  it  holds  forth 
the  possibility  of  a  truly  broadband  measurement.  The  initial  model,  also  shown  in 
Fig.  4,  had  two  serious  deficlercies.  One  of  these  became  apparent  after  irradiations 
conducted  with  the  equipment  shown  in  Fig.  5.  Central  circumscribed  corneal  opacities 
were  observed,  obviously  resulting  from  the  high  field  concentration  near  the  center 
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Fig.  5  Equipment  Arrangement  used  for  800  MHz  Irradiation 


eye  here  is  viewed  as  a  layered  medium  upon  which  is  normally  incident  a  plane  wave. 

By  virtue  of  the  losses  in  the  cornea,  in  the  aqueous  fluid  in  the  anterior  chamber,  in 
the  lens, and  in  the  vitreous  medium,  there  is  associated  with  the  incident  wave  a  limited 
depth  of  penetration.  The  decay  of  the  field  amplitude  within  the  eye-model  defines  the 
rate  at  which  microwave  energy,  converted  into  heat,  is  deposited  within  the  eye  as  a 
unction  of  depth.  The  temperature  rise  is  determined  by  the  specific  heats  of  the  sev¬ 
eral  regions,  the  rate  at  which  heat  is  lost,  principally  through  the  front  layer,  and  the 
length  of  time  during  which  the  process  takes  place.  A  careful  analysis  of  the  simplest 
possible  one -dimensional  layered  model  that  can  be  considered  should  give  some  inter¬ 
esting  results,  especicilly  since  Schwan^  has  presented  electrical  data  for  both  the  lens 
and  the  vitreous  medium  over  a  wide  frequency  range. 

The  results  of  the  5.  5  GHz  work  have  been  incorporated  into  a  paper  to  be  published 
in  IEEE  Transactions  on  Bio-Medical  Engineering  in  the  Janui,.'’y,  1969  issue. 

Microwave  aspects  of  the  work  described  above  were  the  responsibility  of  Mr.  L. 
Birenbaum  and  Prof,  S.  W,  Rosenthal  of  the  Electrophysics  Department. 

The  biological  work  was  done  by  Dr.  I.  T.  Kaplan,  Chief  Psychologist,  7,aret  Founda¬ 
tion;  Dr.  V/.  Metlay,  Asst.  Prof,  of  Psychology,  Hofstra;  Dr.  H.  bchmidt,  Ophthalmologist; 
and  Dr.  M.  M.  Zaret,  Ophthalmologist  and  Director  of  Research  for  the  Zaret  Foundation. 

Zaret  Foundation,  Subcontract  No.  100-4  to  PIB 
'LS.  Army  Medical  Research-Development  Command 

DADA-17-68-G9249  L.  Birenbaum 


f 


78 


ELECTROMAGNETICS  AND  WAVEGUIDE  TECHNIQUES 


REFERENCES 

1.  L,  Birenbavimt  et  al. ,  Progreas  Report  No.  32  to  JSTAC,  Polytech.  Inst,  of  Brooklyn, 
Report  No.  R-452.  32«67,  pp.  50-53. 

2.  L.  Birenbaum,  et  al. ,  Progress  Report  No.  29  to  JSTAC,  Polytech.  Inst,  of  Brooklyn, 
Report  No.  R-452.  29-66,  pp.  123-126. 

3.  L.  Birenbaum,  et  al. ,  Progress  Report  No.  28  to  JSTAC,  Polytech.  Inst,  of  Brooklyn, 
Report  No.  R-452.  28-65,  pp.  144-150. 

J.W. Clark,  "Effects  of  Intense  Microwave  Radiation  on  Living  Organisms,"  IRE 
Proc.,  Vol.39,  No.  9,  (1950),  pp.  1028-1032. 

H.  P.Schwan,  "Survey  of  Microwave  Absorption  Characteristics  of  Body  Tissues,  " 
Proc.  of  the  2nd  Tri-Service  Conference  on  Biological  Effects  of  Microwave  Energy, 
Report  ARDC-TR- 58- 54,  AD-131477,  (1958),  pp.  126-145. 


4. 


5. 


NEW  MILLIMETER-WAVE  TECHNIQUES;  AMPLIFIER  NOISE  THEORY 
B.  Senitzky 

An  amplifier  which  uses  a  gas  as  the  active  medium  and  is  suitable  for  operation 
in  the  millimeter  wave  region  has  been  described  in  a  previous  report  .  The  device 
consists  of  a  small  cylindrical  cavity  filled  with  gas  which  exhibits  a  rotational  reso¬ 
nance  at  the  frequency  When  the  cavity  and  molecular  resonances  coincide,  a  mono¬ 
chromatic  pump  of  frequency  can  saturate  the  gas  resonance  and  cause  weak  signals 
in  the  vicinity  of  the  pump  frequency  to  be  reflected  with  gain. 

The  noise  of  the  amplifier  arises  from  the  spontaneous  emission  of  the  gas  mole¬ 
cules  within  the  cavity.  An  expression  was  derived  in  the  previous  report^  for  the 
average  power  emitted  per  molecule  per  mode  which  is  valid  only  for  a  single  molecule 
and  does  not  account  for  the  absorbing  (or  amplifying)  properties  of  the  medium  and 
electromagnetic  structure.  The  analysis  of  these  effects  will  be  outlined  here.  A  more 
complete  discussion  is  given  in  the  literature  f  ^ 

The  basic  problem  is  this.  We  have  a  strong  monochromatic  signal  incident  on  a 
gas -filled  resonant  cavity  which  is  coupled  to  a  waveguide.  (The  signal  is  "st  .  cng'' 
because  it  affects  the  properties  of  the  gas  medium.  )  What  is  the  resulting  no;se  spec¬ 
trum  which  will  be  measured  in  the  dominant  mode  of  the  waveguide  ’  To  solve  this 
problem  we  will;  1)  find  the  power  r.*diated  by  a  typical  molt-culc  into  a  lossless  cavity 
mode,  2)  find  the  classical  current  source  that  radiates  the  same  power  into  the  loss- 
less  cavity  mode, and  3)  use  thi»  classical  source  to  find  the  noise  power  emitted  by  ^'.11 
molecules  to  the  waveguide  in  tlie  presence  ot  losses. 

The  power  radiated  by  a  typical  molecule  into  a  lossless  cavity  inotie  of  frenuency 


w  is  found  to  be 
o 


t  iu)  (t  -t) 


p  =  •I’T  pg  ^  e 
.  XI 


j(t)  J(t')  >dt,' 


(U 
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where  j(t)  is  the  projection  of  the  molecular  current  operator  ^^(t)  on  the  normal  mode 
field  A^(r)  and  r  is  the  position  vector  in  the  cavity.  Thus  j(t)  -  j{i)  ’  ^q(£)>  where 

wc  arc  not  explicitly  writing  out  the  spatial  depciidence  of  j{t).  The  molecular  current 
operator  j(i)  equal  to  the  rate  of  change  of  the  electric  dipole  moment  operator 
p(t).  The  bracketed  quantity,  <j(t)  j{t')  >  is  the  molecular  current  correlation  function 
averaged  over  the  appropriate  quantum  mechanical  ensemble,  This  quantity  can  be 
explicitly  evaluated  in  terms  of  the  mean  time  between  collisions  and  the  dipole  matrix 
elements  between  the  molecular  energy  eigenfunctions. 

Let  us  now  represent  a  molecule  by  a  classical  stochastic  current  source,  _2(t), 
and  compute  the  power,  P,  radiated  by  a  typical  source  into  the  lossless  t  avity  mode 

of  frequency  We  find  that 

t  - 

P  =  4n  ^  cos  u^(t-t'  )  j(t)j(t')  dt',  (2) 

-00 

where  j(t)  is  defined  as  before  and  the  bar  indicates  an  average  over  the  classical 
ensemble.  If  ‘'j(t)  j(t^)  >  is  real  and 

J(t)  j(t')  =  <j(t)  j(t')>,  (3) 

the  noise  power  radiated  by  a  typical  molecule  will  be  the  same  whether  it  is  found  from 
the  classical  ensemble  in  Eq.  (2)  or  the  quantum  mechanical  ensemble  in  En.  (1),  We 
can  use  Eq.  (3)  to  find  the  properties  of  the  classical  ensemble  and  then  use  this  ensemble 
in  our  further  calculations. 

The  classical  stochastic  source  current  can  be  written  as 

j(‘)  =  J^(t)  cos  w  t  +  j  (t)  sin  w  t  , 
a  o  I  o 

where  j  (t)  and  j.(t)  are  slowly  varying  with  respect  to  .  Tliese  quantities  repre- 
sent  the  amplitudes  of  noise  currents  which  are  phased  for  AM  and  FM  with  respect  to 
the  coherent  pump  field.  From  Ep.  (3)  we  find  the  followine  properties  for  the  ensemble 
representing  the  classical  stochastic  noise  sources: 

j£{t)  j£(t')  =  --‘J'  . 

J^(t)  J.j(! ' )  ^  Jfit)  Jjit')  cos  w' (t-t*)  ,  (4) 

^(t)  Jfl*' )  =  --  JfUil  =  0  . 

where  *  is  the  mean  time  lu'lween  collisions,  n  is  the  tnolecuTir  densilv,  is  ll»e 
moletul.ar  density  in  cither  the  lower  or  upper  st.tle  of  the  transition  (these  being 
essentially  equal  for  the  conditions  consitle rr dl,  Ipj^l  *he  m  ignit  ide  of  the  electric 
dipole  moment  operator  component  p.ar.illrl  to  the  normal  mode  field  direction  and 
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j. 


oj'  =  I  p^2  1  where  F^(£)  is  the  amplitude  o£  the  pump  field  in  the  cavity. 

The  properties  of  the  lossy  cavity  at  the  frequency  w  =  «^  +  6  can  be  character¬ 
ized  by  the  cavity  quality  factor  Q,  where 


=  Q 


ext 


+  Q 


-1 

wall 


and  the  electrical  properties  of  the  gas  by  the  complex  susceptibilities  (x(fi)-X  VO+i  \'(f) ) 
to  fields  which  amplitude  and  phase  modulate  the  pump.  These  susceptibilities  are 
designated  respectively  as  and  X£  (^)*  The  description  of  the  medium  in  these 

terms  and  expressions  for  the  susceptibilities  have  been  previously  given  '  .  Over 

a  lirriited  range  of  frequencyi  5  ,  and  for  a  sufficiently  strong  pump  (co  '^l)!  the 
imaginary  part  of  X  ((>)  can  change  sign  and  the  gas  amplifies  AM  components. 

X£  (6)  does  not  change  sign  so  the  gas  always  attenuates  FM  components.  An  expression 
for  the  noise  power  per  frequency  interval  radiated  by  the  gas  into  the  waveguide  is 


P(f>)  = 


;  ^  rtd£  ^  j^(t)  j^(t')  cos  6  (t-t')  dt' 


:  (z  +  4tt  x'{6))  +  (Q'^  +  4n  x"  (6)  ) 


I  _ 

^  nd£  ^  j£(t)  j£(t')  cos  6(t-t')  dt' 


ZT 


26 


+  4tt  x'£(6)  )  +  (Q‘^  +  4tt  x/'(M  ) 


(5) 


where  the  bar  over  the  susceptibilities  indicates  that  these  ouantities  are  a\'eragcd  over 
the  cavity  field  intensity. 

When  the  pump  signal  is  removed  (w^  =  0)  and  the  cavity  is  in  equilibrium  of  a 
temperature  T  ,  the  above  expression  reduces  to 

/;(6)  (l  .  lr(6)l2}kT/Zn 

where  "(6)  is  the  reflection  coefficient  of  the  gas-filled  cavity.  This  familiar  result 
can  be  readily  obtained  by  applying  the  principle  of  detailed  bal.ance  to  a  cavity  in 
equilibrium  with  a  waveguide  at  a  temperature  T, 

If  the  pump  power  is  increased  wc  can  distinguish  two  cases:  "optically  thin" 
and  "optically  thick".  In  the  "optically  thin"  case  we  assume  that  the  medium  absorp¬ 
tion  is  negligible  so  we  can  neglect  the  susceptibilities  in  the  denominator  of  Eq.  (5). 

If,  in  addition,  the  cavity  bandwidth  is  greater  than  the  molecular  linewidth 

(w^  ^^xt  **^0^’  ^  output  spectrum  will  be  as  shown  in  Fig.  1  on  p.  7  3  of 

Ref.  2  (K  in  that  figure  is  equal  to  our  u'  ),  That  figure  shows  three  Lorentzian  curves; 
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a  single  FM  noise  curve  with  a  peak  at  =  0  and  two  AM  noise  curves  with  peaks  at 
^  =  -tu)'.  If  the  medium  is  "optically  thick"  and  in  the  amplifying  condition  (v  "  <0  ), 
the  denominator  of  the  first  term  on  the  right-hand  side  of  Eq.  (5)  approaches  zero 
and  the  FM  noise  components  at  the  output  will  be  negligible  compared  to  the  AM 
components. 

In  summary,  the  computation  outlined  above  shows  how  the  noise  spectrum  of 
the  amplifier  is  affected  by  the  strong  coherent  pump  and  indicates  the  degree  of 
correlation  of  the  output  noise  with  the  pump  strength. 
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NEW  MILLIMETER -WAVE  TECHNIQUES:  AMPLIFIER  NOISE  EXPERIMENTS 
B.  Srnitzky  and  R.  T.  Kihm 

The  experimental  verification  of  the  theory  described  in  the  previous  section  is 
the  primary  goal  of  the  work  described  here. 

To  build  a  g»»  amplifier  h>r  operation  at  140  GHz  req\iires  tlie  complet' 'n  of  the 
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following  tasks:  1)  the  construction  of  a  cavity  with  a  sufficiently  hi{,h  quality  factor; 

2)  the  fabrication  of  a  circulator  which  is  not  available  commercially:  and  3)  the 
synthesis  of  deuterium  cyanide  (DC^^N^  )• 

1)  A  cylindrical  cavity,  0.  2  in.  diameter  and  0.  5  in.  length,  was  designed  and 
constructed  to  operate  in  the  TEq^  mode.  The  measured  unloaded  cavity  Q  was  12,  500. 
This  value  was  high  enough  for  our  purpose. 

2)  A  Y -j  unction  ferrite  circulator,  to  be  us<?d  with  the  cavity,  was  designed  and 
fabricated.  Its  forward  loss  was  1.  5  dB  and  the  isolation  was  23 dB.  We  feel  that  the 
latter  value  can  be  increased  with  further  effort;  nevertheless  it  is  adequate  for  our 
purpose. 

l2  15 

3)  DC  N  ^  was  synthesized  by  first  making  "  heavy"  sulfuric  acid  and  then  using 
the  salt -acid  reaction; 

■ 

D,SO^  +  KCN*^— .  DCN*’+ KDSO.  ■ 

2  4  4 


-4-3-2-10  I  2  3  4 


FREQUENCY  FROM  LINE  CENTER, MHz 

Fig.  1  Absorption  Line.  0,0.0  Vibrational  State,  .1  •  2  •- ,T  =1 
Rotational  Transition 
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In  order  to  measure  the  gas  ourity  v/e  built  a  microwave  spectrometer  using 

a  20  cm  absorption  cell.  The  measured  absorption  spectrum  of  the  J  =  2  J  ::  1 

transition  of  the  ground  vibrational  st«te  is  shown  in  Fig.  1-  This  line  has  not  been 

previously  measured  but  its  location  is  in  good  agreement  with  the  rotational  constant 

obtained  from  the  1  =  1  4 — J  =  0  transition  The  absorption  coefficient  of  this  line 

decreased  in  time  without  a  concurrent  pressure  decrease.  A  measurement  of  the 

12  I*'  12  IS 

absorption  line  of  HC  N  indicated  that  as  the  DC  N  line  was  weakening,  the 
HC^^N^*^  line  became  stronger,  thus  proving  that  the  DC^^N^  was  converting  to 

1  ’  15 

HC  “N  .  From  a  study  of  rates  as  a  function  of  pressure  it  appeared  that  the  iso¬ 
topic  conversion  was  taking  place  at  the  wall. 

The  absorbed  constituent  on  the  wall  causing  this  conversion  was  not  identified. 
Furthermore,  the  conversion  could  not  be  eliminated  by  a  low  temperature  bake-out. 
We  are  presently  constructing  a  system  w'hich  can  be  baked-out  at  a  temperature  of 
400°C. 
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METAL  VAPOR  LASERS 
W.T.  Walter  and  R.  Chimenti 

The  development  of  the  ca~bon  dioxide  laser  has  opened  up  new  horizons  in  high 
power  lasers.  Many  kilowatts  of  average  power  output  at  10.6  microns  have  already 
been  demonstrated.  It  is  the  high  efficiency  of  the  CO^  laser  that  has  made  it  feasible 
to  construct  such  high  average  power  systems.  Electrical  conversion  efficiencies  of 
10-25  percent  have  been  achieved.  The  output  of  the  CO^  laser,  however,  is  in  the 
far  infrared,  A  question  has  been  raised  whether  similar  laser  systems  are  possible 
with  visible  outputs.  Can  a  system  be  developed  that  utilizes  an  electronic  energy- 
level  structure  similar  to  the  vibrational-rotational  structure  of  the  carbon  dioxide 
molecule  ? 

Visible  gas  lasers  have  usually  employed  one  or  two  of  the  rare  gases  as  the 
active  medium.  The  difference  in  energy”^  level  structure  between  the  rare  gas  lasers 
and  the  CO^  laser  is  striking  because  of  the  large  gap  between  the  ground  and  the  first 
excited  energy  level  in  the  rare  gases.  The  vapor  of  a  metal,  such  as  copper,  can 
provide  an  energy  level  structure  wlicre  laser  levels  much  closer  to  the  ground  level 
can  be  utilized.  A  comparison  between  the  energy  levels  involved  in  the  CO^  laser, 
the  copper  laser,  and  the  argon  ion  laser  is  given  in  Fig.  1.  In  all  three  cases,  the 
upper  laser  level  has  been  set  at  100  and  the  other  energy  levels  sealed  appropriately. 
Thus  the  ordinate  scale  indicates  relative  energy.  The  fraction  of  the  ground -to - 
upper-laser-level  energy  of  excitation  returned  by  the  laser  photon  may  now  be  directly 
compared.  It  is  41  percent  in  CO^,  64  percent  in  copper  and  7  percent  in  ionized  argon. 

Operation  of  the  three  metal  vapor  lasers  previously  reported  is  illustrated  in 
Fig.  2.  It  is  appropriate  to  emphasize  that  these  are  not  ion  lasers.  The  excitation 
and  laser  action  take  place  in  the  neutral  atom.  The  excitation  mechanism  is  provided 
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by  electron  collisions.  Those  energy  levels  in  the  neutral  atom  that  are  both  close  to 
and  optically  connected  with  the  ground  level  can  be  efficiently  and  st  Icctively  excited 
by  electron  collisions.  This  is  particularly  evident  in  the  manganese  laser  where  the 
y^P°  level  is  populated  in  preference  to  and  2^  P°  which  lie  closer  to,  but  are 

not  as  strongly  coupled  to  the  ground  level. 

These  metal  vapor  lasers  have  operated  only  in  a  pulsed  mode  thus  far.  If  they 
are  to  operate  continuously  the  lower  laser  level  must  be  efficiently  and  selectively 
depopulated;  for  example,  by  inelastic  collisions  of  the  second  kind  with  other  atoms 
or  molecules.  A  program  to  investigate  a  possible  lengthening  of  the  laser  pulse  upon 
the  addition  of  certain  quenching  molecules  is  planned  later  this  year. 

The  basic  requirement  of  a  pulsed  metal  vapor  laser  is  in  the  presence  of  a 
metastable  atomic  energy  level  between  the  ground  level  and  a  resonance  level.  At 
the  start  of  a  current  pulse,  a  transient  population  inversion  is  produced  which  lasts 
until  the  laser  transition  equalises  the  upper  resonance  and  lower  mctastable  level 
populations. 
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Fig.  1  Comparison  of  the  Relative  Energy  Levels  Involved  in  the 
Carbon  Dioxide,  Copper,  and  Argon  Lasers 


A' 


86 


QUANTUM  ELECTRONICS  AND  OPTICS 


to  L 

£40 


i  t  7s 


30K6p^'So-  - 


*=  :  4p^P?''3/ 

534IA  I 


7229A 


2  ®P°=F- 


6p2  'D  2- 


5782  A 


8  20E- 


s  - 

£  10^  / 


I2900A  5 106  A 

z®PSi-  . 

q6d=^ 


4s^ 


a  - 4s  !/2- 


Fig.  2  Comparison  of  the  Pulsed  Lead,  Manganese,  and  Copper  Lasers 


The  metastable  atoms  are  then  r'>Iaxed  back  to  the  ground  level  by  inelastic 
atom-atom  and  atom-wall  collisions  in  preparation  for  the  next  pulse.  The  inter¬ 
pulse  period  necessary  to  relax  the  lower  laser  level  and  deionize  the  plasma  will 
iletermine  the  maximum  laser  pulse  repetition  rate  and  hence  the  average  power. 
Additional  criteria  necessary  for  the  most  efficient  operation  of  this  class  of  pulsed 
gas  discharge  lasers  have  been  treated  previously.^ 

All  of  these  pulsed  metal  vapor  lasers  are  very  high  gain  transitions,  in  fact  so 
high  that  it  has  been  difficult  to  measure  an  unsaturaled  small  signal  gain.  Recently 
Silfvast  and  Deech^  have  measured  a  6  dB/cm  gain  for  the  IZZ^K  line  in  lead. 

Of  all  the  pulsed  metal  vapor  lasers,  the  most  promising  possibility  of  a  high- 

efficiency,  visible  laser  is  the  cepper  laser.  A  research  program  is  underway  to 

4 

systematically  investigate  the  copper  laser.  The  lead  laser  suffers  from  competi¬ 
tion  with  strong  uv  and  blue  lines  to  the  and  levels  of  the  ground  configuration. 
Because  of  the  multiplicity  of  the  levels  in  manganese,  five  or  six  green  and  an  equal 
number  of  i.nfrared  transitions  can  oscillate  at  the  same  time.  The  energy  level  structure 
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of  copper,  on  the  other  hand,  is  remarkably  free  of  other  levels  and  their  possible 
parasitic  absorption  of  energy.  The  theoretical  limit  on  the  pulsed  copper  laser's 
efficiency  is  38  percent,  and  an  ultimate  overall  efficiency  of  5  to  10  percent  is  expected 


Thus  far  the  best  results  from  a  copper  laser  have  been: 

40  kW  peak  power 

0,  5  W  average  power 

16  nsec  pulse  width 

1,  000  pps  pulse  repetition  frequency 

\,2°lo  electrical  conversion  efficiency 

These  results  were  obtained  from  a  5  cm  diam.  tub^  with  an  active  region  ~  80  cm 
long  at  a  temperature  of  ~1520°  C  which  corresponds  to  a  copper  density  of  ~  2x10^^ 
atoms  /cm^. 


Tv/o  new  furnaces  are  nearly  complete.  The  first  furnace  utilizes  a  platinum- 
rhodium  heating  element  and  a  hot  zone  which  can  be  as  large  as  4.  4  cm  diam.  x  -  80 
cm  long.  This  furnace  is  shown  in  Fig.  3.  The  second  furnace  has  a  graphite  heating 
element  and  a  hot  zone  4.4  cm  diam.  x  ~20  cm  long.  This  furnace  has  a  maximum 
temperature  capability  of  2700°  C  and  can  attain  that  temperature  in  30  minutes.  These 
two  furnaces  will  be  used  for  laser -probing -laser  experiments  and  time  resolved 
studies  of  energy  level  populations  of  a  pulsed  copper  discharge. 


Fig.  3  New  Platinum -Rhodium  Furnace  for  Metal  Vapor  Laser  Research 
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During  construction  of  the  furnaces  a  mercury  vapor  discharge  in  the  form  of  a 
commercial  fluorescent  tube  was  used  as  a  substitute  load  for  tlie  electrical  excitation 
svstem.  The  air  spark  gap  previously  employed  as  a  fast  switch  to  apply  a  charged 
capacitor  across  the  metal  vapor  load  was  replaced  by  a  5C22  liydrogen  thyratron. 

In  this  form  we  were  able  to  increase  the  pulse  repetition  frequency  from  IkHz  to 
10  kHz  and  also  shorten  the  current  pulse  risetime.  We  are  hopeful  that  these  and 
other  improvements  being  made  vvill  enable  us  to  increase  the  average  power  output 
of  the  copper  laser  by  at  least  one  order  of  magnitude  and  also  enable  us  to  try  other 
elements  which  because  of  larger  transition  probabilities  require  faster  rurren*^  rise- 
times. 

In  addition  to  the  copper,  lead,  and  manganese  lasers  previously  reported,  other 
pulsed  metal  vapor  lasers  are  possible.  Some  of  the  most  likely  possibilities  have 
been  tabulated  in  Table  IV  of  Ref.  1.  For  example,  the  elements  silver  and  gold  are 
included  with  copper  in  column  lb  of  the  periodic  table.  A  comparison  of  the  energy 
level  diagrams  of  these  three  elements  is  given  in  Fig,  4.  In  silver  the  metastable  D 
levels  are  displaced  upward  to  overlap  the  P  resonance  levels.  Therefore,  no  visible 
pulsed  laser  transitions  were  expected  in  the  neutral  atomic  vapor  of  silver. 
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Fig.  4  Comparison  of  Copper,  Silver,  and  Gold  Energy  Levels 

o 

Indicating  the  Gold  Laser  Transition  at  6278A 
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In  gold  the  relative  position  of  the  and  levels  is  the  same  as  in  copper} 

however,  the  fine  structure  splitting  of  each  level  has  greatly  increased.  The  yellow 
o  o  ... 

578ii  A  line  in  copper  corresponds  to  the  red  6278A  line  in  gold  with  almost  identical 

transition  probabilities  (2  x  10  sec"^).  Therefore,  laser  action  was  expected  on  this 

transition.  The  green  5106A  line  in  copper,  however,  corresponds  to  the  3123A  ultra¬ 
violet  line  in  gold  which  has  a  transition  probability  40  times  larger  than  the  copper 

2 

transition.  The  lifetime  of  the  ^  ^^vel  when  the  resonance  radiation  is  trapped 
is  only  -10  nanoseconds.  Therefore,  laser  action  was  not  expected  on  this  transition 
because  the  upper  level  lifetime  is  much  shorter  than  the  risetime  of  the  current 
pulse  using  the  present  excitation  configuration. 


When  silver  and  gold  were  tried  experimentally,  these  expectations  were  con¬ 
firmed.  No  visible  laser  transitions  were  found  in  silver,  and  a  single  transition  at 
6278.  6A  ±  0.  6A  was  observed  in  gold  as  predicted  in  Table  IV  of  Ref.  1.  This  is  a 
high-gain  transition  similar  to  copper.  Supe rradiance  was  observed  from  a  hot  zone 
1  cm  diam.  x  80  cm  long  at  -1500°C  without  any  mirrors.  The  results  with  silver 
and  gold  add  to  our  understanding  of  the  pulsed  metal  vapor  lasers  and  support  the 
proposed  excitation  processes. 

5 

A  paper  presenting  the  foregoing  results  was  presented  at  the  International 
Quantum  Electronics  Conference  in  Miami  on  May  16,  1968.  Recently  four  new  laser 
lines  were  reported  by  Deech  and  Sanders  in  the  atomic  vapors  of  calcium  and  stron¬ 
tium.  These  four  lines  had  been  previously  predicted^  Of  the  twenty-four  laser 
lines  predicted  in  Table  IV  of  Ref.  1,  five  have  now  been  experimentally  demonstrated. 
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LASER  frequency  STABILIZATION 
J.  T.  LaTourrette  and  P.  Rabinowitz 

In  the  previous  report^  we  outlined  our  proposed  technique  for  stabilizing  the  fre¬ 
quency  of  a  10.  6m-C02  laser  and  indicated  the  advantages  of  our  approach.  The  major 
distinction  between  this  and  previous  laser  frequency  stabilization  methods  is  the  use  of 
a  passive,  thermally  excited  absorption  cell  as  the  reference.  This  provides  a  signifi¬ 
cant  improvement  in  the  control  of  the  parameters  that  influence  the  frequency  of  line 
center  in  the  reference  cell. 

During  the  interim  period  we  have  made  considerable  progress  in  the  design  and 
construction  of  the  experimental  apparatus.  In  addition,  a  significant  alteration  in  the 
technique  for  generating  the  error  signal  has  been  incorporated  into  the  apparatus  and 
should  improve  the  ultimate  performance. 

The  new  technique  for  sensing  line  center,  recently  demonstrated  with  a  neon 
2 

laser  ,  depends  on  the  saturation  properties  of  an  inhomogeneously  broadened  line  in 
the  presence  of  a  strong  standing  wave  field.  The  phenomenon  which  is  referred  to  as 
the  "Lamb  Dip"  v’as  described  phenomenologically  by  Gould  and  Bennett  in  terms  of 
"hole  burning.  "  ^  In  essence,  their  description  is:  if  a  standing  wave  field  is  set  up  in 
an  inhomogeneously  broadened  medium  at  a  frequency  removed  from  line  center,  two 
groups  of  molecules  will  interact  strongly  with  the  field  (namely,  those  molecules  which 
as  a  result  of  the  Doppler  shift  associated  with  their  motion  are  in  resonance  with  the 
field).  The  result  on  the  medium  is  to  "burn"  two  holes  in  the  absorption  profile  sym¬ 
metrically  with  respect  to  line  center,  the  hole  widths  being  determined  by  the  degree  of 
saturation.  For  a  saturation  parameter  of  the  order  of  unity  (weakly  saturated),  this 
width  is  characteristic  of  the  homogeneous  line  width.  If  the  frequency  of  the  saturating 
field  is  tuned  towards  line  center,  the  absorption  may  initially  increase  as  the  two  holes 
approach  one  another.  However,  as  the  holes  overlap  the  absorption  decreases  because 
components  of  the  standing  wave  field  are  now  competing  for  the  same  group  of  molecules. 
The  net  result  is  a  peak  in  the  transmission  at  line  center  for  an  absorbing  medium  but 
with  a  width  characteristic  of  the  hole  v/idth  rather  than  the  Doppler  width.  As  a  result, 
it  becomes  possible  to  utilize  a  reference  which  is  much  narrower  than  the  Doppler  line 
width.  In  CC^  this  narrowing  may  be  as  much  as  a  factor  of  100.  The  performance  of 
the  stabilized  system  depends  on  our  ability  to  sense  the  line  center  as  well  as  the  funda¬ 
mental  stability  of  the  center.  The  new  technique  promises  to  improve  matters  on  both 
counts.  The  expression  for  the  signal  to  noise  in  sensing  line  center  is  proportional  to 
the  quantity  (^  )^  where  a  is  the  absorption  coefficient  and  '  is  the  width  of  the  reference, 
so  that  a  reduction  in  absorption  along  with  an  equal  reduction  in  reference  line  width  will 
not  change  the  ability  to  sense  line  center.  That  is  the  situation  with  CO^,  liccause  the 
homogenecus  line  width  is  determined  by  collisions,  we  can  reduce  the  width  by  reducing 
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the  density  of  gas,  but  with  an  equal  reduction  of  the  absorption  coefficient.  An  optimum 
pressure  appears  to  be  about  .  050  torr  which  is  a  reduction  of  a  factor  of  20  in  density 

5 

from  what  had  originally  been  planned.  The  reference  linewidto  vill  be  about  5x10  Hz 

7 

as  compared  with  a  Doppler  width  of  5x  10  Hz  or  a  narrowing  of  2  orders  of  magnitude. 
Since  the  dominant  cause  of  shifts  in  the  line  center  are  produced  by  collision,  the 
reduction  of  the  collision  rate  by  more  than  an  order  of  magnitude  is  in  itself  a  major 
improvement.  Furthermore,  because  the  optimum  modulation  frequency  i,i  generating 
the  error  signal  is  lowered  to  a  few  hundred  kilocycles,  the  detection  response  is 
improved,  the  electronics  are  simplified,  and  a  deleterious  relativistic  effect  associated 
with  the  phase  modulation  is  reduced  in  magnitude. 

One  obvious  difficulty  with  the  reduced  reference  line  width  is  the  narrowing  of  the 

5 

discriminant  range  to  about  5x10  Hz.  This  puts  a  greater  rf'quirement  on  the  passive 
stability  necessary  from  the  lasers. 

Two  sealed-off  CO^  lasers  have  been  designed  and  constructed  for  optimum  passive 
stability.  The  lasers  incorporate  Brewster's  angle  NaCl  windows  with  the  resonator 
reflectors  external  to  the  plasma  tube.  The  fundamental  resonator  spacers  are  three 
30  mm  diameter  invar  rods  which  are  rigidly  held  transversely  by  a  series  of  stainless 
steel  clamps.  Reentrant  mirror  supports  are  used  to  give  temperature  compensation  for 
reduction  of  long  term  thermad  drifts  of  resonator  length.  Short  term  stability  is  pri¬ 
marily  maintained  by  the  massive  construction.  The  resonator  is  of  the  folded  confocal 
type,  with  an  adjustable  iris  over  the  spherical  reflector  for  transverse  niode  control. 

The  tuning  is  achieved  by  stacked  piezo-electric  elements. 

In  initial  tests  single  mode  operation  at  0.  7  watts  was  obtained  with  a  measured 

g 

passivf’  stability  of  about  a  part  in  10  per  minute  as  judged  from  the  shift  of  the  scanned 
power  tuning  curve.  .Mthough  the  salt  windows  have  been  enclosed  wiili  a  desiccant, 
several  tube  failures  have  occurred  due  to  water  vapor  attacking  tlie  windows.  As  a 
result,  we  are  attempting  to  replace  the  windows  with  Irtran  IV  which  is  non-hygroscopic 
but  which  has  slightly  poorer  transmission  than  NaCl,  .‘Although  testing  of  the  lasers  has 
not  been  completed  because  of  the  window  difficulties,  we  hclie\  c  the  preliminary  results 
indicate  an  adequate  passive  stability. 
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FUNDAMENTiVL  FLUCTUATIONS  IN  QUANTUM-OPTICAL  DEVICES 
S,  R.  Barone,  S,  Harrison  and  M.  C.  Newstein 

The  abjective  of  this  research  is  to  develop  theoreticcil  understanding  of  the  funda¬ 
mental  quantum  fluctuations  responsible  for  the  limiting  noise  properties  of  quantum 
optical  devices  (such  as  lasers  and  parametric  amplifiers).  Two  complimentary  efforts 
are  being  pursued.  In  one,  we  are  attempting  to  isolate  the  significant  parametric 
effects  which  occur  in  both  driven  and  Helf-oscillating  systems.  The  analysis  of  these 
effects  promises  to  lead  to  usefiJ  generalizations  of  the  "Fluctation-Dissipation"  theorem 
and  an  improved  phenomenological  noise  theory.  In  the  second  effort  we  are  attempting 
to  develop  a  dynamical  laser  theory  from  first  principles,  with  emphasis  on  the  con¬ 
sequences  of  the  quantum  fluctuations  at  the  macroscopic  lev'cl. 

A  previously  described  calculation  of  spontaneous  emission  from  driven  systems^ 

has  been  extended  in  order  to  relate  it  more  closely  to  physical  systems  which  have  been 

2 

proposed  to  provide  experimental  verification  at  optical  frequencies  .  Instead  of  a  non- 
degenerate  tvio  level  system,  we  ha\  e  allowed  for  orientation  degeneracy  in  a  '  =1  elec¬ 
tro  dipole  transition  radiating  into  free  sp.ace.  The  angular  dependence  of  the  radiated 
field,  as  well  as  the  spectrum,  becomes  a  function  of  the  driving  signal.  The  results 
could,  perhaps,  have  been  anticipated.  If  the  polar  angle  is  measured  from  the 
polarization  axis  of  the  applied  field,  the  power  spectrum  consists  of  the  sum  of  two 
terms,  one  proportional  to  (l+cos^"*)  and  one  to  (sin“''T.  The  first  term  is  multiplied  by 
the  ordinary  Lorentzian  spectrum  characteristic  of  spontaneous  emission  from  the  un¬ 
driven  atom.  Th<!  second  term  is  modified  in  the  same  way  as  was  previously  discussed 
for  the  non -degenerate  two  level  system.  This  analysis  indicates  the  feasibility  of  a 
simple  experiment  to  observe  these  effects  at  optical  frequencies  using  the  output  from 
1  c.  w.  laser  aa  the  driving  signal. 

.'\  promising  approach  to  the  development  of  useful  generalizations  of  t)ie  ’Fluc¬ 
tuation-Dissipation"  Theorem  is  baset"  ou  relations  derived  by  .S.  R.  Barone^  in  connection 
with  his  dynam'L'.'vl  laser  theory,  "v .  one  c  onsiders  a  linear  system  (field)  coupled  to 
two  other  systems,  one  of  which  will  rfpresent  .i  tlicrm.d  bath,  the  otiier  a  driven  two 
level  systenn  ('.krone's  relations  express  tlw  fluctuations  of  the  linear  systejn  iti  terms 
of  those  of  the  coupled  system  and  the  variokis  response  functions,  either  rcl.itiousi,  cor- 
respondinR  to  Dyson'*  Equ.ations  in  field  tlkiory,  express  the  con "cctious  betv.eeu  the 
response  functions.  Ihese  rcl.alor.s  arc  gener.U  am!  lUuitiw;  they  .ire  not,  however, 
closed  and  the  ev.U^!ation  of  the  fluctkiations  still  in\  oU  s  soh  iuR  dynamic.il  equations. 
Their  usefulness  for  phenojncnoloRlc.tl  theories  is:  1)  they  arc  general  rel.itione  for  the 
quantities  specific.ally  of  pltysiC'd  interest,  (fhictualions  and  response  fuu.ctiuus),  .md 
il)  their  form  suggests  useful  apprii\i(M.»tloti  nketluHis,  As  .*n  example  of  the  latter  point. 
'•VC  have  treated  tlic  interaction  will:  the  dri\eti  system  (the  driv  ing  field  is  taken  to  be 
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prearribed)  in  the  non-correlation  approximation  and  recovered  the  results  of  our 
previous  calculation^,  since  the  dynamiccU  information  is  present  in  the  response  func¬ 
tions.  This  being  verifiedtwe  will  extend  the  investigation  to  the  question  of  the  mutu2d 
effects  of  the  radiating  two  level  systems  on  the  field  fluctuations.  In  this  connection 
we  are  interested  in  the  effect  on  the  angular  distribution  as  well  as  the  spectral  distri¬ 
bution  of  the  spontaneous  emission,  in  particular,  in  the  conditions  under  which  atom- 
atom  correlations  (such  as  occur  with  the  correlated  states  described  by  Dicke  )  be¬ 
come  important. 

A  previously  developed  dynamical  lasei'  Uieory  has  been  extended  to  allow  for 
the  investigation  of  the  build-up  of  atom-atom  correlations  from  the  near  threshold  to 
the  above  threshold  range. 
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GENERATION  OF  HIGH-POWER  PICOSECOND  LASER  PULSES 
G.  Gould  and  L.  Silverstein 

As  described  in  a  previous  report^  the  possibilities  of  generating  high-temperature 

plasmas  by  means  of  very  high  power  solid-state  lasers  are  being  investigated.  The 
8  o 

goal  is  10  KEV  or  10  K,  which  is  10  times  the  figure  mentioned  in  the  previous  renort. 
Preliminary  feasibility  studies  show  that  optimum  results  will  be  attained  if  the  lasc  * 
pulse  duration  is  reduced  to  the  minimum  attainable  value,  while  the  peak  power  is 
simultaneously  maximized.  In  this  way,  plasma  heating  can  occur  in  the  most  eificient 
regime,  in  which  the  pUtma  density  is  such  that  the  plasma  is  not  transparent  to  the 
laser  radiation. 

This  optimum  heating  regime  occurs  early  in  the  plasma  generation  process, 
before  the  plasma  expands  appreciably  and  before  an  appreciabl  •  fraction  of  the  radiation 
can  escape  via  bremmst rahlung.  Calculations  of  various  plasma  parameters  during  the 
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heating  and  expanding  phase  of  its  existence,  usinc  typically  expected  initial  values. 

indicate  that  it  would  be  desirable  to  obtain  lase:  pulses  as  short  as  I  to  10  picoseconds 
->2 

(1  picosecond  =  10  sec)  in  duration,  with  prah  power  levels  of  the  order  of  10  to  I 
gagawatts.  Primarily  as  a  result  of  the  ip-.esligaiions  of  A.  J,  E>eMaria  and  others  at 
United  Aircraft  CorpKtration,  it  is  now  r-jssible  to  generate  single  (or  multiple)  high 
pov  er  (*-10  GW),  short  duration  (-10  r,icose<:cnds)  pulses  of  coherent  laser  light,  and 
to  manipulate  and  detect  such  pulses  with  relative  ease.  ^  The  theoretical  minimum 
pulse  length  of  0.  2  picosecond  L.-.s  not  yet  been  achieved.  A  goal  of  this  project  is  to 
experimentally  investigate  the  limitations  on  pulse  shortness  and  spatial  coherence. 

Techniques  *  ive  been  de\-clopcd  for  detecting  the  presence  and  detailed  structure 

of  ultra-short  pulses  b--  me  ans  of  two -photon  absorptiors  and  subsequent  fluoroscence  in 
4 

certain  materials.  Not  rsurprisingly,  such  techniques  must  be  physical  rather  than 
electronic  in  uatu’^t.  since  even  ihe  fastest  iravelic'  wave  devices  have  bandwidths  of 
no  more  than  10  GHz,  and  are  therefore  not  suitable  for  timing  phenomena  in  the  pico¬ 
second  range.  These  picosecond  laser  palscs  have  extremely  hig,h  electric  field 
strengths.  This  opens  the  possibility  of  ouaerving  various  kinds  of  nonlinear  optical 
phene m-ina  L.  materials.  ^  Thus,  the  ultra-short  pulse  laser  may  be  put  to  a  variety  of 
uses  ai  the  exploration  of  fundamental  physical  phenomena  in  materials. 

Under  an  AFCRi.  Contract.  —I.  Xewstein.  X.  SoUmene  and  S.  Barone  are  develop¬ 
ing  a  theory  of  mode  locked  laser  operation  (described  elsewhere  in  this  report)  which 
cam  ue  applied  to  nonlinear  phenomena.  One  of  our  objectives  is  to  perform  experiments 
to  which  the  theory  would  apply.  In  particular,  a  joint  goa*  is  to  shed  light  on  what 
limits  the  shc'tness  and  coherence  of  the  pulses. 

In  view  liie  above  considerations,  it  is  planned  to  build  .>  flexiale  apparatus 
for  generating  and  studyinc  -hi  effects  ef  ultra-short  pulses.  This  equipment  is  now- 
being  designed  and  parts  are  being  obtained. 

This  project,  a*'  vvell  as  others  at  itie  Graduate  Center,  has  benefited  fre  ti  the 
transfer  of  laser  reJ  arch  equipment  from  Control  Data  Cc  rroration  to  the  Institute. 

So  far,  the  value  of  this  equipment  is  approximately  S250,  000.  Thcrse  transfers  were 
expedited  by  tlie  cognizant  agencies  (.-'.RPA,  .AFO.SR,  RADC,  AF.-\V10."\ICS,  ONP.,  .vFCRL) 
who  favored  continuation  at  the  institute  of  the  laser  research  program  which  had  been 
terminated  at  the  Control  Data  Corp.  (formerlv  TRG  Inc.).  This,  in  turn,  was  possible 
because  the  iittegrity  of  the  former  TRG  laser  research  group  has  been  maintained  at 
PIB,  with  partial  support  by  the  Joint  Services  cortracl  and  by  the  N5F  S-  ience  Dcvel- 
opn.ent  Program. 

-Among  the  items  transferred  from  Control  Data  were  an  estimated  350,  000  worth 
of  ruby  rods.  The  pulse  generatoi  is  being  designed  to  utilize  these  rubies.  Since 
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most  picosecond  pulses  have  been  generated  in  glass  in  the  past,  new  knowledge  will  be 
added  to  the  state  of  the  art.  In  o<.der  to  use  the  rubies  and  to  investigate  various 
cavity  configurations,  the  high  power  laser  is  being  assembled  from  components  latner 
*han  by  purchase  of  a  complete  manufactured  syetem. 

One  feature  of  the  cavity  design  is  the  use  of  a  ring  laser  configuration  together 
with  mode  selection.  This  will  test  the  possibility  that  the  spatial  coherence  of  the 
output  pulses  can  be  improved  without  loss  of  energy  if  the  radiation  is  in  vhe  form  of 
traveling  waves,  rather  than  standing  waves.  Standing  wave  patterns  with  modes  tend 
to  encourage  multimode  operation.  A  side  benefit  would  be  the  improvement  in  the 
spatial  coherence  of  ordinary  Q -switched  pulses,  as  well  as  of  nicosecond  pulses. 

Simultaneous  with  the  design  and  corstruction  of  the  high  power  laser  svstem, 
a  suitable  laboratory  facility  is  being  fitted  out.  Construction  of  the  laboratorv,  includ¬ 
ing  installation  of  adequate  electrical  power,  a  water  suppiv  for  ccoling  the  laser  rod 
and  the  pumping  flash  lamps,  is  presently  nearing  completion.  The  work  area  devoted 
to  the  high-power  solid-state  laser  investigations  is  centered  about  a  4’  x  16'  cast-iron 
surface  plate  weighing  17,000  lbs. .  which  was  obtained  from  the  Naval  Depot  in  Mechanics- 
burg,  Pennsylvania.  This  unit,  which  provides  a  massive  and  stable  work  surface, 
has  been  installed  on  a  base  so  designed  that  it  may  be  floated  off  the  floor  by  means 
of  inflated  airplane  tire  innertubes.  It  is  thus  decoupled  from  floor-borne  vibrations, 
and  so  will  also  be  useful  in  laser  stability  studies.  .Additional  eouiprnent  is  in  the  process 
of  either  design  or  purchase. 
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STUDY  OF  ULTRA-SHORT  PULSE  LASER  SYSTENIS 
S.  R.  Barone,  S.  Chi,  M.  C.  Newstein,  N.  ^.olimene 

By  eliciting  certain  non-linear  interactions  within  the  laser  oscillator,  optical 

pulses  of  duration  as  short  as  10*^^  seconds  hax-e  been  produced^.  The  development 

of  such  short  pulses  requires  the  excitation  of  many  longitudinal  modes  encompassing 

Uie  frequency  range  corresponding  to  the  inverse  of  the  time  duration.  Many  previous 

analytic  studies  have  started  with  a  modal  e:q>ansion  of  tiie  field  and  then  a  determination 

of  conditions  under  which  the  expansion  coefficients  corresponded  to  the  short-pulse  or 

2  3  4  5 

"mode -locked”  situation  *  *  ’  .  Because  of  the  large  number  of  modes  involved  in  the 
interesting  situations  of  very  short  pulses,  limited  information  can  be  obtained  from 
ffiis  ^proach.  Serious  calciilational  difficulties  are  also  associated  with  the  essential 
non-linearity  of  the  dynamical  equations.  Some  useful  information  has  been  obtained  by 
numerical  methods**'  *.  These  suffer  from  the  usual  limitations  that  one  does  not  get 
general  expressions,  but  rather  each  set  of  parameters  requires  another  numerical 
e\  alua*‘ion.  In  addition  to  this,  one  often  cannot  tell  whether  the  finite  numerical  pro¬ 
cedure  has  con\-ergcd  to  the  true  solution.  Both  of  these  difficulties  are  particularly 
exaggerated  for  the  systems  under  consideration. 

We  have  been  investigating  these  phenomena  using  an  analytic  approach  which 
avoids  ffie  modal  expansion.  The  pertinent  resonator  characteristics  are  accounted  for 
by  a  temporal  periodicity  requirement  on  the  field.  We  have  ignored  transverse  spatial 
effects.  The  resoncince  condition  is  used  to  eliminate  the  field  from  the  dynamical  equa¬ 
tions  for  die  material-field  systems.  The  resulting  non-linear  equations  have  been  in¬ 
vestigated  for  various  configurations  of  active  medium  and  saturable  absorber. 

Certain  interesting  limiting  cases  have  been  solved  exactly,  Cne  such  case  is  a 
one-way  circulating  cavity  filled  with  active  medivun  not  subjected  to  pumping  excitation 

(T.==).  Here  one  obtains  periodic  circulating  pulses,  related  to  the  non-periodic  pulses 

*  8 
discussed  in  connection  with  "self- induced"  transparency  .  The  physical  situation  which 

is  being  modeled  is  quite  different  from  that  ordinarily  occurring  in  pvilse-forming  lasers. 

However,  one  does  see  how  it  is  possible  to  find  circulating  solutions  which  can  match 

the  cavity  period  even  though  the  controllable  material  parameters  are  prescribed. 

In  more  realistic  situations,  even  though  the  non-linear  equations  have  not  been 
solved,  it  has  proved  possible  to  obtain  many  qualitative  features  of  behavior.  In  par¬ 
ticular,  it  has  been  determined  that  some  apparently  stable  pulsing  solutions^  obtained 
after  a  limited  number  of  numerical  iterations,  are  really  unstable  and  would  eventually 
settle  down  to  constant,  non-pulsing  solutions.  Interest  still  attaches  to  these  transient 
pulsing  solutions,  since  small  modifications  of  the  physical  system  could  keep  them 
from  decaying.  Their  study  has  been  facilitated  by  the  use  of  transformations  which 
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com'ert  the  form  of  the  differential  equations  to  those  which  describe  easy-to-visualize 
mechanical  systems  (particle  in  potential  well  with  friction). 

We  have  extended  the  approach  to  include  the  effect  of  saturable  absorbers  in  the 

cavity.  Qualitative  arguments  can  be  given  to  show  that  this  increases  the  likelihood  of 

excitation  of  ultra-short  pulses.  Some  quantitative  insight  has  come  from  the  modal 

expansion  type  of  argument.  We  are  presently  in\-estigating  these  phenomena  from  the 

point  of  view  previously  described. 

-Air  Force  Cambridge  Research  Laboratories 
Office  of  -Aerospace  Research 
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BASIC  STUDIES  IN  OPTICAL  PARA.METRIC  OSCILLATIONS 
E.  S.  Cassedy  and  S.  T.  Peng 

-A  general  formulation  of  the  scattering  of  light  by  a  pa rametrically -modulated 

slab  and  numerical  calculations  relating  thereto  have  been  reported  previously^’ 

It  was  shown  that  the  problem  could  be  treated  in  a  compact  manner  wliich  includes 

the  effects  of  all  frequencies  of  the  small-signal  model  and  includes  all  significant 

coupling  of  normal  (IToquet)  inodes  at  the  boundaries.  Calculations  following  from 

this  theory  include  the  effects  of  discontinuities  in  refractive  index  wiiich  are  nor 

present  in  other  theories.  In  addition,  a  novel  "surface  wave"  effect  has  been  predicted 

2 

from  this  theory  to  exist  under  certain  specified  conditions. 
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The  boundary  effects  discussed  previously  all  relate  to  siab'e  interactions.  In 
the  present  report,  by  contrast,  we  wish  to  discuss  potentially -unstable  interactions^ 
in  a  parametrically-modulated  slab.  The  use  of  the  Brillouin  diagram  for  the  predic¬ 
tion  of  such  interactions  is  treated  in  an  accompanying  study.  The  geometry  of  this 
slab  and  its  excitation  are  shox^Ti  in  Fig.  1. 


Fig.  1  Scattering  of  a  Monochromatic  Wave 
by  a  Parametric  Slab 


The  case  of  potentially-unstable  interaction"  has  been  found  to  be  particularly 
interesting  since  it  may  result  in  optical  parametric  oscillation  in  bounded  regions 
such  as  resonators. 


In  order  to  achieve  the  co-flow,  potentially-unstable  interaction  so  that  the  signal 
wave  may  be  amplified,  we  assume  a  medium  with  the  following  basic  dispersion^: 


r(w)  = 


1  + 


l+%t  vJ 


7J  ' 


where  ,  p,  and  q  are  constants  and  w  is  the  signal  frequency.  The  dispersion 
curves  for  such  a  medium  were  computed  and  plotted  in  Fig.  Z  on  the  Brillouin  diagram. 
For  a  monochromatic  plane  wave  incident,  the  scattered  field  was  also  computed  and  the 
transmitted  power  plotted  in  Fig.  3.  From  this  curve  we  observe  the  exponentially 
growing  gain  of  the  signal  wave  versus  slab  thickness. 

Since  the  signal  wave  can  gain  energy  from  the  pump  wave,  and  if  we  can  confine 
the  signal  wave  to  stay  in  the  parametric  slab,  the  si^na]  w;  ve  will  start  to  build  up 
continuously  with  time  and,  thus,  parametric  oscillation  can  follow.  To  confine  the 
signal  wave  in  the  parametric  slab,  we  may  introduce  larger  discontinuities  at  the 
interface  boundaries.  For  example,  we  may  increase  the  discontinuities  by  increasing 
the  dielectric  constant  of  t!te  slab.  Ihe  scattered  field  for  various  values  cf  dielectric 
constant  was  calculated  and  the  transmitted  power  (at  the  input  signal  frequency)  vs. 


Fig.  2.  Brillouin  Diagram  -  Co-Flow  Potentially- Unstable 
Parametric  Interaction 
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Fig.  3  Transmitted  Power  vs.  Slab  Thickness 
T 

(P^  =  Power  transmitted  at  incident  frequency) 

the  slab  thickness  d  is  plotted  in  Fig.  4,  for  three  cases.  From  these  curves,  we 
observe  that  the  peak  gain  of  the  transmitted  wave  (at  frequency  increases  with 
increasing  dielectric  constant  or,  equivalently,  with  increasing  discontinuities  at  the 
interface  boundaries.  If  the  discontinuities  increase  indefinitely,  the  gain  will  inrrease 
indefinitely,  indicating  oscillation.  That  is,  in  the  extreme  case  of  infinite  gain  we  may 
obtain  the  scattered  field  in  the  absence  of  incident  field  and  this  is  what  is  known  as 
oscillation. 

There  is  good  evidence  that  the  resonances  indicated  here  may  t.'e  related  analyt- 

3  4 

ically  to  the  time -growing  solutions  in  the  case  of  absolute  instabilities  '  .  1  his  ques¬ 

tion  will  bo  pursued,  since  it  seems  to  lead  to  a  rigorous  treatment  of  oscillations  in 
bounded  parametric  nicdia,  from  which  important  aspects  sucli  as  oscillator  thresholds 
and  frequency-pulling  effects  may  be  approached  with  rigor. 
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Fig.  4  Transmitted  Power  vs.  Slab  Thickness 
(expanded  scale) 
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A  GRAPHICAL  METilOD  OP  PREDICTING  THE  BANDWIDTH  OF  OPTICAL  PARA¬ 
METRIC  AMPLIFICATION 

E.  S.  Cassedy  and  M.  Piltch 

The  Floquet  approach  to  the  a»>alysis  of  traveling -wave  parametric  processes 

has  been  developed  at  this  Institute^’ In  this  approach,  a  slab  of  dielectric  with 

time -space  (w  ,  P  )  periodically-modulated  permittivity  may  be  represented  by  a 
P  P 

simple  transmission  line  model.  The  line  incorporates  the  time -space  periodicity 
(due  to  the  pump  wave)  by  means  of  a  shunt  capacitance  with  a  prescribed  time-space 
variation.  Wave  propagation  on  this  structure  is  described  by  the  telegrapher's  equa¬ 
tion  with  time-space  periodic  coefficients.  The  transmission  line  is  assumed  thereby 
to  behave  linearly  to  small  signals  propagating  in  the  presence  of  the  pump. 

It  has  been  shovm'’  that  Floquet's  theorem  is  applicable  for  generating  solutions 
to  this  equation  for  any  set  of  parameters  except  those  defining  the  "sonic”  region^ 

If  we  know  the  basic  circuit  parameters  (related  to  the  basic  material  parameters) 
and  the  pump  modulation  parameters,  we  can  obtain  (eigenvalue)  dispersion  relations 
oj(a)  or  a(  w).  Here,  ui  and  n  are  the  temporal  and  spatial  frequencies  of  the  Floquet 
modes  (infinite  in  nvimber)  which  are  the  allowed  waves  in  the  modulated  medium.  If 
we  plot  the  dispersion  relations  of  these  Floquet  modes  on  a  Brillouin  diagram,  each 
mode  has  its  own  dispersion  carve.  The  intersection  of  any  two  of  these  curves  repre¬ 
sents  a  region  in  cj  -  «  space  where  the  parametric  coupling  of  modes  can  occur^.  If 
either  w  or  »  is  complex,  the  interaction  can  be  of  an  active  nature  with  the  signal  waves 
continuously  extracting  energy  from  the  pump  wave^’^’'^. 

rile  Brillouin  diagram  for  the  medium  has  a  cell  (or  zone)  structure  determined 
by  the  pump  wave  parameters^  That  is,  the  diagram  is  periodic  in  and  [3  .  I'his 
is  the  graphical  reiiresentalion  of  the  Floquet  solutions  and  is  the  basis  for  the  grapliical 
construction  prescribed  in  what  follows. 

The  graphical  construction  will  be  employed  here  to  display  the  bandwidth  of  the 
parametric  amplification"^  (IcMcling  to  oscillation)  achieved  experimentally  in  single - 
cryst.illine  uniaxial  lithium  niobate,  1  lu-  basic  ilispersiou  relation  is  plotted  in  Fig.  1 


REGION  OF 
STRONG  INTERACTION 
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Fig.  1  Brillouin  Diagram  for  Optical  Parametric  Amplification 
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from  experimental  refractive  index  data  for  the  signal  w.tves  which  propagate  in  tlic 
lithium  niobate  as  ordinary  rays.  The  idler  mode  of  the  medium  is  then  exhibited  by 
the  zone  displacement  of  the  diagram  with  the  pump  parameters  and  corre¬ 

sponding  toa  pump  wavelength  of  5300  Angstroms.  The  pump  wave  propagates  as  an 
extraordinary  ray  and  thus  travels  faster  than  the  signal  in  lithium  niobate  (a  negative 
axial  crystal).  The  idler  mode,  however, has  an  ordinary  ray  dispersion  curve  and  is 
plotted  accordingly  with  the  appropriate  slope.  Wherever  there  is  an  inter  section  of 
the  two  dispersion  curves  representing  the  two  modes,  there  will  be  parametric 

coupling^  The  inten-sting  region  of  the  diagram  in  this  case  shows  an  interaction 

4 

identified  as  that  utilized  in  the  paranu  tric  oscillator  reported  by  taordmaine  .  The 
signal  («,  (3)  and  idler  (ui  -iJpi  rnodes  have  dispersion  curves  whicli  are  approxi¬ 

mately  tangent  over  a  wide  range  of  wavelengths  symmetric  about  the  "degenerate 
point"  V , •  ,  =  2  \ 


signal 


pump 


at  1.06  microns  wavelength.  This  condition  on  the  diagram 


indicates  a  "coflow"  interaction 
ics  are  forward  waves. 


1,3 


since  both  the  signal  and  first  time -space  harmon' 


The  probable  interaction  region  is  read  from  the  diagram  in  Fig.  1  to  extend 
14  -1  14  -1 

from  w  =  10  X  10  sec  to  26  x  10  sec  ,  corresponding  lo  wavelengths  of  \  =  1.  88  u 

to  \  =  ,724  p  ,  respectively.  This  prediction  is  in  close  agreement  with  the  experi- 

4 

mental  results  of  Giordmaine  ,  who  observed  parametric  oscillation  in  the  wavelength 
region  .'73  to  1.93  microns,  A  quantitative  determination  of  the  bandwidth  of  the  inter¬ 
action  can  be  made  from  the  approximate  quadratic  dispersion  relation^’ ^  for  any 
specified  modulation  index.  The  bandwidth  will  turn  out  in  all  cases  to  be  wider  than 
the  range  of  exact  tangency,  making  the  graphical  estimate  shown  quite  reasonable. 

This  graphical  method  for  predicting  parametric  interactions  has  also  been  used 
for  ollu'r  optical  interactions  and  was  found  lo  be  in  close  agreement  with  ixpo riment. 
Stimulated  Brillouin  scattering  has  been  identified  in  this  manner,  including  a  novel 
form  reported  by  Hsu  and  Kavage^,  A  comprehensive  report  showing  the  wide  applic¬ 
ability  of  the  method  will  be  compb-ted  soon. 

Air  Force  Cambridge  Resea  rtli  Laboratories 
Office  of  Aerospace  Research 
F1962H-68.C  -0075 
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QUENCHING  AND  SATURATION  MECHANISMS  IN  ARGON  ION  LASERS 
E.  Sk  irnick  and  H.  Schachtcr 

Sint  :  the  discovery  of  ion  lasers,  as  high  power  (1-10  watts'  visible  (blue,  green, 
ellow,  red),  light  sources,  the  question  of  their  excitation  mechanisms  has  been  a 
subject  of  much  controversy. 

The  question  of  the  quenching  and  saturation  mechanisms,  especially  has  been 
one  which  has  received  much  attention.  It  has  been  suggested  by  numerous  authors 
that  radiation  trapping  (re -absorption  of  photons)  in  the  lower  laser  level  transition  is 
responsible  for  quenching  and  also  responsible  for  the  observance  of  "  ring  modes" 
which  occur  concurrently. 

It  has  been  determined  that  radiation  trapping  cannot  quench  the  laser  and  that 
a  better  model  to  explain  the  experimental  results  is  one  which  suggests  A  II  ion  de¬ 
pletion  by  further  ionization  to  A  III  and  A  IV  ions.  After  an  application  of  the  theory 
of  radiation  trapping  in  a  Doppler  broadened  argon  discharge,  it  was  calculated  that 
quenching  should  o<.cur  below  the  known  threshold  c\irrent  of  argon  lasers  (10  A/ cm  ), 
thereby  refuting  the  trapping  theory  of  quenching.  '1  ho  ion  depletion  model  v.  found 
to  yield  more  reasonable  quenching  currents  of  about  100  amp/  cm^. 

Further  work  is  being  done  to  explain  anct  predict  the  "  ring  1110(11,"^"  by  analyzing 
the  possible  modes  in  a  resonator  containing  an  active  medium  with  a  spatially  perturbed 
gain  profile.  Also  an  analysis  of  why  radiation  trapping  floes  not  appear  is  being  und.  r- 
taken. 

Joint  Services  Technical  Advisory  Committee  H.  S  hachter 
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EXACT  QUANTi/,ATION  CONDITIONS 
C.  Rosenzweig  and  .1,  B,  Krieger 

It  has  been  known  for  many  years  that  in  the  sp^i  i  il  rase  of  the  one-(iitneasional 
harmonic  oscillator  the  standard  WK  B  tiuantization  condition  gives  rise  to  the  exact 
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values  for  the  energy.  Proofs  of  varying  degrees  of  rigor  have  been  advanced  which 
demonstrate  the  exactness  of  the  quantization  condition.  One  method  simply  compares 
the  WKB  resvdt  to  the  eigenvalues  obtained  from  an  exact  solution  of  the  Schrodinger 
equation.  Although  this  constitutes  a  completely  rigorous  demonstration  it  is  obviously 
not  useful  in  determining  the  correctness  of  the  quantization  rule  in  precisely  those 
cases  where  it  is  of  the  most  interest,  i.  e. ,  when  the  Schrodinger  equation  cannot  be 
solved  in  closed  form,  nor  does  it  offer  any  deep  insight  into  the  WKB  method. 

A  second  method  proceeds  by  showing  that  all  additional  higher»order  correction 
terms  to  the  WKB  integral  vanish  for  a  given  potential.  ^  These  proofs,  however,  are 
not  entirely  rigorous  since  they  fail  to  take  cognizance  of  the  fact  that  these  correction 
terms  are  only  asymptotically  valid,  as  f>— Thus,  when  we  prove  that  all  higher - 
order  terms  are  zero,  we  can  orly  state  that  the  correction  to  our  quantization  condition 
is  asymptotically  It  is  still  possible  to  have  correction  terms  of  order 

which  are  nonzero  but  which  have  an  asymptotic  series  representation  consisting  en¬ 
tirely  of  zeros,  i.  e. ,  if  we  add  to  the  harmonic  oscillator  potential  a  term  v/hich  is 
small  and  negative  in  a  regioi  outside  the  classical  turning  points  and  zero  elsewhere, 
then  all  the  higher-order  correction  terms  will  be  zero  because  they  only  involve  the 
behavior  of  the  potential  between  the  turning  points.  However,  if  we  calculate  the  ex¬ 
pectation  value  of  the  Hamiltonian  using  the  unperturbed  ground  state  wave  function  we 
find  immediately  that  the  perturbed  ground  state  energy  must  be  lower  than  the  unper¬ 
turbed  ground  state  by  terms  of  0(e 

Furthermore,  there  are  known  cases  for  which  the  WKB  integral  does  not  give 
rise  to  the  eyact  eigenvalues,  but  a  modified  WKB  integral  docs.  In  these  cases  it  is 
not  even  clear  what  "correction"  terms  we  must  show  are  actually  zero,  Thvis  a  dif¬ 
ferent  approach  is  necessary  if  wc  are  to  prove  the  exactness  of  the  WKB  or  modified 
WKB  quantizations. 

2 

Recently  Froman  and  Froman  h^ve  devised  a  new  method  to  handle;  this  problem. 
They  have  developed  an  encompassing,  rigorous  approach  to  the  entire  theory  of  the 
WKB  approximation.  Part  of  their  work  deals  with  the  WKB  quantization  condition  and 
by  use  of  their  formalism  they  are  able  to  prove  rigorously  the  exact  nature  of  the 
quantization  condition  for  the  special  case  of  the  one-dimrnsional  harn'u>nir  oscillator. 
They  also  show  that  for  radial  problems,  the  modified  quantization  rule  including  the 
Danger  correction  is  exact  for  both  the  three-rtlmmsional  isotropic  harmonic  oscillator 
and  the  coulomb  potential. 

Until  aeveral  ye>rt  ago  these  throe  cases  were  the  only  known  example.^  of  poten- 

3 

tials  for  which  simple  exact  quantization  rules  rxiated,  Bailey  then  discovered  several 
other  potentials  which  give  rise  to  exact  quantisation  conditions  by  use  of  either  the 
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WKB  or  modified  WKB  quantiaation  condition.  However,  he  could  give  no  justification 
as  to  why  these  results  should  hold,  other  than  that  they  provided  the  same  results  as 
obtained  by  an  exact  analytical  solution  of  the  Schrodinger  equation. 

We  have  been  able  to  show  that  all  of  Bailey's  quantization  rules  can  be  obtained 
by  applying  the  formalism  of  Froman  and  Froman  to  the  potentials  under  consideration. 
We  thus  avoid  the  direct  recourse  of  comparing  our  results  to  the  results  of  solving 
Schrodinger' 8  equation  in  order  to  verify  the  exactness  of  the  conditions. 

Furthermore,  we  have  been  able  to  prove  that  if 


V{r) 


■\e 


■rtrr 


be 


■or 


/I  ""ft  /I  -Oft. 2 

(1-e  )  (1-e  ) 


0  <r  <00 


then  there  exists  an  exact  quantization  rule.  When  this  quantization  rule  was  integrated 
and  the  resulting  eigenvalues  obtained  they  were  indeed  the  same  as  those  previously 
found  by  a  complete  solution  of  the  Schrodinger  equation. 


Of  even  greater  interest  is  the  possibility  of  proving  exact  quantization  conditions 
even  in  the  case  where  no  analytic  solution  has  yet  been  obtainedc  Using  the  method  of 
Froman  and  Froman  we  have  been  able  to  prove  that  the  eigenvalues  of 


\Tt  \  -  K  2ax  ,  _  -2ax  ,  ^ 

V(x)  =  Ae  -fBe  -oo<x<oo 


(1) 


are  the  solutions  of  the  unmodified  WKB  quantization  condition,  i.  e, , 


(2) 


where  Xj  and  Xg  zeros  (classical  turning  points)  of  E  -  V(x). 

There  are  no  known  analytic  solutions  of  the  Schrodinger  eq'uition  I'oi  cithe  *  the 
energy  eigenvalues  or  the  eigenfunctions  for  the  case  of  the  potential  given  by  Eq.  (1). 
Nor  can  Eq.  (2)  be  integrated  in  terms  of  elementary  lunctions. 

In  order  to  provide  an  independent  check  on  the  validity  of  this  last  quantization 
condition  a  numerical  integration  was  performed  of  the  quantization  integral.  The  prob¬ 
lem  was  made  dimensionless  by  chocsing sJsm  =  I.  The  special  case  A  -  B  was  chosen 

j2niA 

and  the  energy  value  which  satisfied  tho  quantization  equation  for  the  ground  state  (n*0) 
was  found  to  be  2,  12  to  1  significant  figures.  This  value  was  checked  by  numerically 

integrating  tho  Schrodinger  equation  and  was  found  to  be  correct. 

Thua  a  new,  and  putontlally  very  powerful,  technique  has  been  developed  for  ob¬ 
taining  tho  energy  eigenvalues  even  for  t  iosc  cates  in  which  no  analytic  solutions  are 
available. 
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The  details  of  the  derivations  indicated  above  have  recently  been  ^blishiitd. 
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RELATION  OF  PHASE  SHIFTS  FROM  BORN  APPROXIMATION  TO  FOURIER  TRANS¬ 
FORM  OF  POTENTIAL 

J.  £.  Krieger  and  R.  Dublin 

The  Born  approximation^  plays  an  important  role  in  the  quantum  theory  of  scat¬ 
tering  since  it  provides  a  simple  way  of  approximately  calculating  the  scattering  ampli¬ 
tude  directly  from  the  potential  instead  of  requiring  the  intermediate,  and  usually  nu¬ 
merical,  step  of  calculating  the  phase  shifts.  The  main  difficulty  concerning  the  use  of 
the  Born  approximation  in  any  scattering  problem  is  the  determination  of  its  range  of 
validity.  Thus  there  are  the  well  known  conditions^  that  if  either 

|v(r)|  «h^/nr^ 

or 

I  V(r)l  «l'i  v/r 

where  V(r)  is  the  potential  at  the  point  r  and  v  is  the  v.  locity  of  the  incoming  particle, 
then  the  first  Born  approximation  (F.  B.  A. )  is  valid.  The  calculation  of  the  second  and 
higher  Born  approximations  gives  a  systematic,  although  often  involv(>d,  means  of  im¬ 
proving  the  approximation  while  at  the  same  time  studying  its  rate  of  convergence. 

A  second  means  of  determining  the  validity  of  the  F.  B.  A.  and  of  Improving  Its 
accuracy,  is  through  on  investigation  of  the  Born  approximation  to  the  phase  shifts, 
which  is  the  subject  ot  this  note. 

It  is  well  known^  that 


where  6^^  is  the  F.  B.  A,  for  the  phase  shift  for  a  particle  of  moss  p  and  wove  num¬ 
ber  k  scattering  from  a  spherically  symmetric  potential  V(r)  and  is  a  spherical  RcsscI 
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function  of  order  S.,  A  necessary  condition  for  the  validity  of  the  F,  B,  A,  is  that 

for  all  f .  A  knowledge  of  the  6^  g  ”  practical  interest  since  it  has  been  found  in 
some  cases  that  substitution  of  the  approximate  phase  shifts  into  the  exact  expression 
for  the  scattering  amplitude  results  in  an  improvement  on  the  F.  B.  A.  amplitude  when 
the  6^b  small  compa-ed  to  one.^  Furthermore,  even  if  the  phase  shifts  for 

the  low  i  states  are  not  correctly  given  by  the  F.  B.  A.  ,  they  are  useful  in  constructing 
the  correct  scattering  amplitude^' ^  i.  e. , 

f{0)=-5i^  V  {2f  +  l)(e2^*-  l)P^(cosO) 


=  2lir^£  (2f +  l)(e^'^*-l)P^(co89) 


+  ^  1  {2f +  l)2i6.BP.  (cosG) 

t=Ti+  1  * 

where  we  have  used  6^  B  ^  ^  using* 

,  cp 

fB(9)  =  2^^_’  (2i +  1)  2i6^B^f 


we  have 


=  ?  (2f  +  -2i< 


f(0)  =  2^  2.  (2f  +l)(e‘‘”-l-2i6,B'  +  ^B^®>• 

f  =  o 

Thus  we  can  calculate  f  with  high  accuracy  knowing  only  fg?  6^  and  6^  g  for  only  those 
(  for  v.hich  the  F.  B.  A.  is  not  valid.  The  knowledge  of  the  6,  „  is  also  useful  for  deter- 

4  g 

mining  whether  a  given  potential  satisfies  the  Friedel  sum  vulu  *  for  scattering  in 
solids  having  free  carriers  capable  of  screening  out  the  potential  at  large  distances. 

Finally,  we  note  that  it  is  often  the  case  that  we  know  the  Fourier  transform  of 
the  potential,  but  arc  not  able  to  analytically  perform  the  inversion  to  obtain  V(r),  ns 

9 

in  the  case  of  dielectric  screening  in  solids,  so  that  it  is  useful  to  derive  an  equation 
that  relates  6jg  directly  to  the  Fourier  transform  of  Vfr)  to  replace  Eq.  (1),  We  have 
derived  such  a  r.'lationship  and  find  that  g  can  be  simply  written  in  terms  of  integrals 
in  K  space  over  domain  0  •  K  <  2k  of  the  Fourier  transform  of  the  potential  multiplied 
by  simple  polyt.omials  in  K  of  highest  degree  it ,  As  an  application,  we  disciss  the 
validity  of  the  Dorn  approximation  for  the  field  of  a  dielectrically  screened  ionised  im¬ 
purity  in  a  solid. 
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MODELS  OF  LIGHT  BEAMS  AND  PHOTON  STATISTICS 
P.  Bertrand,  A.  Kestenbaum,  E.  Mishkin,  K.  Moy,  D.  Stoler 

Our  previous  discussion^  of  anticorrelation  effects  in  stationary  fields  have  been 
carried  out  by  considering  a  photon  counting  experiment  and  its  photon  counting  distri¬ 
bution.  However,  since  the  factorial  moments  are  directly  related  to  the  correlation 

2 

functions  by  the  integral 


m! 


“(m  -  n!) 


x”,) 


3O. 


(x'.,  x".)d 


d\' 


it  may  be  shown  that  the  observation  of  a  correlation  or  an  anlicorrelation  effect  will 
depend  on  the  sign  of  the  expression;  G^^^x^x^.  j)  -  {G^  (x  Xj))^,  which  is  a 
measure  of  the  oonHrandom  tendency  of  the  photons  to  be  received  by  the  detector. 

Expressions  for  the  correlation  functions  can  then  be  found  for  .1  given  field,  since 
G^"^  (x  J. . .  Xj^.x^. .  .Xj)  ’  Tr  {p  E’(Xj).  . .  F‘(x^)F  * fx^l.  .  .  F  *  (Xjl) 

If  we  expand  the  electric  field  operator  E*^(£,  t)  in  terms  of  pLane  wave  nu>de  fvinctions, 

E^r.t)  «  ^  I 

k 

we  get  for  single  mode  fields, 

t  J,  r  t  j)  ■  A  tr  {p  a^a) 

G^^'  (jt  tp  r  t^,  r  t^  r  t^)  «  A^  tr  {p  a^a^aaj 
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where  A  "  a  Iiw  u  (i^)  u(x)  ia  a  constant  independent  of  apace  and  time, 

Thua  the  second  order  correlation  function  is  independent  of  the  time  delay 
T  =  t^  -  tj,  and  therefore  will  be  constant. 

We  consider  now  some  e::amples: 

a.  Laser  Field;  The  density  operator  p  is  described  by  the  diagonal  represen¬ 
tation  ?(«)  =  6^  '^or  -  y)  so  that 


G^^VxiX^.x^Xi)  =  {G^^^Xj.Xj)}' 


b.  Chaotic  Field:  We  have  P(a')  =  e  where  <  n  >  is  the  average 

number  of  photons,  and 


G^^^(XjX2,  x^Xj)  =  2  {g^^^(Xj,Xj)>/ 

c.  Field  with  N  photons:  With: 


N  !  1  -\q\^  f  d 

(ZNp  27T^  ® 


we  find 


d.  Laser  with  noise:  The  superposition  of  a  laser  field  with  a  chaotic  field 
give  rise  to  a  field  described  by 


G^'^  (Xj.Xj)  =  A{<n^  +  lvl“) 

(XjX^,  x^Xj)  2A^  <  n L^  (  - ) 
where  L,  i*  a  Laguerre  polynomial. 

A* 

These  results  arc  compared  in  Fig.  1. 

We  see  then  that,  .ilthough  (XjX^, x,Xji  is  const.int,  its  v.Uut  gives  us  information 
on  the  nature  of  the  field. 

For  fields  such  that:  G*‘’Nx^x^.x^Kj)  {g**'  fx j , Xj l)*^  we  will  observe  .i  cor- 

reifttion  effect  in  a  counting  experiment. 
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Figure  1 


Where:  (XjX^.x^jX  (Xj,Xj)}^  we  will  observe  an  anticorrelation 

effect. 
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TIME  DEPENDENT  PHASE-SPACE  DISTRIBUTIONS  OF  THF  STIMULATED  RAMAN 
EFFECT 

P,  Bertrand,  A.  Hussein,  A,  Kestenbaum.  F.  Mishkin,  K.  Moy,  D.  Rosenbaum, 

D.  Stoler 

A  full  statistical  description  of  the  three  coupled  fields  system  is  provided  hy 
the  time  dependent  density  operator  pit),  thv  characteristic  (unction  JtChi  i?,  ti 
which  uniquely  specifies  p(t),  or  tome  other  species  of  the  phasr-space  unambiguously 
related  to  pit)  such  as  for  example  the  weighting  function  P(o,  *1,  t)  and  Wignrr 
function  Wfo,  ‘X  t).  *  '  We  consider  (or  this  ptirpose  the  set  of  unitary  3-mode 
displacement  operators^' ^  ** 

DfOtiL  N )  '  ex^oa^  •  *  ^c^  *  h.  c.  1;  D^(o,,J,  v)  “  D(  -or.  -,1,  -v): 

f  n 

Dfo.fL  v)|0 *  le-Ty 


and  the  set  of  their  Hermitian  Fourier  transforms 
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T(flr,i3,  v)  =  D{ii,  %,  |)  exp(ttTi’"  «=. ); 


D(o-,/3,y)  =  J  d^Tid'^^d^l  T(ti,4,|)  fxpfr'Tj’^  +  34’'  +  yg*  -  c.  c, ) 

The  displacement  operators  D  and  Hermitian  operators  T  from  orthogonal  seta 

Tr  {D{o-,3,  y)  y’)}  =  *r  ^6^(0  -  o’)  6^(3  -  3*)  «^Y  -  y'); 

,  -W  2  2 

Tr  {T(fl-,3,Y)  T(a-'.3’,YM}  =  »f  6  (o  -  o')  6  (3 -3')  61y  -  y'); 

Tr  {T(ti,  4,g)D^(o,3i  y)}  *  exp{o%  +  3’''4  +  y*6  "  c.  c. ).  (4) 

Both  of  these  sets  are  complete  and  Fourier  integral  expansions  of  arbitrary  operators 
F  can  be  found  in  terms  of  either  operators  D(o,3>  y)  T(o,3»  y) 

F  =  ir  J  d^n  d^4  d^l  jr  JJ  (n,  4. 1)  D(n,  4,  |);  (5) 

ThCt'e  inverse  Fourier  transforms 

Tr  {F  D^ti.4,e)}  =7^  (Ti.4.e); 

(6) 

Tr  {F  T(ti.4.4)}  =7^ 

are  obtained  by  multiplying  both  sides  of  Eq.  (5)  by  D^(q,  4,S)  and  T(ti,  4,4),  respec* 
lively,  and  taking  subsequently  their  traces  while  considering  the  orthogonality  con¬ 
ditions,  Eqs.  {\), 

The  Fourier  transforms  Eqs.  (2i  arc  particular  integral  expansions  Eq.  (5)  of 
the  operators  T  and  D,  see  Fq.  (4). 

The  characteristic  function  X((»,3.  Y»f)  and  the  Wigner  function  W|o,/l,Y,t5  are 
expected  values,  at  time  t,  of  the  unitary  operator  D(tr.|3,  y)  and  the  Hermitian  operator 
T(q,4,4)j  respectively. 

<D{flr,3,Y)'"  Tr  {p(t)  D(<r.3t  y»  "hX{<»,3.  y.  *);  X  (0,0,0)  '  W(0,0,0)^  1. 

<T(o,3,y)'^  ■  Tr  {pit)  T(o,3i  y)}  '  W(a,3,Y,t);  (1) 

The  Wigner  function  W  is  the  Fourier  transform  of  the  charac'eristic  function 
.X  for  the  operator  T  is  the  Fourier  transform  of  D 

W(o,ji.  Y.t)  »  It  '  ^  I  dU  X(n.  ;.$.t)  expioq'^  ^  34  ”  *  •  c.  c.  )  (g) 

Fquatlons  (7)  having  the  tame  form  as  Eqs.  it>),  their  inverse  transforms  Eq.  (5) 
are  the  expansions  of  the  density  nuttrix  p(t)  in  terms  of  the  operatorr  D  and  T 

p{t)»  s'’  (1.4.1. tiD^fn, 4.1): 

Pft)  [s'  |dS  d^4d^4  W(q.4.4)T(n*4.iK 
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EqiBfttion  (7^  fpcciftefl  the  charecte fistic  function  J((art3iV>^)  Wignnr 

Ihitctlon  WfOtA  Y'^)  Schroedinger  picture.  Written  in  the  Heisenberg  repre- 

•calatiofit  which  is  often  more  suited  for  our  computations,  they  read 

^a,Av^t)  •  Tr  {p  D(o>,ft  Y«t)}: 

Witf.A  Y.t)  »  Tr  {p  T(a,0,y,t)} 

*  sxpCffa^It)  +  j3b^(t)  +  ytf^(t)  -  h.  c.  )  (10) 

The  two  representations  coincide  at  time,  t  ^  o. 

In  the  computations  we  often  make  use  of  the  normally  and  antinormjlly  ni'dered 
forms  of  the  displacement  operator  D 

y)  '  e*p(<»a^+  /3b^+  Y^^)  exp(-o%  -  0%  -  y^) 

=  exp|(|o'|^+  l0|^+  Ivl^)  0(0,0,  y) 

(11) 

D^(a,0,y)  =  exp(-a'*a  -0"b  *  y  c)  exp(oa^+  0b yc^) 

*  exp  |(-(o|^  -  |0j^  -  |y|^)  D(o,0,  y). 

Their  expected  values  define  the  normally  and  antinormally  urder^'d  characteristic 
functions,  respectively, 

<Dj,j(«,0i  y.t)  N  =  Tr  {p(t)  Dj^j(e,0,  y))  =  exp  |(|or|^  +  10’^-^  !  V*  *)* 

(U) 

<D^(<r,0,y,t)  >  »  Tr(p(t)  D^Jo.'.y)}  »  exp  i(-|o|^  >  fpj^  -  !vl  ^{/.(o,/!,  v»t)* 

The  density  matrix  p{t)  of  many  inportant  fields  has  a  ^vcll  >>ehavi>d  diagonal 
representation  in  form  of  a  statictical  mixture  of  projecticn  opTrators  along  the 
coherent  states 

p(t)  •  f  d^o  d^  d\  P(o,0r  v,t)  |«  0  Y  >i  <  V  0  a)  (15) 

Another  phase  space  distribution  is  the  positive  d-ffinite  matrix  »  lement^ 

R(<)’,0ii y.t)  •  Tr  {p(t)  lo  0  y '*  <Y  ^  fl4) 

Using  now  the  first  of  Eqe.  (d)  and  Eqs.  11  «i)  it  <s  es^iiy  shi>wn  that  th«-  P  and  R  func- 
tlcft*  are  Fourier  transforms  of  the  normally  sH  mtinormaUv  ordered  characteristic 

t  . ■  ■  "  "■-rs-.n-—  .r-in-ii  t  . . .  . 

This  definition  of  R«hinction  differs  from  the  one  given  by  R.  t.  r.iauber  by'  the  ^xpo* 
neqiial  factor  exp  (in)  |0|^*  R*  Clauber,  Phys.  Rev.,  111.  /7f  i 

(1465)  Eq.  6-I  I;  it  eads  to  a  simple  sequence  of  Foor‘#r  transforms  uf  the  character* 
Iftlc  functions  X^,  X  tX. ,  see  Fqs.  (Pi  and  ( i  S). 


QUANTUM  ELECTRONICS  AND  OPTICS 


115 


functions  and  respectively. 


P(ar,0,v,t)  ‘  f  d^ti  d^fi  Xj^(n.  ;»6»t)  exp(aT|*  +  +  4^  -  c.c. ) 


R(a-,>1.  Y*ty  «  ff  /  d^Ti  d^C  d^S  X^(n.t.6.t)  exp(flpii’+  /3?.*  +  yi'^  -  c.c. ) 

The  P  representation^*  ^  ^  is  particularly  suited  for  the  computation  of  expected 
values  of  normally  ordered  operators  leading  to  classical-like  integrals.  te 

net  a  probability  distribution,  it  may  attain  negative  values  over  certain  regions  of  the 
a,  and  y  planes.  When  the  fields  are  coherent,  P(o,3,  y)  is  a  product  of  S-functions. 
For  other  nonclassical  fields  it  may  be  more  singular  and  outside  the  class  of  tempered 
distributions. 


The  Wigner  function  Mr(a,0,v)*  a  species  of  a  quantum  mechanical  phase  space 
distribution,  exists  for  all  states  of  the  field  as  a  well  behaved  function.  Tt  is  also  a 
quasiprobability  distribution  and  is  not  necessarily  positive  over  the  whole  o,0,  y  planes. 

The  exponential  factor  in  '  «*P  *  |3|^  *  I Ytt) 

insures  the  existence  of  the  positive  definite  distribution  R(a>,  p,  y,  t),  see  Eqs.  <15). 

We  turn  now  to  the  central  problem  in  the  statistical  analysis  of  the  three  naodc 
systeiUfthe  specification  of  the  density  matrix  p«t),when  the  initial  statistics  or  p(0)  are 
known.  The  Fourier  integral  expansions  (4.  9)  of  p(t)  and  the  following  interrelations  of 
the  various  phase  space  distributions  permit  a  variety  of  approaches.  In  all  of  these 
use  is  to  be  made  of  the  solutions  of  the  equations  of  motion  which  specify  the  mode 
operators  in  terms  of  tneir  initial  values.  Insertion  of  the  explicit  solutions  of  a(t), 
b(t),  c{t)  and  of  their  adjoints  in  the  Heisenberg  form  Fq.  HO)  of  X(o,3.v»t)  and 
Y.t),  using  a  proper  transformation  of  their  coefficients, 

®o*  ^o*  ^o"*  ®t*  ^t' 


®t*  functions  of  o^,  0^,  y^  and  tinne  t,  leads,  as  shown  below,  to  identical 

functional  values  of  X  ami  W  throughout  the  time  ^v'^luiton  of  the  system. 

X(Oj.  0,.  Yf  ^  Xto^*  ‘‘l:  3^,  y^,  ti  «  3^.  y^,  0)  (17) 

When  the  par.^meters  of  the  X  and  W  distributions  follow  classical  equations  of 
moUon  analogous  tc  those  of  the  mode  parameters  a(<t).  b(ll,  c(tl. 
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wh«re  M(t)  is  the  matrix  solution  of  the  equations  of  motion.  The  unitary  operators  D 
and  the  Hermitian  operators  1  yre  invariant  under  the  transformations  Fq.  (16) 

0*.  V.i  t)  :=  0(0-  ,  0  ,  Y-.  0): 

(19) 

T(«^.  Vf  t)  =  T(cr^.  13^.  Y^.  0) 

The  detailed  proof  is  given  in  Appendix  A  of  Ref.  19.  In  view  of  the  Heisenberg  form 
Fqs.  (10)  of  the  characteristic  and  Wigner  functions,  this  proves  the  above  asserted 
invariance  Eq.  (17)  of  their  functional  forms  and  values. 

The  exponential  exp(-|o’|  f  j3|  +  1\1  )  is  shown  in  Appendix  A  of  Ref.  19 

Eq.  (A.  7),  to  be  constant  when  the  parameters  a,  p,  y  evolve  in  time  in  accordance 
with  Eqs.  (18).  It  follows  hence,  considering  the  definitions  of  the  normally  and  anti- 
normally  ordered  operators  and  D^,  that  the  products 

exp(-  loj^)  Dj^  {a^,  p^,  y^,  t)  =  exp(-  Dj^  (o-^,  p^,  y^)  (^0) 


also  retain  their  functional  forms  and  values  when  the  mode  operators  follow  their 
equations  of  motions  and  the  coefficients  o,  0.  y  evolve  in  time  along  analogous  trajec¬ 
tories. 

The  normally  and  artinormally  ordered  characteristic  functions  Jf.,,  X.  and 
their  Fourier  transforms  Pior,  0,  y,  t),  R(o,  0,  y,  t)  do  not  follow  the  invariance  niles 
of  the  X  and  W  functions,  since  the  operators  are  not  constant  under  the  trans¬ 

formations  Fq.  (<!.'>)  of  Ref.  19  and  (18),  however  the  equalities 

exp(+  |oJ^);Cj^,  (cr^.  3^,  Yf  t)  =  exp  (+  (o^i  (o-^,  0^,  y^.  0)  (^1) 

A  A 

are  valid  under  the  same  transformations. 
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MINIMUM  UNCERTAINTY  STATES 

P.  Bertrand,  A.  Hussein,  A.  Kestenimim,  F.  Mishkin,  K.  Moy,  D,  Rcsenhaum, 

D.  Stoler 

The  coherent  Glaviber  states^  Ion  oi  quant\,in\  are  knowi\  to  lie  Minimum  uncer¬ 
tainty  states  for  which  the  Hermitian  obaervahles  q,  ^  satisfy  the  relation 


Aq  Ap 


t» 


(  1) 


The  inverse  of  this  8t.itement  is  not  necess.nrily  true.  The  n onstat iunary  |(v  >  states, 
and  the  stationary  Fock  states  In'-,  form  two  distinct  bases  of  the  'lilbert  space  spanned 
by  the  vector  states  of  the  single  mode  field,  the  first  being  continuous,  nonorthogonal 


im 
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and  uvercomplete  and  the  second  discrete,  orthogonal  and  complete.  The  physical  im 

portance  of  these  characteristic  states  of  the  photon  annihilation  operator  and  Hamil 
A  t  1 

tonian  H  =  nw  (a  a  +  "2)  is  well  known  and  there  arises  the  question  of  existence  of 
other  complete  sets  of  vectors  spanning  the  same  Uilbcrl  space  unobtained 
from  the  |a  >  and  |n>  sets  by  any  physically  trivial  unitary  transformation.  ^  The 
characteristic  states  |y  >  of  the  non-Hermitian  operator 


y  =  a  +  ^  a^ ; 

yIy  >  =  yN  > 


1<  €  <1; 


Y  is  a  continuous  complex  variable,  satisfy  the  condition  (Eq.  1)  with’ 

=  iz  rrr  *  =  t  ttt  ^ 

The  characteristic  states  ]  y  >  can  be  obtained  from  the  ground  state  |y  =  0  >  = 

I  0  >  which  coincides  with  the  vacuum  state  |o  >  for  f  =  0,  following  the  operation 

|y>=D(;)|0>^  (5 

of  the  unitary  displacement  operator 


D(l)  =  d"^-4)  =  exp  ( 


;  n 


=  D*^;) 


exp 

\v\  . 


These  operators  form  an  Abelian  group  but  for  a  phase  factor 

D(;)  D(;')  =  D(;  ^  r,')  exp  pi-'-I-il.  (7^ 

The  unitary  operators  0(4)  displace  the  y  operators  in  the  following  manner 
D(4)^D■^t)  =  4 

t  ,  (fi) 

D(4)y  d'^4)^y 

Considering  the  normally  ordered  expansion  of  the  D(4)  operator,  the  mlninnim 
uncertainty  state  |y  "  has  the  eerici  expansions 


i  * 

1  -  r 


^  exp  J- 


n  = 

0 

CD 

V 

_ 

n 

0 

n'd  -  e 

where  the  characteristic  s  tates 
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|n>  =  ,  ^ -  |0> 

of  the  Hermitian  operator 

Y'*^Y|n>^  =  (1  -  f  n|n'"^ 


Y|n>Y  =  ^ 


(1  -  e  ""in  In  -  1  |n>  =  J(  ^  -  e  (n  f  1)  |n  4  1 


form  a  complete  orthornormal  set 
<  n  I  n*  >  =5  ,  ; 

\i  '  \t  rtn" 


Y  nn* 


GO 


n=  0  ^  ^ 


(10) 


(11) 


(12) 


The  minimum  xincertaiuty  states  jy  >  form  an  overcomplete  family  of  states 


JIyXyN  y=i 


(13) 


it(1  -  €  ) 

This  allows  a  representation  of  arbitrary  field  vectors  |f  and  operators  A  in  terms 
of  the  ly  >  states. 


|f>  =  - i - 2-  j|v><v|f^d\; 

IT  (1  -  e  ) 


A 

A  = 


— - - - J-2  J  Ki  '•  A(yi\^)  •  ^YiI^Iy^  ^ 

IT  (1  -  c  ) 


representations  which  nre  invariant  under  the  transformations 

.  i2 

<  Y|f  '»-*<Y!f  >'  =  <\  If  ^  +  k(v)  '-^P 

2(1  -  c  ‘•) 


RIyj-  y^I-^R'  (Yj-y^)  -  Ri','].  v^)  '  glvj)  <“’‘P 


!Y,  I 


2(1  -  r  '•) 


h(v  .. 


2•^'2' 


(14) 


(15) 


g(Y)i  1'(Yi  Y  )  »*■*  arbitrary  functions  of  y  and  y 


To  be  useful,  the  representation  of  stale  vet  tors  arul  operators  must  tu'  unitpie: 
therefore  to  insure  uniqueness  we  will  c  hoose  the  weigld  (unc  tions  <Ylf  .  .md  'y 

if* 

to  be  entire  functions  of  y  and  y^,  y 


,!Aly^ 


<Ylf  ^  =  ffs'l 

''  Y  j  I  a!  >  ■  A(y  y^) 


(  If  I 
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Exiatence  of  the  P-repreaentation.  The  characteristic  function  defined 

by  the  average 

X(T,)  =  <e’’«^  Tr 

so  that  for  the  minimum  uncertainty  states  we  have 

>!<l  2 


btil  z  ^  Jjc 

n  )v  -  (n  -t-  C  n)v 


V/  >  2  (J  -  e 

X(ti)  =  e  '  '  e 


1  -  e 


The  Wigner  function  is  then  defined  as  the  Fourier  transform  of  the  characteristic 
function  W(or) 

Wfor)  =  /  explTiff’"  -  Ti*o-)  X(ti,  t)  ' )  d^t^ 

ir 

and  the  P- representation  for  the  density  operator  p 

p  -  J  P(ff)  I®  '>  <  ol  d^or 

if  it  existsi  is  given  by  the  Fourier  transform  of 


-  e 


^(Tl) 


However  since  is  not  a  square  integrabie  function  the  Fourier  transform  is  not 

defined  in  the  usual  sense  and  P(o)  is  a  very  singular  function  which  Ix'longs  to  the 
space  of  tempered  distributions. 
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DIAGONAL  COHERENT  REPRESENTATION 

P.  Bertrand,  A.  Kestenbaum,  E.  Mishkin,  K.  M«>y,  1).  Stoler 

We  consider  a  single  mode  electromagneiii  field  interacting  with  t\M>  energy 
level  pumping  molecules.  The  diagonal  representation  of  the  density  uperaior  in  ti-rms 
of  the  coherent  states  provides  a  convenient  quantum  nu'chanical  description  analogovis 
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in  torm  to  the  classical  one  for  the  purpose  of  computing  the  statistical  properties  of 
the  light  beams.  The  total  Hamiltonian  reads 

=  IL+  H  +  V  r-fiu  (a^a  +  V  (g  c„a^+  a) 

T  fa  o  2  oi.nn  -','n  n 

n  -  I  n  - 1 

where  represents  the  free  electromagnetic  energy,  the  energy  of  the  atomic 
system  and  V  an  interaction  term  with  the  non- resonant  ternis  omitted.  The  density 
operator  for  the  entire  system  in  the  interaction  picture  follows  the  differential  equation 

i  ha^p fv(t),  p]  (1) 

where 

+  H)t  -^(H+H)t 

V(t)  =  e^  ^  ^  V  c  ^  f  ^  (2) 

To  obtain  a  solution  of  the  differential  equation,  we  assume  that  there  are  initially  more 
atoms  in  the  ground  state  than  in  the  excited  state.  The  atomic  system  acts  then  as  a 
damping  mechanism. 

An  integration  of  Eq.  (1)  leads  t  power  series  expa.ision  of  p  in  terms  of  V(t). 
Differentiating  it  and  taking  the  trace  with  respect  to  the  atomic  system  under  the 
assumption  th’t  V(t)  contains  only  non-diagonal  elements  in  a  representation  in  which 
p  (0) is  diagor-1 leads  to 

Bp  ^ 

i-r  f  Tr  (V(t),  V(t'),  (Mt'))dt'  (3) 

(ih)“  6  " 

The  approxin.ation 

P  (tl^  Pj-(t)  X  P^j(O)  +  Ap  (t)  (4) 

holds  true  when  the  atomic  system  is  l.irge  anti  inter.ictii>n  with  the  fiedd  does  not 
appreciably  alter  its  density  operator.  When  the  two  systems  are  weakly  coupled  Ap 
is  !nuch  smaller  than  the  first  term  .and  can  ho  ignored.  V.'e  make  the  additional  as¬ 
sumption  that  the  effects  of  interaction  are  dissi,  ated  away  very  fast.  This  is  essen¬ 
tially  a  Markoffian  assuiription  which  perir.its  to  repi;ire  P|.(t')  in  (he  integia!  hy  its 
present  value  Pj.(t).  Under  these  aisximptions  we  obtain 


oc  ^ 

liT^  -4/  Tr^(V(t).  V(f)  P^^(O)- e,(t)xp^^(0)  V(t')  I  dl- 


I 
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and  hence, 

”g^  ■  -  U(^  t(a'^aPj(t)N  _  +  aa%j  (t)N^-  2a%j.(t)aN^  -  2ap^  (t)a^N_ 

t  t 

+  pj  (t)a  ’  aN_  +  {t)aa  N^) 

N^  and  N_  are  the  initial  number  of  atoms  in  the  exi  ited  and  jjruund  states  respectively. 
Assuming  a  diagonal  P  representation 

(t)  =  /  P(Q,t)la  X  a|d^a  =  f P  (a,  t)  A  d ’a  (7) 

Substituting  this  expression  into  Eq.  (6)  and  integrating  by  parts  lea.Is  to  the  differential 
equation  for  P(Q  ,t) 

f  Ul'l<S(0)>|  [«|tt  a*|&,+  2P(a)+^i!!t_,  ^1 

t  at  I*"  '  '  '  '  L  aa  dQ'  |< s(0)>|  aoan'  J 

where 

<  S(0)  >  ■  N^  -  N,  <  0  (8) 

This  equation  can  be  solved  by  means  of  the  Green's  function  which  corresponds  to  a 
solution  for  an  initial  coherent  representation  for  the  field.  We  obtain  the  result 

l<S(0)>!  ^  -  (n  +  n  )!KlM<S(0)>|t^ 


P^^(x,  y.  t)  =  ^ 


X  y' 


+  n  n  =  0 
X  y 


n  +  n 

>  X  y 


n  .  n  1 
X  V 


-  (x"+  v")  U  (x)H  (y)H  (x'UI  (y'i 
■  '  n  n  n  n  ' 

X  y  X  y 

where  H  is  the  HernAite  polynomial  of  order  n  . 

n  X 

X 

The  solution  for  an  arbitrary  initial  diagonal  repr»>aentation  of  the  field  (  an  be 
written  in  t?i  form 


P(a,t)»  fp-(o.  t)  P(«'.  0) 
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COHERENCE  IN  INTERNALLY  PHASE- MODULATED  LASERS 

P.  Bertrand,  A.  Hussein,  A.  Kestenbaum,  E.  Mishkin,  K.  Moy,  D.  Rosenbaum, 

D.  Stoler 

Internal  modulation  in  lasers  may  be  accomplished  by  a  variation  o£  c  parameter 
affecting  either  the  loss  in  the  cavity  or  the  phase  of  the  oscillating  field.  Since  an 
investigation  of  the  coherent  properties  of  a  field  requires  its  quantization,  we  limit 
ourselves  to  the  second  method,  thereby  avoiding  the  complexities  of  a  quantum  mechan¬ 
ical  treatment  of  losses. 

Phase  modulation  may  be  accomplished  by  the  insertion  of  a  crystal  responding 

1  2 

to  the  linear  electro- optic  effect  ’  into  the  cavity,  and  the  application  of  an  electric 
field  across  it  thereby  achieving  variations  in  the  dielectric  constant  of  the  medium. 
Coupling  between  various  modes  is  obtained  when  the  modulation  is  harmonically  vari  -d 
at  a  frequency  precisely  or  nearly  equal  to  a  multiple  of  the  intermode  spacing  C/2L. 

Assuming  variations  in  the  dielectric  constant  in  the  form 

c  =  £q  +  £j  (r)  cos  («t  +  m)  (1) 

and  treating  the  atomic  medium  classically  and  linearly,  we  may  write  the  Hamiltonian 
of  our  system  as 

H(t)=  7>1f«^(a^(t)a^{t)  +  j)-.h  cosfeot  +  ,v)  j^(a^  (t)  -  a^  (t)){a;J(t)  -  aj^{t))  (2) 

«  f  ,  k 

where  it  was  further  assumed  that  the  single  pass  gain  was  exactly  equal  to  the  single 
pass  loss  for  each  mode.  In  Eq.  (2)  a^  (t)  and  a^^ft)  are  the  creation  and  annihilation 
operators  for  the  f'th  and  k'th  mode  respectively,  and  obey  the  equal  time  commutation 


[a^(t),  ajJ  (t)l  = 

and  is  the  coupling  constant  between  the  two  modes  given  by 


4 


'I  (i) 


\ 


where  E^(r^)  and  Ej^  (_r)  are  the  spatial  eigenfunctions  used  in  the  expansion  of  the 
electric  field,  and  where  the  integratitm  extends  over  the  volume  of  the  modulator. 

For  resonant  mndtilavion,  u  *  g*  Heisenberg  cqu.ation 

of  motion  may  be  expressed  as 


i(w  I  ♦  • ) 


,  (*)  i 
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where  it  ie  aeeumed  that  k  is  constant  over  the  range  of  frequencies  of  interest. 

If  the  light  beam  traverses  the  modulator  m  times  while  in  the  cavity,  the 
field  as  represented  by  the  various  operators  is  given  by 


in(q^  +-f)  -  iw.t 

ai<t)  *  2  »J+n  <0)  J„  (2KTm)  e  ^  (6) 

n 

where  a  - ,  (0)  is  the  value  of  the  operators  in  the  Schroedinger  r»?pre8<;ntation, 
f  T  n 

J  (x)  are  the  n'  order  Bessel  functions  of  the  first  kind,  and  r  is  the  time  spent 
n  ‘ 

by  the  beam  inside  the  modulator  in  a  single  pass  through  it. 

The  result  of  Eq.  (61  may  employed  to  examine  the  effects  of  Ihe  modulation 

process  on  the  coherent  properties  of  the  field.  This  is  most  readily  accomplished  by 

■» 

means  of  the  diagonal  or  P- representation.  '  If  we  focus  our  attention  on  the  single 
mode  representation  of  the  central  mode  (usually  the  mode  closest  to  the  renter  of  the 
atomic  line),  we  obtain  for  the  case  of  initially  coherent  modes  the  expression 


P(P,  t)  =  6^  (p  -  Q  (t)) 


(7) 


where 


a  (t)  =  e 


-iOot 


V 

2  {2KTm)  e 

<-  n  n 


(«) 


where  is  the  degree  of  coherent  excitation  of  the  n'^^  mode.  A  representation  such 
as  that  of  Eq.  (7)  implies  the  preservation  of  the  coherent  charaiter  of  the  excitation 
in  the  mode  and  suggests  that  the  modulation  process  transfers  eneruy  between  the 
coupled  modes  in  a  coherent  (definite  phase)  fashion.  If  initially  'he  central  mode  is  in 
an  In'^  state,  and  all  other  modes  in  their  vacuum  states,  the  P- representation  for  the 
central  mode  is  given  by 


P(r..w.t)  =  (  -  .1,^  (2  iCTm)(~  4  -S^)]  1  (fi)  6(z)  }  (d) 

3w  ■  ft  7.*' 

where  is  the  n'^*'  order  Laguerre  polynomial.  This  expression  is  of  Umiten  use 
especially  when  the  initial  number  of  photons  in  the  mofle  is  large.  In  eases  where 
P- representation  is  highly  singular,  it  is  convenient  to  use  two  other  ph.ase- spai  <• 

4 

distributions  in  computio;.'  st.atis:icnl  aver,*ges  of  the  field,  t  or  the  present  i  ase  we 
obtain 


W(o.t)^  r 


»  _  .  4.1  '■  (.!g  Tin)  !  n 

-!«!'(. I)"(^.i,;  - 


(  lul 


T J  (.’kt,,,)  -  I 
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i. 

[ 


and 


|_  1 2  -  ,  (21k T  m)  |q!  “ 

<aj  p(t)|a  .  .  e'l  '  ( .  ])«  (Zj  ^  m)  -  1 )"  f-2^ 


.1^'  {2KTm)  -  1 


(ii: 


where  W(c,  t)  is  the  Winner  function  and  Qlp(t)lQ  ^  is  the  diagonal  matrix  element 
of  the  density  operator  in  the  coherent  states  |a  •.  In  contrast  to  the  highly  singular 
P(z,  w,  t),  W(a,  t)  and  <a|p(t)|a  are  both  square  intigrablos,  and  the  latter  is 
additionally  a  positive  definite  f'lnction. 


Description  of  the  total  field  requires  a  multimode  representation,  which  for 
initially  coherent  modes  has  the  form 


N 

P({P:}.  t)=  n  P.  (P:.t)  (p.] 

J  j  =  1  J  J 

where 

P.  (P..t)  =  6'(P.  -  Q.  (t))  (13) 

with 


■'  n 


J  (2k  t  m)  e 


i(n  -  j)( 


n  n*j 


iw  .t 
J 


(14) 


which  indicates  a  lack  of  correlation  between  the  modes  coupled  by  the  modulator. 

For  a  non- resonant  modulation  w,  ,,-co,  =  where  Aw  is  obviously  the- 

kt  1  i;  ' 

deviation  from  the  interniode  spacing,  the  Heisenberg  ecpiation  of  motion  has  the 
solution 


inO(t)  -iw.t 

‘i^(t)=  ^  a  (0)  J^(mT(  T  ))  e  e 

n 


(P) 


where  m  is  once  more  the  numb«T  of  passes  the  light  beam  makes  through  the  modula 
tor  and 


T(t) 


4k  sin 


Aw 


and 


n  (T) 


(lb) 


(IT) 


witii  ▼  bring  the  limr  nrerssary  for  a  single  transit  through  the  mof'.ulatini*  tryslal. 

A  solutl«>n  of  the  form  of  Kq.  (P)  is  idenlie.il  in  structure  to  that  of  Fq.  {»')  so 
th.1t  thr  modulation  would  onee  more  tr.msfer  energy  coherently  from  .,ne  mode  to 
.mother. 
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For  initially  coliercnt  modea  the  multimode  field  may  once  more  be  represented 
by  a  P-representation  of  the  form 

N 


P({®,).  t)  «  n  6  (P:  -  (t)) 


J 


J 


1  J  J 


(IH) 


where 


“iu>  .t 


Ut)  =  "S  «n  J-.  /niTiT  ))  ^ 

J  *1  J 


(19) 


We  may  deduce  the  form  of  the  field  corresponding  to  a  single  FM  oscillation  from  this 
last  expression.  If  the  central  mode  is  made  to  become  the  carrier  of  the  FM  oscilla¬ 
tion,  all  a  3  0  except  a  of  the  central  mode,  so  that 
n  u 


Q.(t)  =  Oq  J  .  (mT(T))  c  e  ^ 


so  that  the  positive  frequency  part  of  the  total  electvic  field  in  the  cavity  has  Bessel 
function  amplitudes  for  its  average  value. 

Office  of  Naval  Research 

N  00014-67-A-0438-0001  A.  Kestenbaum  and  E.  Mishkin 

REFERENCES 

1.  S.  E.  Harris  and  O.  P.  Me  Duff,  "Theory  of  FM  Laser  Oscillation.  "  IEEE  J.  of 
Quantum  Electronics  245(1965). 

2.  A.  -Yariv,  "Internal  niodulation  in  multimode  laser  oscillators,  "  J.  of  Applied 

Fhvs.  388(1965). 

3.  R.  J.  Glauber,  "Coherent  and  incohc-icnt  states  of  the  radiation  fieUl,  "  Phys,  Rev. 
131.  2766  (1963). 

4.  R.  J.  Glauber,  "Quantum  Optics  and  Electronic s,  "  1964,  Les  Houches,  C.  DeVVitt, 
A.  Blanden,  and  C.  C(  lu  i-Tannoridji,  Eds.  (New  York;  Gordon  .and  itreai  h, 
1965). 


OPTICAL  MODES  IN  TNUOMOCENEOUS  AND  MOVING  MEDIA 
C.H.  Chi  and  H.  Schachter 

Optical  cavity  modes  in  inhomogeneous  moving  media  are  being  studied.  The 
Green's  function  in  such  a  medium  is  described  by  Maxwell's  equations: 

'i  xITs  j..,T!r  +  7 

■  u  (£)  a  (r)  Tf  •  n  (£)  X  r 
IT.  .(r);  (r)ir  +  H(r)xW 
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where 


a  ( r)  = 


a(r)0  0 

0  a(r)  0 

0  (T  0 


a  (£).  <(_r),  r(jr)  are  functions  of  space  coordinates #  speed  and  refractive  index  of  i!ie 
medium. 

In  terms  of  vector  and  scalar  potentials  the  Maxwell's  equa- ■  one  become 

Vx  (pj\;^A)  *  iu'vic(p  j*  (UxA)]  -^(Pj  {Wx'v(t)l  ■  jufJx  {pj^A  -  jf*)pjS.’x  A  -  PjUxV<i>} 

2  =—  =  _  - 
-  <jj  caA-jwfa  v<t»  >  J 


Bff  -V  X  A 
where  |lj  =  (pc) 


E  -  -  jwA  ■  V<i> 


-  1 


For  the  case  where  the  velocity  of  the  medium  is  constant  and  the  medium  is  homogen¬ 
eous,  one  can  obtain  a  closed  form  solution  for  all  possible  orientations  of  the  electric 
dipole  by  letting 

aS  .  2  A  •  ,^1. 

®  ax  Jwp  *a  <t>+a^*A=0 


where 


=  X  ^  + 


2o  3^  +Io5y 
2'  =  ^2  X  =  t 

’  e  c 


The  results  show  that  the  optical  cavity  jjower  loss  and  field  distribution  is  the 
same  as  that  of  a  homogeneous  stationary  medium  but  the  frequency  of  the  resonant 
modes  are  shifted  from  that  «>f  the  stationary  medium  by  the  relations: 

r  1 


fm  « 


2  2 
n  V 


1  -• 


fs 


m;  moving  mediutn 
s:  statioruiry  medium 
v;  speed  of  medium 
ct  speed  of  light  in  vacuum 
n;  refractive  index  of  the  luedium 

For  the  rase  where  the  velocity  is  constant  and  inhom«*6«  neity  is  quadratic  In 


one 
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direction,  two-dimeusional  solutions  arc  being  sought.  Th-:  Croen's  hinclion  due  to  a 
transverse  dipole  source  in  such  an  inhomogeneous  moving  medium  shows  that  when  tlie 
E-M  wave  and  the  medium  are  travelling  in  the  same  direction  the  effect  of  inhomogc- 
neity  (such  as  focusing)  is  reduced,  and  when  the  medium  and  the  E-M  wave  travel  in 
opposite  directions  the  effect  of  inhomog -neity  is  increased.  Additional  studies  involve 
calculations  of  power  loss,  frequency  shift  and  field  distributions  in  optical  caviti'-s. 
Joint  Services  Technical  Advisory  Committee 

AF  49(638)-!  402  C.  H.  Chi 

'  H.  Schachter 


TUNABLE  FILTERS  FOR  THE  VISIBLE  AND  INFRARED  SPECTRAL  REGIONS 
R.  J,  Kapash  and  L.  Bergstein 

Theoretical  and  (  xperimcntal  investigations  have  been  carried  out  on  the  two- 
cavity  frustrated  total  reflection  filter  (FTR  filter)  to  determine  its  applicability  as 
a  txuiablc  band  pass  filter  for  the  visible  and  infrared  spectral  regions.  The  physical 
configuration  of  the  filter  is  shown  in  Figs.  1  and  2.  N'  t  shown  is  the  pioznelei  trie 
transducer  which  is  used  to  vary  the  degree  of  coupling  of  the  two  resonant  layers. 


Fig. 


Fig.  2  Schem..tic  of  the  Five  Layer*  of  the  T  au.ihle  Frustratni 
Total  Reflection  Filter  Showing  a  I  F.  Wave  Incident  at 
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Ihe  basis  of  thp  technique  for  tuning  the  pass  band  of  the  FTR  filter  is  the  well- 
known  effect  that  occurs  when  two  identical  resonant  systems  are  coupled  together. 

The  coupling  removes  the  degeneracy;  the  resonances  of  the  coupled  system  split 
and  move  further  apart  with  increasing  coupling. 

The  filter  is  oriented  in  such  a  position  that  the  incident  light  strikes  the  first 
low  refractive  index  layer  at  an  angle  greater  than  the  critical  angle  for  total  reflec¬ 
tion,  Since  the  first  layer  is  of  finite  thickness,  some  of  the  incident  energy  can 
tunnel  through  into  the  second  layer.  The  same  phenomenon  occurs  in  the  third  and 
fifth  layers;  the  energy  being  resonant  in  the  second  and  fou  layers  is  coupled  by 
the  evanescent  field  in  ‘he  third  or  middle  layer. 

If  we  make  the  simplifying  assumptions  about  the  indices  ot  refraction 

n  =  n,  and  n  =  n^,  ( 1 

o  1  c 

the  transmission  coefficient  of  the  filter  in  the  case  of  an  incident  transverse  electric 
wave  arriving  at  angU-  9^,  becomes 


1  +  (cos  z  a^  sinh  Zy  cosh  <  +  cosh  z  y  sinh  <) 


!■ 

i. 

0  =  s  in  * ' 

o 

1  n  2 

] 

(3a) 

fk 

]/v 

k" 

a  j  -  n-n-ci  ' 
C  7. 

(3b) 

rr  "'n  2 

Y  =  Znirdj. 

(3c) 

/,  n  2 

(if'  -  Ilf' 

t 

fc 

«  =  2it  nd 

(3d) 

§-■ 

1 

The 

wavelength 

for  unity  transmission  Is  given  implicitly  as  a  function  of  the 

sc  jiaration 

f 

d  by 

tar.h  t  =  - 

cos  7a2  tanh  zy 

(4) 

In  Fig.  3  we  show  the  variation  of  the  ct-nter  wavelength  anrl  the  v'ariation  of 

the  U  of  the  filter  for  unity  I ramimission  as  a  lunciion  of  the  relative  separation  d/tlg 

for  various  values  of  ^  frequency  of  »-arh  of  the  uncovipled  filters 

is  taken  to  be  \  / 2, 
o 

the  assumptions  about  the  refractive  indices,  v  hile  greatly  simplifying  the  equations, 
do  not  alter  the  i  ssent*-’.!  propi'rties  of  the  filter,  i  he  result  of  'he  rlifferent  indices 
of  refraction  is  an  over.all  redurtion  in  the  transmission  by  a  lonstant  f.ictor.  The 
choice  of  a  TM  wave  aouhl  have  resulted  in  a  different  \  and  hut  ihi'  essei.ti.al  prop- 
<*rties  of  the  filler  wnuhl  he  the  same. 
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The  useful  region  of  the  charactcrstics  is  for  practical  reasons  from  d/d^sO.  5 
to  d/d2  =  1.  0.  For  a  filter  ■with  d2  =  1500  X  (Vq/2  S  6000  X)  it  is  not  possible  to  sep¬ 
arate  the  two  surfaces  by  less  than  750  %.  Beyond  d/d2  =1.0  the  change  in  the  res¬ 
onant  frequency  for  a  given  rhange  in  spacing  is  too  small  to  be  useful. 

We  show  in  Fig.  4  ‘rimental  results  for  a  filter  designed  for  -  6300  A 

The  high  refractive  index  ..ere  of  silicon  monoxide  (n^  "  1.^  ).  and  the  low 

refractive  index  layers  were  of  magnesium  fluoride  (n^  =  1.3).  The  prisms  were 
made  of  SF- 18  glass  (n  =  1.7). 

The  results  have  shown  that  the  technique  discussed  for  tuning  the  pass  band  of 
the  FIR  filter  is  indeed  sound.  There  are  a  number  of  problems  in  designing  the  fil¬ 
ter  for  the  visible  spectrum.  The  most  obvious  is  the  need  for  the  surfaces  of  the 
filter  to  be  flat  to  a  fiftieth  of  a  wavelength  or  better  for  separations  of  the  order  of 
several  hundred  angstroms  to  be  meaningful.  Also,  when  dealing  with  such  small 
separations,  it  is  necessary  to  compensate  very  carefully  for  thermal  expansion. 

These  problems  do  not  exist  when  the  filter  is  designed  to  operate  in  the  infrared 
spectral  regions  above  5  microns,  and  the  filter  seems  ideally  suited  to  act  as  a  tunable 
band  pass  filter  in  this  region 
Joint  Services  Technical  Advisory  Committee 
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OPTICAL  MEASUREMENT  OF  GAS  FLOW  PROFILES  BY  PERTURBATION  OF  A 
RING  LASER 

W.K,  Kahn  and  P,  Fenster 

In  1851  Fizcau^  reported  fringe  shift  measurements  indicating  that  the  velocity  of 
light  in  a  moving  medium  differed  from  that  in  the  same  medium  at  rest.  In  1964 
Macek^  and  his  co-workers  succeeded  in  utilizing  this  effect  in  the  measurement  of 
the  velocity  of  gas,  liquid  and  solid  media  with  a  ring  laser.  The  present  work  repre¬ 
sents  an  experimental  and  theoretical  assessment  of  the  capabilities  of  the  ring  laser 
for  measuring  gas  flow  profiles.  Measurements  arc  reported  for  a  range  of  Reynolds 
numbers  including  both  laminar  and  turbulent  flows  and  for  a  variety  of  tube  diameters. 
Special  emphasis  is  on  the  conditions  preceding  the  establishment  of  the  equilibrium 
flow  profiles  in  round  tubes. 

For  »  moving  medium  of  length  b  and  velocity  V^,  is  in  Fig.  I,  for  the  two 
counter -circulating  waves  the  frequency  difference  is 

2bV  , 

.-.f  -  (I  -  l/n‘)  , 
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OR  GAS. 

Fig.  1  Schematic  of  Ring  Laser  Gas  Flow  Measurement  Apparatus 


where  n  is  the  refractive  index  of  the  medium,  \  is  the  free  space  wavelenp,th  of  the 
light  and  c  is  the  velocity  of  light  in  vacuum. 

The  order  of  magnitude  of  this  effect  is  strongly  dependent  on  n  .  The  results 
can  be  separated  into  two  ranges:  n^l  and  n  >^1  .  For  n  near  unity 

f  <.-:4bV^{n.l)/\f  . 

Gases,  which  generally  meet  this  requirement,  have  the  additional  property  that 
(n-l)  is  proportional  to  ,  the  mass  density.  Thus  f  is  a  measure  of  the  mass  flow 
of  gas.  For  air  at  standard  conditions: 

(n-l)  2.9  X  lO*"*  . 

and  for  the  one  meter  (-  //4)  square  ring  (with  moving  gas  also  of  length  one  meter) 

■  f  .  460  lU  per  moter/scco.td 

for  =  6328  A  .  For  liquids,  the  effect  would  be  twt>  or  three  orders  of  magnitude 
greater. 

If  the  velocity  ol  the  gas  v.trirs  over  the  cross  section  of  the  tul>e,  tlu-n  by 
cl'anging  the  c ross -sectlon.tl  |H>sition  of  .an  axial  l.nser  beam  an  .average  profile  c-m 
be  constructed  from  the  vari.ation  of  frequency  with  position  of  tlic  beam.  If  the  flow 
velocity  profile  varies  with  axi.al  position  in  the  tube,  thc»»  in  order  to  obt.iiit  .an  .ictu.it 
velocity  profile  at  .a  p.articular  cross.scclion.il  pl  ine,  the  measured  aver.ige  mass 
flow  profile  must  be  .analyzed  considering  this  variation. 

*4  S 

The  results  of  some  of  the  flow  c.xpermients  ’  are  given  gr.iphically  in  Figs.  2.4. 
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r/o  (NORMALIZED  RADIAL  POSITION) 


Fig.  4  Normalized  Average  Velocity  icr  Turbulent  Flow 


The  average  velocity  of  gas  flow  in  the  axial  direction  has  been  found  experimentally 
for  several  radii.  This  has  been  done  for  both  horizontal  and  vertical  tube  cross 
sections  through  the  axis  of  the  tube.  The  figures  themselves  give  the  average  values 
of  gas  flow  (normalized  to  the  average  gas  flow  over  the  cross  section  of  the  lube) 
plotted  as  a  function  of  normalized  radial  position.  The  theoretical  curves  based  on 
measured  flow  and  tube  length  for  each  case  are  also  given,  as  arc  curves  with  the 
same  shape  renormalized  to  a  value  of  average  velocity  which  yields  the  best  fit  to  the 
c.xperimental  data.  In  the  case  of  the  vertical  profiles  these  renormalized  curves, 
designed  to  best  fit  the  horizontal  data  (and  in  theory  the  same  ns  the  vertical  profile), 
are  given  with  the  experimental  results.  In  each  case,  data  from  cither  side  of  the 
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center  line  Is  indicated  by  different  aymbols.  In  the  horizontal  cases,  the  experimental 
points  marked  with  a  filled  circle  represent  points  on  the  outside  portion  of  the  tube 
referring  to  the  center  of  the  TWLO:  the  empty  circles  represent  inside  points.  For 
vertical  profiles,  filled  circles  represent  the  upper  portion;  empty  ones,  the  lower. 
Joint  Services  Technical  Advisory  Committee 
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EXPERIMENTAL  STUDY  OF  WEAK  PLASMA  TURBULENCE  USING  A  HOLLOW 
CATHODE  DISCHARGE 

K.  Chung 

A  real  plasma  is  rarely  'quiescent'  and  possesses  many  forms  of  random  noise 
and  partially  coherent  oscillations.  These  fluctuations  of  piasma  are  intimately  re¬ 
lated  to  the  instabilities  and  the  transport  processes  of  the  plasma.  If  we  describe  the 

•■4 

plasma  fluctuation  by  a  spectral  function  vr*t),  of  the  fluctuating  physical  quantity, 
the  'weak  plasma  turbulence'  is  characterized  by  sharply  peaked  spectral  lines.  In  the 
weak  turbulence  regime  the  growth  rates  of  the  unstable  waves  are  much  smcdler  than 
the  characteristic  frequencies,  and  the  interactions  between  separate  wave  packets  are 
weak.  In  a  steady  state  plasma,  one  observes  the  quasi-steady  state  equilibrium  spectra 
of  plasma  fluctuation. 

Previously  we  observed  the  density  and  potentied  fluctuations  of  hjghly  ionized 
Argon  plasma  produced  by  a  hollow  cathode  discharge^.  We  have  further  examined  the 
experimental  data. 

The  hollow  cathode  discharge  could  be  operated  either  in  a  quiescent  state  or  in 
weakly  turbuicnt  states.  By  varying  plasma  parameters  sligh*-  v,  it  was  possible  to 
moke  transitions  from  one  state  to  the  other.  Single  electrostatic  probes  were  used 
primarily  to  detect  the  flu  tuations,  and  the  signals  were  pro' eased  through  an  elec¬ 
tronic  correlator  and  a  spectrum  analyzer. 

The  data  showed  two  distinctive  weak  turbulence  llnce.  Following  the  current  pre¬ 
vailing  theory,  which  predicts  initially  excited  unstable  waves  by  the  linear  instability 
theory  and  explains  the  saturation  spectra  by  quasi-llnear  or  non-linear  effects,  the 
two  distinctive  modes  found  In  the  hollow  cathode  discharge  were  identified  with  (1)  an 
electrostatic  ion  cyclotron  w.ave  and  {i)  a  drift  wave  instability. 

Identification  of  these  modes  was  accomplished  by  checking  the  frequency  depend¬ 
ence  on  parameters,  the  amplitude  distributions  across  the  pUsma  column,  the 

prop.igatlon  directions  and  damping  effects.  Ihe  electrostatic  ion  cyclotron  ’nstiibUity 
i5  .in  electrostatic  mode  which  propagates  at  an  angle  to  the  confining  magnetic  field. 
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Its  characteristic  frequency  is  approximately  1.  2  times  that  of  the  ion  cyclotron  fre¬ 
quency  and  carries  strong  harmonics.  The  free  energy  responsible  for  this  mode  is 
associated  with  the  axially-streaming  high-energy  electrons  from  the  cathode.  This 
particular  mode  can  be  stabilized  by  increasing  ion  temperature  through  ion  cyclotron 
damping.  This  mode  was  found  to  be  very  cfferiive  ir  enhancing  the  plasma  loss  across 
the  magnetic  field.  The  drift  wave  observed  in  another  weakly  turbulent  state  was  a 
pure  m  =  1  mode  propagating  along  the  electron  drift  direction.  This  observation  is 
believed  to  be  the  first  one  using  a  hollow  cathode  discharge  plasma.  The  dominating 
term  in  the  growth  rate  is  due  to  the  collisional  effect.  It  is  found  that  the  ratio  of  the 
electron  temperature  gradient  to  the  density  gradiert,  df  n  T^/d-tnn^,  is  critical  in 
the  marginal  stability  condition.  If  the  ratio  is  bij.ger  than  unity,  this  mode  becomes 
unstable.  The  detailed  experimental  data  and  discussion  on  the  observation  of  these 
unstable  modes  are  given  in  Ref.  2. 

Although  the  weak  turbulence  lines  were  observed,  their  definitive  roles  in  the 
plasma  transport  processes  were  not  yet  quantitatively  established.  Realizing  that 
recent  theoretical  and  experimental  efforts  are  focused  on  finding  the  controlling  phys¬ 
ical  mechanisms  in  plasma  particle  transport  processes,  we  decided  to  further  this 
study  by  obtaining  more  experimental  data  to  define  the  role  of  plasma  weak  turbulence 
in  the  plasma  loss  mechanism.  We  designed  a  new  hollow  cathode  discharge  system  and 
constructed  the  device.  Figure  1  describes  this  new  hollow  cathode  discharge  system 
at  Polytechnic  Institute  of  Brooklyn.  It  is  composed  cf  (1)  a  high  vacuum  system  using 
three  NRC  \HS  6  diffusion  pumps  and  a  Kinney  mechanical  pump,  (2)  a  strong  magnet 
system  of  15  PEM  10"  air  core  magnets  and  300KW  regulated  power  supplies  and  (3) 
sectionized  6  ir,  I.  D.  6  ft.  long  discharge  chamber.  The  expected  plasma  parameters 


plasma  densitv  (n  =  n.) 
uperixting  neutr.il  pressure 
electron  temperature 
ion  temperature 
pLasma  radius 
Debye  length 


-10^^/cc 
-lO”'*  Torr 
10  c.  V, 

I  c.  V. 

-2  cm 


Thi  Initial  e xperlmcnt.i!  study  on  this  device  in  (11  establishing  'quiescent’  and  'weaklv 
turbulent*  modes  of  operation  and  (2)  measuring  the  direct  particle  lo?s  rales  .-xcross  the 
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magnetic  field  and  comparing  this  with  the  indirect  particle  loss  rate  obtained  from  the 
cross  correlations  between  density  and  potential  fluctuations. 
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STEADY  STATE  RF  DISCHARGE  THROUGH  EFFICIENT  ELECTRON  CYCLOTRON 
RESONANCE 

K.  Chung  and  E.  J.  Malloy 

When  a  high  frequency  electromagnt»tic  field  is  imposed  on  a  magnetoplasma, 
there  is  an  appreciable  energy  transfer  from  the  field  to  the  plasma  through  the  elec¬ 
trons.  The  field  causes  an  ordered  oscillatory  motion  of  randomly  moving  thermal 
electrons,  which  in  turn  lose  or  randomize  the  energy  associated  with  the  orderly 
motion  through  collisions.  This  transfer  of  the  field  energy  into  the  plasma  becomes 
very  effective  if  the  applied  frequency  is  equal  to  the  electron  cyclotron  frequency. 
The  average  energy  transfer  per  unit  volume  can  be  written  approximately  as 


I 

1  p  o 

2  r 


'A  he  re  •  ,v, 


Sion 


•'  and  •  are  respectively  the  pla.i.-na  frequency,  the  electron  colli 
p'  •  c 

irequency,  the  electron  cyclotron  iit-quen  y  .»nd  the  applied  frequency.  The  above 
expression  is  derived  from  the  simplified  Langevin  equation  and  Ma.xwell's  equations 
neglecting  the  ion  motion  and  assuming  only  an  azimuthal  I'lectric  field.  At  the  eye 
Iron  resonance,  the  energy  transfer  is  roughly  10  times  mofi'  effic Tent  than  the  non- 
l  eson.tnt  transfer  if  the  collision  frequetu  y  is  one-hundredth  tlu'  applied  fri-qm-ney. 
Thus,  it  is  attractive  to  prodiui-  a  collision- r.i re  elect rodeles >  pl.ism.i  by  the  elei  tron 
cych’tron  resonance  mechanism.  In  principle,  highly  Ionized  pl.isiiiris  e,in  be  obt.dned 
using  .tv.iilable  conventional  rl  sources. 
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Figure  1  is  the  schematic  diagram  of  the  electron  cyclotron  plasma  device  which 
is  in  operation.  A  magnetron  which  can  deliver  power  up  to  200  W  is  used  as  the  rf 
source.  A  Helmholtz  pair  of  water-cooled  magnet  coils  provide  the  axial  magnetic 
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SCHEMATIC  SIDE  VIEW 


CROSS  SECTIONAL  VIEW 


Fip.  1(b)  RF  Coupler  Used  for  the  Electron  Cyclotron  Plasma  Devire 


field  up  to  1,2k  Gauss.  The  applied  frequency  is  set  at  2.8  GHz  and  the  rf  power  is 
applied  to  the  plasma  through  a  slotted  cylindrical  coupler^.  This  coupler  is  more 
efficient  and  convenient  than  either  open-ended  waveguides  or  cavities,  which  can  be 
used  to  produce  plasma.  The  advantage  of  this  coupler  is  thjit  rf  energy  can  be  trans¬ 
ferred  into  the  plasma  effectively  over  a  broad  band  of  the  applied  frequency.  The 

perturbation  caused  by  the  plasma  on  the  matching  condition  is  not  important  for  this 
coupler.  The  total  input  power  is  the  sum  of  (1)  radiative  loss  from  the  coupler,  (2) 

dissipative  loss  into  the  structure,  (3)  direct  transfer  into  the  plasma  and  (4)  genera¬ 
tion  of  plasma  waves.  The  relative  portion  of  energy  loss  through  each  mechanism 
changes  as  the  operating  condition  is  changed.  In  Fig.  2  the  plasma  density  measured 
by  a  double  probe  is  plotted  against  the  average  magnetic  field  over  the  coupler.  The 
secondary  peak  of  the  density  at  a  lower  field  is  caused  by  the  non-uniformity  of  the 
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Fig.  2  Plasma  Density  on  the  Axis  as  the  Magnetic  Field  Varied 


iriagnctic  field  over  the  coupler.  The  probe  was  located  on  the  axis  and  5  inches  off 
the  coupler. 

Plasma  produced  in  the  coupler  region  diffuses  and  is  pushed  out  into  the  'exter¬ 
nal'  region.  The  acceleration  of  the  plasma  from  the  coupler  is  clue  to  the  constancy 
of  the  magnetic  moment  and  the  axial  gradient  of  the  magnetic  field.  The  external 

plasma  is  thus  formed  along  the  confining  magnetic  field  lines'.  Typically,  the  exter- 

9  11  -3 

nal  plasma  has  an  electron  density  of  10  -  10  cm  and  a  temperature  of  5-20  eV, 

depending  on  the  applied  power  level  and  the  neutral  pressure.  Almost  any  gas  can  be 
used  and  air,  argon,  helium,  nitrogen  and  hydrogen  have  been  tested.  In  gener.nl,  at 
a  fixed  power  level  the  density  increased  while  the  electron  temperature  dccre.nsed  as 
the  neutral  pressure  was  increased.  However,  in  the  practical  operating  ranges,  the 
collision  frequencies  are  smaller  than  the  electron  cyclotron  frequencies  and  the  mean 
free  paths  are  bigger  than  the  characteristic  length  of  the  device.  Because  of  these 
properties,  the  plasma  produced  by  this  device  is  a  close  realization  of  the  collision- 
less  plasma.  Another  important  characteristic  of  the  plasma  is  that  the  noise  level 
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can  be  suppressed  very  low.  This  is  a  very  desirable  property  for  the  performance 
of  experiments  in  weuk  plasma  turbul. mce  and  diffusion  studies. 

At  present,  we  are  looking  for  unstable  modes  which  can  be  generated  by  this 

coupling  structure.  We  have  observed  a  couple  of  very  interesting  phenomena:  (1) 

formation  of  plasma  striations  along  the  magnetic  field  and  (2)  electrostatic  oscillation 

at  the  ion  cyclotron  frequency  and  its  coupling  withd  low  frecaency  mode.  Plasma 

striations  were  observed  in  the  Barium  plasma  clouds  at  high  altitudes  recently  and 

drew  considerable  interest  because  of  the  possible  role  of  these  striations  in  plasma 

transport  processes.  In  laboratory  plasmas,  some  filamentary  structures  were 

reported  only  in  current  carrying  plasmas  and  explained  by  the  possible  non-uniform 

2 

electrode  mechanism  .  Our  observation  of  plasma  striations  is  done  in  a  currentless 
(thus  electrodeless)  steady-state  plasma.  In  Fig.  3  we  show  the  picture  of  plasma 


Fig.  3  Plasma  Striations  Observed  in  the  Electron  Cyclotron  Plasma 

.4 

(Neutral  Pressure  -  2  x  10  torr;  Input  Power  =  10  Watts) 

striations  in  the  electron  cyclotron  plasma.  The  number  of  striations  is  not  equal  to 
the  nvimber  of  slots  in  the  coupling  structure  and,  in  fact,  can  be  varied  by  changing 
only  the  external  magnetic  field  at  a  fixed  neutral  pressure  and  rf  power  level.  Since 
the  change  of  the  external  magnetic  field  causes  a  change  in  the  power  transfer  of  the 
rf  energy  into  the  plasma,  the  change  of  plasma  striations  may  be  due  to  the  genera¬ 
tion  of  different  modes  in  the  plasma.  This  point  will  be  cleared  as  more  data  become 
available.  One  of  the  unstable  modes  detected  by  floating  Langmuir  probes  corresponds 
to  electrostatic  oscillations  near  the  ion  cyclotron  fn-quency  and  its  harmonics.  The 
power  spectra  shown  in  Fig.  4  are  the  ion  cyclotron  oscillations  observed  in  argon 
plasma.  The  successive  plc.U'e!,  r>i.  iw  the  development  of  the  unstable  mode  as  the  rf 
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Fig.  4  Oscillations  at  Ion  Cyclotron  Frequency  in  Argon  Plasma 


power  level  is  increased.  The  broadening  of  the  spectral  line  can  be  explained  by  the 
mode-mode  coupling  between  the  ion  cyclotron  oscillation  and  another  low  frequency 
mode  which)  in  this  case,  may  be  the  ion  acoustic  mode.  As  the  power  level  is 
increased  the  low  frequency  mode  gets  unstable,  and  the  coupling  broadens  the  ion 
cyclotron  oscillation. 

National  Science  Foundation 

CU-1557  K.  Chung 

REFERENCES 

1.  C.  Lisitano,  Proceedings  of  the  Seventh  International  Ccnfererce  on  Ionization 
Phenomena  in  Cases,  Vo).  I,  pp.  464-467,  Greldevinska  Knjiga  Publishing 
House  (1966). 

2.  H.  S.  Robertson  and  W.  B.  Pardo,  "Plasma  Instabilities  and  Anomalous 
Transport",  pp.  250-252,  University  of  Mian»i  Press  (1966). 


PLASMA  PHYSICS  AND  ELECTRONICS 


147 


PLASMA  SHIELDING  AND  STABILITY 
E.  Levi  and  H.  W.  Friedman 

Instabilities  in  the  plasma  sheaths  seriously  impair  the  pciformance  of  gaseous 
plasma  instruments  and  devices,  such  as  Langmuir  probes,  fluorescent  lamps,  lasers, 
and  magnetoplasma  dynamic  power  converters.  Langmuir  probes  are  currently  being 
used  as  a  diagnostic  tool  in  fluid  dynamic  studies.  A  recent  investigation  at  PIB  has 
examined  the  basis  for  this  technique,  and  has  shown  that  the  conditions  under  which 
such  measurements  have  been  obtained  may,  however,  lead  to  instabilities  in  the  probe 
performance  that  invalidate  the  experimental  results.  The  effect  of  magnetic  fields  as 
well  as  the  effect  of  emission  of  particles  from  electrodes  has  also  been  investigated. 

It  was  found  that  a  stable  sheath  can  form  only  in  front  of  the  cathode  or  insulated  walls, 
and  for  small  values  of  the  magnetic  field  component  parallel  to  the  wall  surface.  Emis¬ 
sion  of  particles  by  the  wall  has,  in  general,  a  destabilizing  effect. 

The  space -charge -sheath  which  shrouds  a  plasma  confined  by  material  walls  plays 
a  role  in  plasma  physics  similar  to  that  of  a  boundary  layer  in  fluid  dynamics;  the  sta¬ 
bility  of  the  sheath  determines  the  character  of  the  diffusion  and  wave  propagation  proc¬ 
esses  deep  inside  the  body  of  the  plasma^.  Yet,  in  the  many  studies  of  the  sheath  very 
little  attention  has  been  paid  to  tlie  problem  of  stability.  The  well-known  Bohm  criterion 
for  stability^  applies  only  to  the  special  case  in  which  no  electric  current  flows  through 
the  plasma.  Moreover,  in  his  derivation  Bohm  did  not  really  prove  stability,  but  merely 
established  the  conditions  under  w'hich  a  plasma  can  shield  itself  from  an  electric  field 
by  forming  a  space  charge  sheath.  Since  in  the  sheath  the  densities  of  the  electrons  and  ■ 
ions  are  not  equal,  there  occurs  a  relative  streaming  of  the  ions  past  the  electrons,  even 
in  the  case  when  tlie  fluxes  of  the  two  species  to  the  confining  walls  are  equal  and  the 
plasma  carries  no  electric  current.  Such  a  situation  is  known  to  be  potentially  unstable^, 
especially  when  the  drift  velocities  are  high,  and  the  Bohm  criterion  requires  the  ions  to 
be  supersoiiic. 

A  connection  between  shielding  and  the  microstability  of  a  collisionlcss  plasma  was 
made  liv  Engelm  inn^  Engelmann.  however,  did  not  address  himself  to  the  firoblem  of 
the  shcatl'.,  and  his  criterion  requires  knowledge  of  the  distribution  functions  which  are 
not  «  irectly  ob8er\able.  W’e  therefore  examined  the  Ijehavior  of  the  plasma  using  both 

the  V'lasov  equations  and  an  equivalent  macroscopic  representation'’’^^.  ri>i8  procedure 

T  8 

l)ro\  ides  a  prescription  for  luindling  the  ungul.ir itie s  occurring  at  the  8'>und  of  speed*' 
and  slieds  light  on  their  phvsic.tl  signif.cance,  1  i.gelinatn's  stal'ility  critt'rion  ran  then 
be  recast  in  terms  of  m.ie  roscopii'  i>bse rvable s ,  a  forni  which,  can  be  d  splavet!  graphically 
,iiul  readilv  applied  to  physical  situations. 

In  n  ost  practic.il  situ.itio:  s  the  me.o-  Iree-p.ith  exceeds  the  thickness  of  '.he  sheath. 
So  th.it  the  she.ith  e.in  lie  •  onsidered  as  collts  luiile  s  s .  e\en  though  trie  plasma  structure 
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as  a  whole  may  be  collision  dominated.  Under  these  circumstances  it  is  possible  to 
apply  the  macroscopic  criterion  to  examine  the  space  charge  sheath  and  derive  neces¬ 
sary  and  sufficient  conditions  for  shielding  and  stability.  Since  the  derivation  of  the 
stability  criterion  does  not  pose  any  restriction  with  regard  to  particle  fluxes  and  elec¬ 
tric  currents,  current-carrying  plasmas  are  within  the  scop;  of  the  ir.vcstigction. 

It  is  found  that 

1.  In  the  particular  case  of  zero  current,  Bohm's  condition  ensures  stability  as  well  as 
shielding,  so  that  Bohm's  stability  criterion  it  not  orly  recovered  but  also  rigor¬ 
ously  proved, 

2.  In  the  case  of  arbitrary  current,  the  necessary  and  svifficlent  conditions  for  shielding 
derived  by  us  are  consistent  with  measurements  obtained  b/  means  of  Langmuir 

Q 

probes  and  their  recent  irtei’preta’ion'.  In  particular,  the  knee  in  tlie  current- vo  .t- 
age  characteristic  n^ar  electron  saturation  is  predicted  ai  d  can  i)C  evaluated  quanti¬ 
tatively.  Also  the  dependence  of  ion  saturation  current  on  the  electron,  rather  than 
ion,  temperature  is  confirmed, 

3.  A  one-to-one  correspondence  between  shielding,  i,  e. ,  the  formation  of  a  space  charge 
sheath,  and  stability  of  the  plasma  exists  over  the  range  of  impressed  voltages  for 
which  both  electron  and  ion  currents  can  flow. 

4.  When  either  the  ion  or  the  electron  currents  are  driven  far  into  saturation  and  one 

of  the  species  is  repelled,  the  plasma  may  be  shielded  but  unstable.  Careful  experi¬ 
ments  conducted  by  Belensov  et  al.  indeed  confirm  that  when  the  current  is  driven 
into  saturation,  a  shielded  plasma  exhibits  an  instability.  This  is  associated  with 
oscillations  of  the  plasma-sheath  interface. 

These  recent  findings  of  ours  justify  the  acceptance  of  Bohm's  stability  criterion 

in  the  case  of  zero  current  and  prove  tliat  the  dynamics  of  the  sheath  govern  the  rate  of 

collection  of  charged  particles  by  conducting  walls  biased  with  respect  to  the  plasma 

potential.  The  results  obtained,  on  the  one  hand,  confirm  that  Langmuir  probes  proi  ide 

a  reliable  diagnostic  tool  when  used  within  the  original  scope  of  application,  namely,  in 

steady  state  situations  and  when  tiie  current  drawn  does  not  reach  saturation.  On  the 

other  hard,  these  results  warn  against  indiscriminate  usage  of  Langmuir  probes  in  new 

applications  such  as  the  study  of  turbulent  fluctuations^^,  ionized  w  akes*^' and  hyper- 
14 

sonic  flow  fields  .  In  fact,  when  the  probe  is  driven  into  saturation  to  detect  turbulent 
fluctations,  the  observed  fluctuations  may  well  originate  in  the  probe  itself.  Some  dovibts 
are  also  cast  or.  the  current  Interpretation  of  data  taken  under  transient  conditions  in 
hypersonic  flows  and  on  the  use  of  flush  probes  in  the  stvidy  of  boundary  layers and 
she.iths.  The  possibility  of  inducing  instability  should  also  discourage  the  proposed  D-C 
biasing  of  radio  frequency  probes 

Disclosure  of  these  results  is  particularly  timely  since  many  of  the  projected 
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on-board  measurements  will  be  made  with  the  help  of  such  probes.  In  addition,  similar 
diagnostic  techniques  might  be  applied  to  the  study  of  ionospheric  exospheric  and  nuclear 
environments. 

The  macroscopic  stability  criterion  is  not  restricted  in  its  scope  to  perfectly- 

absorbing,  nonemitting  walls,  as  in  the  case  with  Langmuir  probes.  The  stability  of 

the  sheaths  which  form  near  the  surface  of  positively  and  nagatively  biased  emitting 

17 

electrodes  has  also  been  investigated  and  it  was  found  that  emission  of  particles  has, 
in  general,  a  destabilizing  effect.  In  particular  the  anode  sheath  is  always  unstable. 

Finally,  the  effect  of  magnetic  fields  restraining  the  motion  of  particles  has  been 
17 

considered  ,  Depending  on  the  intensity  of  the  magnetic  field  component  parallel  to 
the  wall  one  Cein  distinguish  3  cases:  (1)  weak  field,  where  the  Larmor  radii  of  both  the 
electrons  and  ions  are  much  larger  than  the  thickness  of  the  sheath  assumed  to  be  in  the 
order  of  the  Debye  length,  (2)  moderate  field,  where  the  sheath  thickness  is  smaller  than 
the  ion  Larmor  radius,  but  larger  than  the  electron  Larmor  radius,  (3)  strong  field, 
where  the  sheath  thickness  is  the  dominant  length. 

In  the  first  regime,  the  magnetic  field  has  no  effect  on  the  sheath  and  the  attracted 

species  must  be  supersonic  in  order  to  satisfy  the  stability  criterion.  However,  when  the 

magnetic  field  intensity  exceeds  a  certain  critical  value,  the  compatibility  condition 

1 8 

which  allows  transonic  transition  cannot  be  fulfilled  .  There  exists,  indeed,  abundant 

19 

experimental  evidence  that,  under  such  circumstances,  the  rate  of  particle  transport 
is  anomalously  high. 

In  the  second  regime,  the  problem  ceases  to  be  one -dimensional  since  the  electrons 
are  prevented  from  reaching  the  wall  by  crossing  the  collisionless  sheath.  They  can 
only  escape  along  the  magnetic  lines  of  forces  givTng  rise  to  what  has  become  known  as 
Pimon  diffusion 

A  fully  developed  turbulent  regime  can  be  expected  when,  with  an  even  higher  mag¬ 
netic  field  component  parallel  tc  the  wall,  the  ion  Larmor  radius  becomes  smaller  than 
the  Debye  length  and  l.'Otii  electrons  and  ions  are  prevented  from  crossing  a  collisionless 
slieath. 

Matters  are  further  complicated  when  sustenance  of  \  \e  electric  current  hinges  on 
tl’.e  release  of  particles  from  the  electrodes.  In  this  case,  in  addition  to  tlic  question 
of  stability  of  the  space  charge  sheath,  there  arises  the  problem  that  tlie  magnetic  field 
:nay  prevent  the  electrons  from  acquiring  sufficient  energy  to  produce  ionising  collisions. 
In  this  case,  a  onc-dimensional  spacc-charge-sbeath  cannot  perform  its  double  function 
of  shielding  the  plasnua  and  <.>f  providing  tJic  energy  required  to  m.;  .o  ,  ii  ,.  f 

particles. 

In  conclusion,  a  stable  spacc-chargc-shcath  stems  to  represent  more  the  esrep- 
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tion  than  tlie  rule,  since  it  can  form  only  at  tlie  cathode  or  on  insulated  walls,  and  for 

relatively  small  vailues  of  magnetic  field  component  parcdlel  to  the  wall  surface. 

Advanced  Research  Projects  Agency 

Nonr  839(38)  E.  Levi 
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TRANSIENT  EXCITATION  OF  SPACE  WAVES  AND  SURFACE  WAVES  IN  A  BOUNDED, 
COLD  MAGNETO  PLASMA. 

L.B.  Felsen  and  G.  M.  Whitman 

1 .  Introduction 

Studies  of  wave  propagation  in  dispersive  plasma  media  performed  in  the  litera¬ 
ture  have  dealt  with  plane  w'ave  or  source -excited  fields  in  unbounded  homogeneous 
regions, or  with  plane  wave  propagation  and  reflection  from  plane  boundaries.  The 
present  study  has  been  undertaken  to  explore  wave  phenomena  attributable  to  the  simul¬ 
taneous  presence  of  boundaries  and  of  a  localized  source,  with  special  emphasis  on  the 
excitation  and  behavior  of  surface  waves.  It  was  also  desired  that  the  mediu^i  exhibit 
both  the  cutoff  and  resonance  phenomena  characteristic  of  a  general  dispevsive  envi¬ 
ronment.  A  simple  structure  incorporating  the  necessary  features  involves  a  magnetic 
line  current  located  above  a  perfectly  conducting  plane,  the  entire  configuration  being 
embedded  in  a  homogeneous,  cold,  lossless  magnetoplasma  with  gyrotropic  axis  par¬ 
allel  to  the  source  direction.  In  the  time-harmonic  steady  state,  this  arrangement  can 
support  a  unidirectional  surface  wave. 

Since  the  time-harmonic  solution  for  this  configuration  and  its  far  zone  asymp¬ 
totic  approximation  arc  available  in  the  technical  literature^  the  major  task  in  pro¬ 
viding  the  transient  solution  in  integral  form  involves  the  analytic  continuation  of  the 
time-harmonic  result  from  positive  real  to  complex  frequencies.  This  is  straight¬ 
forward  for  the  incident  and  reflected  wave  constituents  but  not  quite  so  for  the  uni¬ 
directional  surface  wave  with  its  restricted  spatial  and  frequency  domains  of  existence. 
These  and  other  function-theoretic  aspects  of  the  problem  have  been  considered  in 
detail  and  involve  use  of  uniform  asymptotic- representations  in  the  time-harmonic  solu¬ 
tion.  After  the  result  is  put  into  the  desired  form,  the  theory  formulated  in  a  related 
2 

study  becomes  applicable  and  has  been  used  to  derive  the  transient  fields  for  impul¬ 
sive  excitation,  as  contributed  by  the  incident  and  reflected  (space  wave)  and  the  sur¬ 
face  wave  constituents.  Numerical  calculations  for  typical  parameter  ranges  exhibit 
the  field  variation  in  regular  and  in  transition  regions.  Salient  features  of  these  fields 
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reveal  a  strorif;  dependence  on  the  observation  angle  for  the  reflected  constiluent,  as 
well  as  peculiarities  associated  witti  the  surface  wave.  Owing  to  ihe  unidirectional 
character  of  the  latter  in  th('  time-harmonir  regime,  waves  in  ci’rtain  fr<-quency  inter¬ 
vals  are  propagated  only  to  one  side  or  the  other  of  the  source  region.  A  comparison 
has  also  been  made  bi'tweeii  the  solutions  for  line  .source  and  plane  wavi'  excitt'ition  in 
an  unbounded  medium  in  order  to  assess  differences  in  the  transient  behavior. 

Since  the  preceding  discussion  is  based  on  asymptotic  approximations  of  the  fre¬ 
quency  integrals  and  thereby  on  the  existence  of  a  large  parameter  (proportional  to  the 
observation  distance)  in  the  integrand,  it  is  of  interest  t.-)  know  how  large  the  para¬ 
meter  must  be  in  order  to  furnish  an  acceptable  result.  This  type  of  i.ssessment  has 
been  carried  out  by  comparing  various  asymptotic  approximations  with  the  exact  value 
of  a  certain  special  integral.  It  is  found  that  even  moderately  large  parameter  ranges 
are  accommodated  by  the  asymptotic  formulas,  thert'by  making  thi  se  approximations 
useful  over  a  broad  range  of  physical  variables. 

2.  Asymptotic  Evaluation  of  the  Transient  Response 

The  calculations  described  in  the  Introduction  have  been  performed  for  impulsive 
excitation  in  Ref.  i.  Eor  the  incident  and  reflected  waves,  the  relevant  dispersion 
curve  is  .shown  in  Fig.  1  of  Ref.  2  and  admits,  fi>r  sufficiently  long  observation  tim.es, 
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Fig.  1  Transient  Behavior  of  Incident  Magnetic  Field  for  R  -  0.  5. 

!*:  =  3  X  10^  cps,  L  =  u>  p,/r  =  30 

p  ^  p  1 

three  wave  constituents  which  propagate  at  th('  same  group  velocity  but  are  character¬ 
ized  by  different  frequencies  t'  .  The  latter  aspect  introduces  beat  phenomena  into  the 

P 

composite  transient  response,  shown  for  the  incident  magnetic  field  in  Fig.  1(a) 

(R  =  where  t^  =  cyclotron  frequency,  'p  =  plasma  frequency;  Pj  -  distance 

from  source  to  observation  point).  For  very  short  observation  times,  only  a  single 
wave  propagates,  and  Fig.  1(a)  shows  the  discrepancy  between  the  correct  initial 
behavior  (curve  1)  for  =  1.03  and  the  simple  saddle  point  approximation  noted  in 

Ref.  Z  (curve  2);  iuc  r  1.01,  curve  2  is  appropriate.  Evidently , for  the  chosen  set  of 
parameters,  the  simple  s.iddle  point  formula  predicts  the  response  correctly  h  r  almost 
all  <irrival  times  (no  fiiTcl  is  present  for  '  1).  Other  transition  phi-nomena  discusst'd 

in  Ref.  2  have  also  la-en  analyzed. 


When  the  source  and  obs«- rv.ttion  points  are  both  loiated  on  the  boundary,  (and  are 
separ.ited  by  .i  distance  y),  the  surf.iee  wavt>  is  excited  with  maximum  implitude.  Under 
these  «  ircumst.inces ,  the  relevant  nhU  of  .  '(')  ~  (ti/d')(  *  (')),  where  "  (t)  is  the 

p  '  p  '  [>' 

propagation  constant  for  the  surf.iee  w,iv.  ,  is  shown  in  Fig.  2.  .S.iddle  points  m.iy  be 
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Fig.  2  Typical  Plot  of  vs.  co  for  Surface  Wave 

found  from  Fig.  2  by  drawing  the  horizonlal  line  =  (ct/ y)  and  recording  the  inter¬ 
sections  with  the  y|^  vs.  w  curve.  F  ur  y  >  0,  i.  e.  ,  on  one  sifle  of  the  source,  one 
may  show  that  real  saddle  points  in  the  frequency  integral  occur  only  on  the  branch 
jw  I  >  CO  2  in  Fig.  2.  Asymptotic  evaluation  of  the  integral  for  large  y  tlien  yields 
via  the  simple  saddle  point  formula*'  for  excitation  by  a  temporal  impulse: 


0  . 


(1) 


where  q(  i )  =  (y/c)  L  ,  -  i  t  j,  r  -  ct/y,  '  is  the  solution  of  q'('i  )  ■■  0  and  A  (  '  )  is 
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Fip.  3  Plots  of  Relevant  Quantities  for  the  Surface  Wave  when  y  >  0 


an  amplitude  depending  on  y”  ■tnd  on  the  plasma  parameters.  Typical  plots  of  A  (■.•') 

P  ® 

and  vs.  uu  arc  shown  in  Fig.  3  (0  -ui/sj  ). 


For  y  <  0  (P  =  -  n/2),  one  may  show  that  surface  wave  contributions  to  the  com¬ 
plex  frequency  integral  arise  only  from  the  range  |'Ju|  <  (i.e.  ,  saddle  points  are 

determined  from  the  low  frequency  branch  of  the  curve  in  Fig.  2)  and  that  Eq.  (1) 
remains  valid  for  the  asymptotic  approximation  of  the  transient  field  providing  y  is 
replaced  by  |yl  everywhere  except  in  the  expression  for  q(J)  ),and  the  saddle  points 

arc  confined  to  the  interval  |iu  I  <ni  , 

's'  c 


A  striking  feature  of  the  transient  response  is  the  occurrence  of  wave  packets 
with  frequencies  in  the  range  |iu^l  only  for  positive  y  while  those  with  frequencies 

|u  I  <  i)j  are  found  only  for  negative  y.  This  contrasts  the  direct  and  reflected  field 
behavior  where  a  given  pass  band  frequency  response  may  be  detected  in  both  directions. 
These  anomalous  characteristics  of  the  surface  wave  are  the  transient  counterpart  of  its 
unidirectional  feature  in  the  time-harmonic  regime:  in  the  latter,  propagation  for 
I'  -'  occurs  only  along  the  (+y)  but  not  along  the  (-y)  direction,  whereas  the  converse 
is  true  for  UU  <  with  no  propagation  at  all  occurring  in  the  stop  band  i:  -  i'  . 

Since  the  delta  function  source  excites  all  frequencies,  the  unidirt'ctional  nature  of  the 
surface  wave  at  any  given  frequency  serves  to  direct  appropriate  frequencies  cither  to 
one  side  or  the  other  of  the  source  region. 
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Study  of  the  curves  in  Fig.  3  reveals  other  interesting  features.  For 
y  >  0,  the  amplitude  A^(ii')  -•  0  as  !«-<»,  While  the  saddle  point  result  Eq.  (1)  does  not 
apply  in  this  range,  it  can  be  shown  nevertheless  that  A^(u;)  tends  to  zero  at  high  fre¬ 
quencies  (corresponding  to  t  =  y/c),  in  contrast  to  the  direct  and  reflected  field  ampli¬ 
tudes  which  tend  to  infinity  (for  impulse  excitation).  This  behavior  is  ascribed  to  the 
fact  that  the  existence  of  the  surface  wave  on  a  perfect  conductor  is  contingent  on  the 
presence  of  the  plasma  medium;  a  perfect  conductor  in  vacuum  docs  not  support  a 
surface  wave.  For  'i'  -  ®,  the  plasma  refractive  index  approaches  that  of  vacuum  so 

that  the  surface  wave  is  not  excited  in  this  range.  The  surface  wave  amplitude  builds 
up  only  for  those  later  observation  times  corresponding  to  low  enough  to  sense  the 
plasma. 
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DEVELOPMENT  OF  A  BEAM  PLASMA  DEVICE 
R.  G.E.  Hotter,  H.  Farber,  R.  Pepper,  R.  Eicliler 

It  is  the  objective  of  this  project  to  investigate  the  feasibility  of  low  noise  ampli¬ 
fication  of  microwave  signals  as  well  as  the  feasibility  of  high  microwave  noise  gener¬ 
ation  and/or  amplification  in  beam-plasma  configurations. 

It^itially,  the  studies  are  devoted  to  basic  investigations  of  the  noise  properties 
of  the  plasma  medium  and  the  resulting  effects  in  various  beam-plasma  inter. iction 
configurations. 

The  theoretical  approach  is  patterned  after  the  analogous  noise  tlieory  for  Ir.ivcl- 
ing  wave  tubes;  tlu'  significant  difference  is  due  to  tlie  "noisiness"  of  the  "waveguide" 
represented  here'  by  the  pl.tsma,  Ihe  plasma  medium  surrounding  the  elect. 'oi'.  bo.am 
acts  as  a  distributed  noise  source,  which  impresses  noise  sign.ds  onto  the  electron 
be.im.  I  he  noise  properties  of  the  plasma  are  described  by  the  fluctuation  dis sip.ition 
theorem,  a  gene  ralization  of  Nyquist's  theorem.  A  gene  r.aliz.ition  of  llie  expressions 
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for  the  "noise  figure"  for  the  case  of  distributed  noise  sources  has  been  obtained. 

An  experimental  device  has  been  designed  to  determine  the  noise  level  on  an 
electron  beam  before  it  enters  the  plasma  interaction  region  and  after  it  leaves,  there¬ 
by  making  it  possible  to  determine  the  influence  of  the  noisy  plasma  medium.  The 
experimental  results  will  be  used  to  check  the  theoretical  investigations  that  are  cur¬ 
rently  being  carried  on.  Currently  the  device  is  being  assembled,  and  the  final  check¬ 
ing  of  the  design  parameters  will  be  carried  out  shortly. 

A  modular  approach  has  been  used  in  the  design  of  the  beam  plasma  device.  The 
device  consists  of  four  basic  structures.  These  are;  (a)  an  electron  gun,  (b)  a  hot- 
cathode  mercury  discharge,  (c)  a  pair  of  tunable,  moveable,  microwave  cavities,  and 


TUNEABLE 
2-4  GHz 

Fig.  1  Schematic  of  Beam  Plasma  Device 

(d)  a  set  of  magnet  coils.  I  he  device  is  shown  schematically  in  Fig.  1.  In  addition  to 
the  basic  structures  mentioned  above,  there  are  three  functional  units  for  maintaining 
a  high  vacuum  in  the  system. 

The  device  may  be  divided  into  the  following  sub-assemblies:  a)  the  electron 
gun;  b)  the  plasma,  c)  the  microwave  coupling  circuits,  d)  the  vacuum  chambers  and 
pumping  systems,  and  e)  the  magnet  system. 

a)  The  electron  gun  is  designed  to  produce  a  one  m.i  beam  at  2,000  volts  with  a 
beam  diameter  of  0.10  inches.  I  he  cathode  is  a  tungsten  impregnated  type  since  it 
may  receive  more  ion  bombardment  than  in  llic  usual  liigh  vacuum  tube. 

b)  Several  different  types  of  discharges  were  stvidied  for  the  production  of  a 
plasma.  A  hot  cathode  mercury  discharge  was  chosen  since  electron  densities  of  the 
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order  of  10"  per  c.c.  could  be  attained  with  low  fields.  These  in  turn  would  not  disturb 
the  beam. 

The  cathode  is  a  one  inch  diameter  tungsten  impregnated  element.  The  cathode 
to  anode  spacing  is  four  inches.  The  overall  dimensions  of  the  discharge  chamber  are 
two  inches  in  diameter  by  five  inches  long.  These  dimensions  may  be  changed  by  the 
use  of  suitable  spacers. 

The  mercury  vapor  may  be  readily  replaced  by  other  gases,  such  as  argon  or 
xenon.  Additional  reasons  for  choosing  mercury  as  our  initial  gas  are  discussed  in 
the  paragraph  on  the  vacuum  system. 

c)  The  signal  on  the  electron  beam  is  sampled  by  two  reentrant  type  (klystron) 
cavities  which  are  mounted  on  a  universal  carriage.  Problems  of  precise  movem.ent 

in  a  vacuum  system  have  been  solved  by  using  recently  developed  filled  polyimide  bear¬ 
ings.  Each  of  these  cavities  may  be  tuned  from  2  to  4  GHz  and  can  move  four  inches 
along  the  beam.  These  cavities  may  be  replaced  by  similar  cavities  to  cover  other 
frequency  bands;  and  broadband  probes  may  be  used  in  conjunction  with  the  cavity,  or 
by  themselves. 

The  unloaded  Q  of  these  cavities  ranges  from  200  to  400  depending  on  the  resonant 
frequency.  Tha  coupling  gap  of  these  cavities  is  .  020"  long  with  a  diameter  of  0.125 
inch, 

d)  The  vacuum  pumping  system  has  three  separate  functional  groups.  The  elec¬ 
tron  gun  region  and  the  main  vacuum  chamber  are  joined  by  the  small  hole  in  the  anode; 
this  permits  the  two  chambers  to  be  differentially  pumped.  In  addition,  this  region 

can  be  closed  by  a  butterfly  valve  and  removed  as  a  unit  from  the  major  vacuum  chamber. 
The  discharge  chamber  has  only  two  small  openings  into  the  main  chamber  which  should 
permit  a  very  large  pressure  differential  between  the  two  chambers. 

The  major  pumping  system,  during  normal  operating  conditions,  will  be  using 

a  mercury  diffusion  pump,  and  two  liquid-nitrogen-cooled  cryopanels.  The  combination 

of  the  cryopanels  and  a  liquid  nitrogen  trap  may  result  in  pressures  below  lO'^  torr 

even  with  relatively  high  mercury  vapor  pressures  in  the  discharge  chamber.  Mi  asure- 

nients  on  a  mock-up  version  of  this  portion  of  the  tube  have  demonstrated  its  feasibility. 

It  is  hoped  that,  by  tlu  differential  pumping  of  the  gun  region,  pi’essurcs  in  that  region 
-8 

will  be  in  the  lO’  torr  range. 

During  stantlby  periods,  a  fast  oil  diffusion  pvi;  "p  will  be  u<ed  instead  of  the 
mercury  pump  to  maintain  the  system  at  10  ^  torr.  Each  pump  may  l)e  isolated  from 
the  system  by  separate  butterfly  values. 

The  mercury  vapor  pressure  in  the  disch.irge  will  L'O  controUetl  oy  controlling  the 
temperature  of  a  mercury  liquid  reservoir  which  is  behind  the  discharge  anode.  If  we 
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use  another  gas  such  as  argon  or  xenon  which  does  not  solidify  at  liquid  nitrogen 
temperatures,  both  pumps  will  have  to  be  used  to  obtain  good  vacuum  conditions  since 
the  cryopanels  will  be  ineffective, 

e)  An  axial  magnetic  field  will  be  produced  by  a  set  of  six  coils  with  i. d  of 
eight  inches  and  an  o.  d,  of  15".  Fields  in  excess  of  1200  gauss  can  readily  be  attained. 

The  major  components  and  concepts  in  the  design  of  the  device  have  already 
been  checked  out.  The  evaluation  of  how  well  these  components  work  as  a  imit  will  be 
carried  out  shortly. 

The  complete  assembly  (without  magnets),  the  microwave  cavity  carriage 


Fig.  2  Complete  Assembly 
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Fijj.  4  Assrnibly  with  Magnet  System 
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and  the  assembly  with  the  magnets  arc  shown  in  Figs.  2,  3  and  4,  respectively. 

In  summary,  an  elcctron-beam-plasma  device  is  being  assembled  to  study  th'- 
coupling  of  plasma  noise  energy  to  an  electron  beam.  The  device  uses  a  modular 
design  to  permit  carrying  out  a  wide  variety  of  experiments;  e.g.  ,  in  addition  to  the 
experiments  that  have  been  implied,  two  sections  of  the  unit  may  be  coupled  igc  Jier 
to  study  the  noise  characteristics  of  electron  guns.  Further,  the  modular  design 
permits  major  changes  in  any  one  section  without  a  major  change  in  the  overall  devic?. 
Advanced  Research  Projects  Agency 

Nonr  839(38)  H.  Farber 

INTERNAL  DEFLECTION  STRUCTURES  OF  CATHODE -RAY  TUBES 
R.  G.E.  Hutter 

The  purpose  oi  the  investigation  was  to  carry  out  research  and  development 
leading  to  the  design  of  practical  electron  guns  for  cathode -ray  tubes  that  will  permit 
wide-angle  electrostatic  deflection  of  the  electron  beam  with  a  minimum  of  deflection- 
distortion  and  defocusing,  and  which  yield  electron  spots  that  are  as  small  as  possible. 

Work  on  this  project  began  on  July  1,  1966  and  terminated  on  June  30,  1968.  The 
experimental  part  of  the  program  was  carried  out  at  the  General  Telephone  and  Elec¬ 
tronics  Research  Laboratories,  N.  Y. ,  under  subcontract  to  the  Polytechnic  Institute  of 
Brooklyn. 

Summary  of  Accomplishments  of  the  Program: 

At  the  outset  of  the  program  it  was  known  that  the  incorporation  of  the  so-called 
"two-dimensional"  lens  element  into  the  conventional  electron  gun  of  a  cathode-ray 
tube  could  solve  the  problem  of  reduction  of  deflection  defocusing. 

It  was  not  known  that  correction  up  to  <15°  half-angle  deflection  could  be  obtained. 

During  the  course  of  the  work  we  have  shown  that  electron  guns  incorporating 
two -dimcnsion<tl  lens  elements  can  correct  defocusing  effects  up  to  at  least  25  degrees. 
Ihree  versions  were  tried: 

I.  Guns,  making  use  of  elliptical  apertures.  The  electron  lenses  in  these  guns 
consist  of  Einzel -lenses  formed  by  apertured  discs;  tht>  apertures  are  elliptical  and 
the  major  axis  of  the  ellipse  of  tlte  center  electrode  is  rot.Ued  ninety  degrees  with 
respect  to  the  elliptic<d  apertures  of  the  two  outer  elcitrodes.  Such  guns  produce 
round  and  «Tliptical  electron  spots  and  henct-  are  snitahle  for  predistorting  the  electron 
beam  before  it  enters  the  cieflectioTi  systetn  (see  Kef.  1:  Report  No.  I,  p.  4,  F'ig.l; 
ileport  Mo.  3,  p.  3,  I  tg.  1), 

J.  Guns,  making  use  t)f  slit  electrode  lenses,  the  electron  lenses  in  these  gtins 
consist  of  Einzel -lenses  formed  by  discs  with  slit  apertures;  (he  slit  of  the  center 
electrode  is  orientrtl  ninety  degrees  with  respect  to  the  sliv  -  m  the  oviter  electrodes. 


0. 120"  X  0.6’* 


0.125  X  0.9 
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The  final  gun  design  made  use  of  the  third  of  these  versions.  This  choice  was 
determined  by  expediency  considerations.  A  gun  of  the  type  of  the  second  version  is 
judged  to  be  better.  Unfortunately,  a  fair  amount  of  effort  was  devoted  to  a  study  of 
the  cylinder-electrodes  (Report  2  ,  p.  I5ff,,  Fig.  14)  which  did  not  prove  to  be  very 
useful  and  were  finally  discarded.  Shortage  of  time  did  not  permit  us  to  return  to  a  study 
of  version  2  above. 

One  other  factor  contributed  to  the  discontinuation  of  the  effort  on  gun  version 
two.  Experimentation  with  such  guns  seems  to  indicate  that  the  voltage  range  of  slit 
electrode  lenses  (as  well  as  elliptical  lenses)  was  not  sufficient  to  correct  for  defocus - 
ing  effects.  It  was  at  that  time  not  appreciated  how  strong  the  dcfocusing  effects  of 
electrostatic  deflection  fields  really  are.  Hence  the  voltage  range  of  a  slit-Einzcl-lens 
is  normally  not  sufficient  to  predistort  the  electron  beam.  The  dynamic  beam  pre- 
distortion  schemes,  mentioned  above,  can  only  correct  up  to  deflection  angles  at  which 
a  completely  unfocused  beam  becomes  line -focused  at  the  screen,  (If,  however,  an 
intermediate  beam  focus  is  introduced  the  above  statement  need  not  be  true.  This 
method  has  not  received  sufficient  attention  during  the  program,  )  The  use  of  the  pre- 
distortion  schemes  requires  first  the  determination  of  the  distance  between  deflection 
system  and  screen  such  that  at  25  degrees  an  unfocused  beam  is  just  focused  into  a  line 
by  deflaction  dcfocusing. 

Taking  all  these  factors  into  account  it  is  possible  to  correct  for  deflection  de- 
focusing  effects  up  to  angles  of  25  degrees,  however,  cnly  at  the  expense  of  reduction 
of  deflection  sensitivity  (sec  Report  5^  p.  3,  Sec.  IV),  In  order  to  n  aintain  defloctici.  sen 
sitivity,  post  acceleration  must  be  used.  This  is  relatively  simple  for  one -gun  tubes; 
it  is  difficult  for  multi-gun  tubes.  Multi-gun,  inline  tubes  most  likely  would  require 
a  cylindrical  post  acceleration  field.  No  effort  was  made  to  design  such  a  field. 

Final  Design: 

The  electron  guns,  shown  schematically  in  Figs.  1  and  2,  were  designed  for 
the  purpose  of  demonstrating  undistorted  deflection  at  a  half-angle  of  25  degrees. 

Sealed-off  tubes  incorporating  these  electron  guns  were  turned  over. to  the  U.  S.  Army 
Electronics  Laboratories.  The  two-gun  structures,  FT -1  and  FT-2,  demonstrate  the 
application  of  the  predistortion  system  used  with  differing  gun  geometries. 

In  this  design  the  last  round  aperture  of  a  conventional  gun  is  followed  by  a  slil- 
elcctrode,  slit  no,  1  (slit  no.  2  is  a  deflection  shield  to  reduce  fringing -field  spot  deg¬ 
radation),  which  precedes  the  crossed-deflcction  electrodes.  These  deflection  plates 
are  designed  to  permit  25°  half-angle  deflection  and  the  distance  from  these  electrodes 
to  the  screen  is  determined  so  that  an  unfocused  spot  becomes  line -focused  at  the  screen 
at  25°,  or  greater  deflection  angle.  No  attention  has  been  given  to  optimizing  deflection 
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sensitivity  in  these  designs. 

If  the  predistortion  slit  is  parallel  to  the  vertical-deflection  electrodes,  and  hence 
at  right  angles  to  the  horizontal-deflection  electrodes,  spot  correction  for  vertical 
deflection  is  achieved  by  lowering  the  potential  of  the  last  round  aperture  electrode. 

Spot  correction  for  horizontal  deflection  is  achieved  oy  raising  this  potential.  In  each 
situation  the  focusing  potential  of  the  center  electrode  of  the  Einzel  lens  must  also  be 

revised.  The  correction  voltages  required  as  a  function  of  the  deflection  voltage  (or 
angle)  have,  of  course,  been  determined. 

The  principle  of  operation  of  this  design  has  been  known  for  some  time  and  is 
fully  described  in  Ref,  2  of  Report  No,  l\ 

Figures  3  and  4  illustrate  the  results,  in  terms  of  spot  growth,  obtained  with 
each  structure  at  wide  angle  deflection  along  the  major  deflection  axis.  Although  the 
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PLASMA  PHYSICS  AND  ELECTRONICS 


D|  O2  DEFLECTION  ONLY 


0  040 


0  035" 


0  030 


0  025 


0  020 


0,015 


SPOT  SIZE  WITH 
PREDISTORTION 


note:  stationary  *5P0T 
MEASURED  WITH 
MICROSCOPE  TO 
LIMIT  OF  O.OtO" 

VISIBILITY 


ANODE  -  SCREEN  «  2kv 
l|(  k  85/10 


0.005 


(D,0,|i{Da04}  balanced  TO 
.1  2/13  4/ 


-24* -20* -IB* -12*  -8*  -4* 


A  SPOT  SIZE  MEASURED  IN 
DIRECTION  OF  DEFLECTION 

B.  SPOT  SIZE  MEASURED 

TRANSVERSE  TO  DIRECTION 
OF  DEFLECTION 


DEFLECTION  ANGLE 

^ - 1 - >-4-^-+—' - U- 1 - 

4*  8*  12*  16*  20*  24* 

DISTANCE  OFF  AXIS 


-3.73 


-2.14 


-0.698  0  0.698 


Fig.  1  Spot  Si/. e  \vit!i  Prodistortion  vs.  Deflection  Anglv,  FT-<i 

method  of  spot  correction  used  i.s  i  .ip.iblc  of  icting  in  conjunction  with  orthogonal 
deflection  fields,  only  correction  in  the  directn»n  of  wide  .»ngle  scan  was  t  vaUi.ited. 
Structure  FI  -ii,  incorporating  an  orthogonal  plate  system,  i.s  avail.ahle  for  this  ty[)e  of 
further  evaluation. 

Final  Conyduston : 

If  one  disregards  questions  of  {Icflectlon  sensitivity,  a  slit-clectrodc  electron  gun 


PLASMA  PHYSICS  AND  ELECTRONICS 


167 


can  be  designed  to  correct  for  defocusing  effect  of  an  electrostatic  deflection  system  up 
to  half-angle  of  deflection  of  25  degrees.  Post  acceleration  should  be  studied  further 
to  improve  deflection  sensitivity, 
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STUDY  OF  THE  RADIO-FREQUENCY  MASS  SPECTROMETER 
N.  C.  Peterson  and  P.  A.  Spoerri 

A  radio-frequency  mass  spectrometer  achieves  mass  discrimination  by  means  of 
a  radio-frequency  voltage  applied  to  a  series  of  grids  through  which  an  ion  is  acceler- 
.ated  or  decelerated  depending  on  the  relationship  between  its  m/e  value  and  the  phase 
and  frequency  of  the  rf  signal.  The  ions  of  a  resonant  mass  which  have  been  acceler¬ 
ated  are  then  able  to  overcome  a  retarding  potential  at  the  end  of  the  sorting  structure 
and  are  collected.  The  resolving  power  of  this  type  of  spectrometer  has  been  found  to 
depend  on  the  spacing  and  number  of  successive  grids,  or  stages  in  the  sorting  struc¬ 
ture,  and  on  the  relative  amplitudes  of  the  applied  rf  and  retarding  potentials. 

The  theoretical  basis  for  the  operation  of  the  analyzing  structure  is  being  inves- 
t’gated  using  a  one  dimensional  model.  The  equations  of  motion  of  an  ion  in  the  rf  field 
are  solved  numerically  using  a  digital  computer.  Figure  1  is  a  graph  of  energy  vs. 
initial  phase  near  resonance  under  "small  signal"  conditions,  when  the  rf  amplitude  is 
smr.ll  (1  volt  peak)  relative  to  the  initial  ion  energy  (150  v).  Under  these  conditions  the 
position  of  the  energy  maximum  depends  only  on  the  m/e  value  and  the  initial  energy, 
but  the  resolut.on  is  very  pcor,  reaching  a  maximum  of  about  25  after  10  stages.  As 
the  rf  amplitude  is  increased,  the  frequency  of  the  energy  maximum  shifts  and  the  cvirves 
become  more  asymmetric  as  shown  in  Fig.  2.  A  typical  mass  peak  is  shown  in  Fig.  3. 

It  is  apparent  that  ions  of  resonant  mass  .are  accelerated  and  thus  arrive  at  successive 
stages  out  of  phase  with  the  rf  signal.  Cne  possible  solution  to  this  probU-m  would  be 
to  include  a  retarding  stage  after  each  two  or  three  stages  to  return  ihe  ions  to  their 
initial  energy.  Another  possibility  which  W'juld  not  involvi'  anv  changes  in  the  analyzing 
structure  would  be  to  frequently  modulate  the  rf  signal  to  com(X'n.s,>te  for  the  increasing 
velocity  and  shorter  transit  time  between  successive  grids  of  the  resonant  ions. 

Experiments  are  in  progress  to  test  the  results  of  the  theoretical  calculations; 
particularly  as  regards  the  ioti  collection  efficiency  and  resolution. 
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H  AND  IN  STRONG  ELECTRIC  FIELDS 
A,  Sistino  and  If.  J.  Jurctsclike 

Wc  have  studied  simple  variational  models  of  tlie  ground  state  wavi;  functions  of 
II  and  in  uniform  electric  fields,  for  use  in  the  study  of  tlie  behavior  of  molecules 
in  the  strong  fields  of  the  field  emission  and  field  ionization  microscope.  The  wave 
functions  have  been  constructed  in  terms  of  a  small  set  of  jiarameters  chosen  by  pliys- 
ical  arguments  to  reproduce  properly  the  polarization  distortion  expected  in  the  elec¬ 
tric  field,  and  also  to  lead  to  limiting  forms  at  the  highest  fields  wliich  can  be  identified 
as  field-ionized  states. 

Figure  1  presents  the  model  for  the  hydrogen  r.tom.  The  electric  field  gives  rise 
to  the  potential  V,  and  wc  assume  a  wave  function  consisting  of  a  spherically  symmetric 
exponential  plus  an  angle-dependent  term  in  the  exponent,  to  describe  the  polarization 
distortion.  This  is  a  simple  generalization  of  the  textbook  wavefunction  employed  for 
variation  calculations  at  low  fields,  where  only  the  first  term  of  the  expansion  of  the  6  ^ 
exponential  is  retained.  If  6^  approaches  6^  in  magnitude,  g'  will  not  decay  with  increas¬ 
ing  r,  along  0  =  n  ,  and  in  that  se.nse  this  limit  corresponds  to  ionization.  Considering 
both  and  6j  as  variational  parameters,  the  ground  state  energy  E^  and  the  electric 
field  can  be  conveniently  related  by  the  common  6^,  which  has  the  range  between  8/9  and 
unity.  At  the  same  time  goes  from  l/3  6^  to  zero.  At  6^  -  8/9  the  electric  field 
reaches  a  maximum  value  and  the  energy  a  minimum  value.  For  higher  electric  fields 
tlie  problem  has  no  stationary  solution,  and  thus  this  model  gives  a  maximum  field  be¬ 
fore  absolute  field  ionization,  of  about  0.  1  a,  u.  The  life  time  of  the  localized  states  in 
very  high  field  has  not  yet  been  computed,  but  inspection  of  the  potential  in  relation  to 
the  energy  suggests  that  above  0.06  a.u.  field  ionization  becomes  very  likely.  This 
agrees  well  with  data  from  the  field  ion  microscope.  Between  zero  and  maximum  field 
tlie  polarization  energy  varies  as  shown  by  tlie  solid  curve.  For  comparison,  tlie  cross¬ 
es  show  tlie  result  of  second  order  perturbation  theory,  probably  good  at  all  fields  in 
tliis  range,  and  the  best  WKB  result  of  Rice  and  Good,  ^  The  reasonable  overall  be- 
liovior  of  this  model  suggests  that  it  ought  to  be  useful  in  computing  other  effects  in¬ 
volving  H-atoms  in  strong  electric  fields.  ' 

Figure  2  shows  the  Hamiltonian  and  the  trial  wave  function  for  II,^.  The  fic-ld  is 
along  the  axis  AB,  The  wave  function  can  be  constructed  systematically  following  the 
arguments  used  in  the  case  of  the  H-atom  to  describe  polarization  distortion.  It  con¬ 
sists  of  products  of  exponentials,  one  each  centered  on  a  proton,  and  another  express¬ 
ing  the  distortion  due  to  both  the  other  charges  and  the  applied  field,  in  some  average 
fashion. 

If  e  =0,  symmetry  demands  that  the  6'  arc  equal  in  pairs,  and  this  case  has 
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actually  been  worked  out  a  number  of  times  in  the  references  shown.  As  expected,  the 
best  wave  function  describes  electrons  localized  on  each  proton,  but  attracted  towards 
the  center  of  the  molecule.  The  enerRy  of  the  field-free  case  is  -A,  06  ev,  only  a  little 
bit  better  than  that  obtained  by  Rosen'^  (usinR  a  wave  function  in  which  essentially  the 
polarization  exponential  was  replaced  by  the  first  term  in  the  expansion),  but  probably 
the  best  two  parameter  value. 

If  the  electric  field  is  not  zero,  all  four  6'b  are  different,  to  reflect  the  bias  of 
the  applied  electric  field.  Figure  3  shows  the  ground  state  energy  as  a  function  of  inter- 
nuclear  spacing  at  various  field  strengths.  As  expected,  the  energy  decreases  with  field, 
and  generally  shows  a  minimum  at  some  finite  R.  For  sufficiently  high  field,  no  stable 
solutions  exist  at  large  R,  and  the  dashed  line  indicates  the  transition  Isoundary  for 
the  existence  region.  At  c  =0.  14  a.u.  the  minimum  has  been  replaced  by  a  point  of  in¬ 
flection,  indicating  that  while  a  state  exists,  it  has  a  lifetime  of  only  one  molecular  vi¬ 
bration  period,  with  the  nuclei  moving  apart  and  then  being  s(;paratcly  ionized.  At 
c  =  0.  12  a.u.  only  the  vibrational  ground  state  can  barely  exist,  at  r  =  0,  10  a.u.  both  tin; 
lowest  and  the  first  vibrational  states  can  be  accommodated  in  the  energy  miniimim. 

The  lifetime  of  those  states  against  various  ionization  processes  has  not  yet  been 
computed,  but  it  is  estimated  that  at  f  =  0,  01^  a.u.  electron  tunneling  becomes  likely. 

A  striking  feature  of  these  curves  is  that  the  equilibrium  spacing  increases  with 
field,  and  that  the  energy  minimum  becomes  shallower.  Both  effects  indicate  that  even 
though  electron  transfer  charges  one  nucleus  negative,  the  two  ends  of  the  dipole  are 
successively  more  attracted  by  the  external  electric  field  than  by  the  field  of  each  other. 

Figure  4  shows  the  polariz.ntion  energy,  at  equilibrium,  as  a  function  of  f  Tlio 
low-field  slope  gives  a  polarizability  of  5.  52  a.u.  ,  lower  tlian  the  exact  value  of  6.  3b  of 
Kolos  and  Wolniewicz  (using  many  parameters)  but  considerably  better  than  oljtainecl  by 
other  simple  wave  functions.  At  high  fields  a  contribution  proportional  lo  r  ^  becomes 
noticeable. 

Figure  5  shows  in  detail  the  field  dependence  of  the  internurlear  spacing  R,  and  of 
the  vibrational  force  constant  k.  1  nc  changes  are  pronounced  only  in  very  high  field 
(.05  a.  u.«—»2.  5  volt/A),  but  should  be  detectable  in  precision  experiments  at  lower 
fields.  As  the  field  increases,  k  actually  goes  to  zero,  and  although  in  the  range  of 
fields  where  k  becomes  very  small  the  isolated  molecule  is  not  sufficiently  stable  for 
long  time  observations,  the  lower  energies  of  vibrational  stat<?s  may  become  noticeable 
in  ste.ady-state  field  emission  experiments. 

Finally,  Fig.  6  shows  the  one-electron  factors  ,1,  and  r-u  making  up  tlie  molecular 

a  o 

wavefunction,  both  in  the  aliscnce  of  c  ,  and  at  high  r  ,  The  wave  function  amjditude  is  ■ 
plotted  along  the  internuclear  axis.  As  .alrc.ady  mentioned,  the  zero-fiel<l  symmetric 
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curves  show  the  accumulation  of  charge  near  the  molecular  center.  The  high  field  wave 
functions  shift  the  electrons  predominantly  to  nucleus  A,  and  this  charge  is,  in  fact, 
polarized  to  the  right,  away  from  the  molecule.  The  second  localized  contribution, 
while  still  peaked  at  B,  is  so  polarized  in  the  same  direction  that  it  is  spread  out  nearly 
uniformly  throughout  the  interior  of  the  molecule.  Such  a  distorted  wave  function  must 
be  used  to  discuss  field  ionization,  and  it  is  clear  that  life  times,  electron  energy  dis¬ 
tributions,  and  angular  distributions  of  field  emission  will  depend  sensitively  on  this 
distortion.  As  an  example,  the  simultaneous  emission  of  two  electrons  can  be  expected 


4 

Fig,  1  Variational  wave  function  for  fl  in  an  electric  field  r  .  Formulas 
give  the  results  for  the  energy  E  and  c  as  a  function  of  the  para¬ 
meter  6  .  Graph  shows  E  vs  r  ? 
o  '  o 


Ground  state  energy  of  vs  internuclear  spacing  R,  at  different 
values  of  'lectric  field  e  . 


Fig.  6  One  electron  wave  function  factors  in  for  «r  =  0,  and  e 
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to  contain  two  energy  peaks  of  unequal  intensity,  based  on  the  asymmetry  of  <p^  and 
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RESONANCE  OSCILLATIONS  OF  INHOMOGENEOUS  PLASMA  SLABS 
G.  Dorman 

I.  Introduction 

The  collective  oscillations  of  low-temperature,  highly  inhomogeneous  laboratory 

plasma  columns  (Tonks-Dattner  resonances)  have  recently  come  under  intensive  the- 

1^7 

oretical  and  experimental  investigation.  These  resonance  properties  of  plasmas 
have  important  applications  (diagnostic  tools,  amplification  devices,  radiation  and 
scattering  from  satellite  and  meteor  trails)  as  well  as  being  a  precise  quantitative 
check  between  plasma  theory  and  experiment. 

Previous  theoretical  investigations  have  either  been  based  on  a  fluid  model  or  on 
severely  truncated  versions  of  the  Vlasov  equation.  Though  agreement  between  theory 
and  experiment  have  been  good  in  most  instances,  the  unjustified  nature  of  these  models 
places  great  xincertainty  on  their  range  of  applicability.  The  research  reported  here 
applies  the  full  linearized  Vlasov  equation  to  the  investigation  of  the  properties  of  in¬ 
homogeneous  plasmas. 

n.  Eigenvalue  and  Boundary  Value  Problems 


The  basic  equations  are  the  linearized  Vlasov  equation 


+  ^ 

3t  dx  m  ^o  8v 

and  Poisson's  equation 


(1) 


|f  =  -4,Te/  fdv 


00 

-  00 


(2) 


-iu)t 


These  equations  can  be  combined  self-consistently.  Assuming  e  dependence  for  all 
perturbed  quantities, 

,  2  00  t  -/.in  (x',v') 

-00  -00 

The  integrals  are  to  be  evaluated  along  the  equilibrium  orbits  of  the  particle.  If  the 
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equiUbrium  electron  distribution  function  is  Maxwellian, 

2 


ms 

e  2KT 


snch  that 


o'  '  e  n^(x) 


(4) 


(5) 


then  an  expansion  in  powers  of  the  temperature  gives,  vn  a  straightforward  way,  the 

g  . 

low-temperature  expansion  (LTE)  differential  equation; 


E  (u)  +4'  (u)  E  (u)  +-i 


Ji'(u)  +  AB(A  e 


E(u)  =-|a^B  e" 


(6) 


where 


i 

c, 

A  -Jd _ 

n  *  « 

A  -  2  • 

o 

\ 

and 

j 

i 

4<(u)  =  In 

%(u) 

“o<°) 

_ _ 11- 

_ 1  _ _ _ ^ 

_  1 

,  u  =  -r  X 


2  . 


and  E^  is  an  externally  incident  electric  field  (and  Up  is  the  maximum  value  of  the 


plasma  frequency, 


KT 


rnwr 


•j  ,  and  L  is  the  width  of  the  plasma  slab). 


In  a  master's  thesis  by  R,  Guidone^  results  ut^ing  Eq.  (6)  for  eigenvalue  and 
boundary-value  problems  have  been  compared  with  results  obtained  using  the  analogous 
eqiiation  given  by  the  fluid  theory,  ^ 


£"{u)  -  I  4^ ' (u)  E'  (u)  +  I  B  [A  -  e'^  ]  E{u)  =  j  ABE j  . 


(7) 


(Modifications  of  these  equations  having  some  theoretical  or  approximative  interest 
have  also  been  considered  in  Guidone's  thesis.  ) 

The  eigenvalue  problems  (i,  e. ,  Ej»  0  and  E(o)  =  0  =  E(l))  investigated  were  the 
cases  of  constant  de  ity  and  of  small  variation  from  constant  density: 


s*  n^  |l  -  ou^ 
o  0  1 


(8) 


where  lo|«l.  The  eigenvalues  obtained  from  Eqs,  (6)  and  (7)  agree  to  first  order 
a  ai  d  l/B: 


in 
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A  — i—.i 

where  n  =  1,  2,  3 . 


The  botmdary-value  problem  investigated  consisted  of  an  externally  incident  wave, 
Ej  e  incident  at  u  =  -1  on  a  plasma  of  density 


no(n)  = 


n^  cos^(a' “  u)  ,  -l<u<0 


,  0  <u  <co 


where  0  <  »  <  1.  The  calculations  were  done  numerically  for  various  values  of  A  and 
B,  The  primary  results  of  this  investigation  can  be  summarized  as  showing  that  Eqs. 
(6)  and  (7)  give  qualitatively  similar  results  but  quantitatively  differ  considerably.  For 
0)  >  Up  ,  the  calculated  fields  differ  considerably  both  in  the  sheath  and  in  the  constant 
density  region.  For  «  <  ,  the  fields  in  the  constant  density  region  were  almost 

identical  even  though  the  fiePds  in  the  sheath  were  markedly  different, 

in.  Landau  Damping 

The  broadening  of  the  resonance  peaks  due  to  dissipative  effects  in  the  plasma 

has  also  been  precisely  measured,  Raether  and  Jackson^ ^  have  reported  calcxilations 

based  upon  a  severely  modified  version  version  of  the  Vlasov  equation,  (i.  e. ,  the  im- 
9f 

portant  term  has  been  neglected)  and  only  applicable  for  a  very  specific  density 

profile,  “  “o  [1  +  v  cos(2iru)],  0  <  lv|<l.  We  have  ret  lined  the  full  effect 

of  the  plasma  inhomogeneity  by  combining  the  low-temperature  expansion  result  with  a 
further  perturbative  expansion  of  the  full  Vlasov  equation  in  powers  of  where 

is  the  collisionless  (Landau)  damping  rate  and  is  the  frequency  of  the  n^^  resonance 
peak.  The  result  is 


Y  k,  k'  *  1 

Is  n  ... - 

U  00 

n 


^  ^k  "kk'^k'  ^k' 


k,k'=  1 


where 


^  A  B(A  B  +  C,  )^  ,  A  B  +  C, 

(„,  («  k  *Dk)  L  "  k  t  D|,J 

‘'k 


,  imaginary 
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and  +  Cj^)/(ir^k^  Courier  coefficient  of  the 

#(ttdnnalised,  dimensionless)  electric  field  for  the  resonance  peak  and,  defining 
n^(tt)  *  iXgCO)  exp  t»|<(u)],  then 

*Htk'  */  (ffku)  e*^^**^  sin  (trk'u) 

o 

1  , 

Cv  *  “  f  ‘i'i  •!»  (irku)  (kli"  +  6(vL'}  )  sin  (Trku) 

^  o 

and 


2 

du  sin  (irku)  (i)*')  sin  (irku) 


Setting  t{j(u)  *  0  in  Eq,  (10)  reproduces  the  familiar  constant  density  result.  The  quan¬ 
tities,  Cj^  and  Dj^,  represent  the  displacement,  due  to  the  plasma  inhomogeneity,  of  the 
poles  in  the  plasma  dispersion  function. 

Equation  (10)  is  completely  applicable  for  any  density  and  to  obtain  numerical 
results  only  requires  the  solution  of  the  eigenvalue  problei.i  of  Eq.  (6)  in  order  to  obtain 
and  Calcv^atipns  have  been  carried  out  for  a  density  profile  given  by 

e*^*  cos^(a'(u“2)],  where  the  plasma  is  confined  between  u  =  0  and  u  =  +  1,  and  a  is  the 
inhomogeneity  parameter,  varying  between  zero  and  1.  The  eigenvalues  and  eigenfields 
are  calculated  using  a  variitional  principle  due  to  Barston.  Results  have  been  ob¬ 
tained  for  50  <  B  <  50,  000.  The  most  interesting  results  can  be  summarized  as  follows; 

1.  for  low  enough  temperatures  (B  >  10  )  the  damping  rate  increases  greatly  with 
increasing  inhomogeneity  (for  example,  for  B  =  5000,  the  damping  rate  of  the  lowest 
mode  increases  from  MO  for  o  =  0  to  0.  38  for  0  =  0,  95),  For  higher  temperatures 
the  rate  of  increase  is  much  smaller  and  for  Bw50  the  damping  decreases  with  increas¬ 
ing  o; 

2.  for  large  enough  a  and  high  enough  temperature  the  damping  is  zero  because 
Zj^  is  imaginary.  The  cutoff  temperature  (i,  e. ,  the  lowest  temperature  for  which  the 
damping  is  zero)  depends  critically  on  a.  Thus  y  ~  0  for  o  =  0.  9  and  B  <  50,  for  o  =  0.  95 
and  B  <200,  and  for  o  =  0,  99  and  B  <1000. 

Further  calculations  are  under  way  using  different  density  profiles. 
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MICROWAVE  INSTABILITIES  IN  SEMICONDUCTOR  PLASMAS 
J.  P.  Parekh 

A  study  of  instabilities  (convective  or  absolute)  in  semiconductor  structures  (in» 
finite  and  bounded)  involving  drifted  carriers  and  subjected  to  a  magnetostatic  field  is 
being  continued.  The  emphasis  is  being  changed  from  ferromagnetic  semiconductors 
to  nonmagnetic  semiconductors.  Ferromagnetic  semiconductors  are  interesting  be¬ 
cause  of  the  fact  that,  unlike  the  nonmagnetic  semiconductors,  only  a  one-carrier 
plasma  is  necessary  for  making  an  instability  possible.  However,  the  currently  avail¬ 
able  materials  have  been  theoretically  found  to  be  unamenable  to  practical  observation 
of  usefxil  growth  rates  because  of  the  magnetic  losses  which  are  involved. 

A  topic  vnich  is  being  currently  studied  is  a  growing  quasi-static  surface-wave 
propagating  parallel  to  the  interface  between  and  electron-hole  plasma  half-space  and 
a  dielectric  half- space.  The  semiconductor  is  subjected  to  a  magnetostatic  field  which 
lies  in  the  plane  of  the  interface  and  is  aligned  normal  to  the  common  direction  of  propa- 
tion  and  drift.  A  simplified  investigation  on  this  subject  has  been  reported  by  Klno^ 
which  ignores  the  important  effects  of  surface  recombination  and  diffusion.  A  detailed 
study  involving  these  effects  is  being  made  and  it  is  anticipated  that  a  new  low-frequency 
mode  of  instability  exists  besides  the  one  found  by  Kino. 
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N8:w  INS'iABIUTIES  DUE  TO  ANISOTROPY  IN  THE  TRANSVERSE  PLANE  Oi  VELO¬ 
CITY  SPACE 

P.T.  Stone 

A  seneral  multiitream  approach  for  analysing  infinite  beam-magnetoplasma  aya- 
kems  was  outlined  in  the  laat  report*.  In  that  report,  the  special  case  of  waves  propa¬ 
gating  along  an  applied  D.  C.  magnetic  field  was  discussed.  It  was  found  that  the  Fourier 
Transform  of  the  Electric  Field,  E  ,  had  jto  satisfy: 


2 

k  c 


u 


+  liu.  +  n^K2*  5^  +  21/ 


2R 


(1) 


where  n  «  qB^/m  is  the  cyclotron  frequency  of  the  species  of  charged  particles  consid¬ 
ered.  Note  that  n  carries  the  sign  of  charge.  For  more  than  one  species  we  must  let 

K  . .  E  .  n  go  over  into  S  K  .  •  E  .  ^  .  etc.  The  elements  of  the  various  tensors  are 
■a  1  +11  ¥  *s  1  s  — w  + 

functions  of  u  and  k  as  well  as  the  plasma  parameters. 

Eqtiation  (1)  implies  that  an  Electric  Field  at  produces  currents  at  4  D  and 
t  2Q  which  in  turn  act  as  sources  for  jB  and  E^,  If  asimuthal  symmetry  in  velocity 
space  is  present,  i.  e. ,  if  the  system  is  composed  of  mstreams  with  ^Tm 

cos  (0  t  -  -  i  V— ^  sin  (Q  t  -  a  )  +  i_  V_and  beams  with  all  a  between  0  and  2ir 

are  present  with  equal  strength  for  each  Vj,  these  currents  sum  to  sero  and  ^  through 
are  sero  tensors.  Actually,  complete  symmetry  is  a  more  restrictive  condi.ion 
than  is  necessary.  |||  ^  and  ^  become  sero  tensors  if  there  is  ISO**  rotational  symmetry 
in  the  transverse  plane  of  velocity  space,  i.  e. ,  if  for  each  beam  with  a  certain  and 
4^  there  exists  an  equal  strength  beam  witi,  V^  and  4^  +  ir ,  while  ^  ]^4  become 

sero  terms  if  there  is  90^  rotational  symmetry  in  the  transverse  plane,  i.  e. .  for  each 
beam  with  and  4^  there  exists  equal  strength  beams  with  and  6^  4  «/2.  4^  4  tr, 
and  4^  4  Se/2.  The  resulting  dispersion  equation  for  j  through  aero  <.an  be  fac¬ 
tored  into  the  form: 


k*c* 

|J4_  .  Kj_)  (i-l-  -Kg)K,,.0 

w  w 


(2) 


where  and  K|^  itie  usual  dielectric  tense  diagonal  terms  in  rotating  coordinates. 

U  arbitrary  anisMropy  in  the  transverse  plane  of  velocity  space  is  allowed,  the 
solution  to  Cq.  (Diat 

^S.t)e 

tha<k  is.  th  solution  is  a  cottpled  set  of  fields  consisting  of  a  longitudinal  wave  at  a  base 
frequency  a  right  circularly  polarised  wave  at  vnd  a  left  circularly  wave  at 

4fh  The  dispersion  equatitui  for  the  system  {the  relation  between  and  k)  Is  obialned 
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by  placing  the  Fourier  Transform  of  Eq.  (3)  into  Eq.  (l).  It  is 


(Wq  -  0)1 


*  a 


An  unstable  solution  to  this  equation  due  to  the  anisotropy  (i.  e< ,  complex  for  real  k) 
has  been  found  for  a  simple  corflguration  of  two  beams  with  the  same  Vi|i»  hut  with  Initial 
angles  180  degrees  out  of  phase. 

For  the  case-  of  parallel  propa-’ation  the  complete  solution  involved  only  the  base 
frequency  and  the  sum  and  difference  of  the  base  and  cyclotron  frequencies.  In  the  gen¬ 
eral  case  of  propagation  skew  to  the  applied  magnetic  field  the  complete  solution  re¬ 
quires  an  infinite  nximber  of  sum  and  difference  frequencies,  implying  the  spread  of  en- 
ergy  over  a  wide  band  of  frequencies. 

We  wish  to  study  this  general  case  more  thoroughly,  at  least  for  the  Electrostatic 
modes,  and  derive  the  relationship  between  the  propagation  constant  and  base  frequency 
for  a  truncated  band  of  sum  and  difference  frequencies.  We  also  wish  to  examine  Eq.  (4) 
for  more  complicated  configurations.  Since  even  the  simple  cases  lead  to  formidable 
formulas,  approximate  methods  such  as  coupling  of  modes  will  be  used. 
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AN  INVESTIGATION  OF  VLF  HBS  EMISSION 
S.  H.  Gross  and  N.  LaRocca 

Hiss  is  observed  on  the  ground,  in  rockets  and  satellites.  More  than  one  band  oC 
noise  is  observed  and  some  are  stUl  completely  una]q>lained.  The  so-called  LHR  noise 
band  appears  to  be  related  to  the  ions  at  the  observing  altitude,  but  it  is  far  from  clear 
as  to  its  generation  and  how  it  reaches  mid-latitudee.  In  very  many  cases  at  mid-lati¬ 
tudes  it  is  observed  in  aspociation  with  short-hop  v  hlstierr-.  and  the  connection  between 
these  whistlers  f  the  i,KR  noise  band,  if  any,  is  not  understood.  Hies  has  also  been 
observed  at  low  altitude  near  the  geomagnetic  equator.  Wbe^er  such  noise  ie  due  to  an 
equatorial  instability,  or  propagated  from  higher  latitudes,  or  whether  it  le  ttie  reetUl 
of  non-ductud  whietlers  are  questions  of  importance.  Hiss  has  also  been  detected  in  the 
LF  and  Ml  bands,  and  the  upper  cut-off  and  connections  betvveen  all  diese  bands  (VLP, 
LF  and  MF)  are  questions  of  interest.  There  is  some  basis  for  relating  tiie  occurrence 
of  hiss  to  auroral  events  and  magrietospheric  plMnotnera,  and  it  may  be  tiiid  clarincaltott 
and  explanation  of  htse  will  provide  some  useful  ineigat  widt  regard  to  die  problems  of 
the  magncfseidMire. 
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The  iattint  of  flie  study  is  to  provide  eaylanations  of  observed  hiss  phenomena  in 
'  terms  of  its  generation  and  prostration.  The  study  has  been  in  process  for  less  than  a 
year.  The  task  has  been  divided  into  diree  interrelated  areas  of  research  consisting  of 
a  phenmnenoiogical  stndy.an  instability  or  source  study  and  a  propagation  study. 

Most  of  the  records  of  observations  available  to  us  have  been  from  Alouette  I 
satellite  data  as  received  at  Ottawa.  Canada  graciously  provided  by  Dr.  R.  Barrington 
of  tbit  Canadian  Defense  Research  Teleconununications  Establishment  (DRTE).  Partic¬ 
ular  enqphasls  to  date  has  been  on  the  LHR  noise  band. 

Several  characteristics  of  tiiis  noise  band  have  been  found  in  die  35  mm  film  pro¬ 
vided  by  DRTE  (October-December,  1964).  hi  all  observed  cases  none  appeared  clearly 
stimulated  by  whistlers,  and  the  occurrences  fall  into  two  categories  with  respect  to 
maguetic  latitude  and  times.  It  was  found  diat  all  events  occurring  belov  roughly  60*^  N 
geomagnetic  latitude  fell  around  0800  LMT  and  those  above  60°N  latitude  at  about  2000 
LMT.  Aldiough  the  number  of  cases  hardly  present  a  good  statistical  sample,  it  repre¬ 
sents  some  significance  in  view  of  die  two  periods  of  peak  precipitation,  the  morning 
peak  for  the  hard  prec^itafion  ( >  40  kev)  and  the  evening  peak  for  soft  particle  precip¬ 
itation  (1-10  kev)  as  described  by  Harts  and  Brice^.  The  roughly  60*^  latitude  separation 
may  also  be  of  some  significance  in  view  of  die  study  of  McEwen  and  Barrington**  on  hiss 
occurrence,  hi  dieir  study  tiiey  do  not  clearly  distinguish  latitudes,  lumping  occurrences 
over  die  range  50®-63**N,  with  regard  to  da  *  or  night  peaking  of  occurrences.  It  is  un¬ 
certain  whether  the  nighttime  peak  was  due  to  data  for  ali  of  this  range  or  for  die  higher 

latitudes  in  diis  range.  This  point  may  be  of  significance  because  of  the  possible  effects 
of  changes  in  the  ion  distribution  between  day  and  night  at  mid-latitudes  on  propagation 
paths  from  the  auroreil  region.  Though  the  nature  of  the  ionosphere  around  60°  latitude 
may  be  eiqiected  to  change  diumally  due  to  the  auroral  oval  and  geomagnetic  activity, 
the  hard  particle  precipitation  that  peaks  in  the  morning  is  apparently  not  much  ziffected 
by  time  of  day  or  magnetic  activity. 

Statistical  collection  of  data  for  the  same  time  period  also  included  the  lower  cut¬ 
off  frequency  and  its  variation  over  a  noise  span,  die  upper  cutoff  frequency  when  it  was 
below  the  maximum  of  the  spectrum  analyzer  (si9kc)  and  quasi-periodic  frequency  \  ari- 
ation  data  when  apparent.  The  latter  variations  were  noted  principally  at  the  higher 
latitude  positions  of  the  satellite  passes.  It  was  also  noted  in  a  number  of  cases  that  the 
upper  cutoff  frequency  varied  in  phase  with  the  lower  cutoff  frequency,  a  variation  not 
previously  noted  by  experimenters.  At  this  point  such  variations  are  judged  somewhat 
subjectively,  and  it  is  planned  to  spectrum  aneilyze  the  lower  and  upper  envelopes  of  such 
noise  samples.  It  is  also  not  known  whether  such  variations  are  physicedly  significant 
or  characteristic  of  the  AGC  system  of  the  Alouette  VLF  receiver.  Data  for  other  time 
periods  will  also  be  examined. 
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The  noise  source  portion  of  the  study  has  been  concerned  with  instabilities  result¬ 
ing  from  electron  precqiitatlon.  It  is  known  that  kilovolt  electrons  precipitate  in  the 
auroral  region*  and  titiis  much  energy  appears  to  be  necessary  to  generate  VLF  waves 
at  large  wave  normal  angles,  as  is  necessary  to  esqplain  LHR  emission.  Photoelectrons 
are  also  known  to  be  present  throughout  the  sunlit  ionosphere  and  possibly  In  unlit  regions 
because  of  diffusion  along  field  lines  from  sunlit  conjugate  points.  Such  electrons  have 
energies  in  the  range  of  electron  volts  to  lO's  of  electron  volts  and  could  possibly  be  the 
source  of  emission  u*ith  wave  normal  angles  closer  to  the  magnetic  field  lines.  The 
analysis  of  this  problem  to  dale  has  consisted  of  a  model  in  which  monoenerget  c  elec¬ 
trons  are  assumed  to  penetrate  a  cool  plasma.  The  initial  efforts  have  been  for  the  elec¬ 
tron  beam  along  die  magnetic  field.  Beams  widi  components  transverse  to  the  magnetic 
field  and  with  a  distribution  of  energies  will  also  be  considered. 

A  beam  in  a  cool  plasma  produces  both  the  well-known  two- stream  and  cyclotron 
instabilities.  Consideration  was  given  to  the  tv.'o-stream  instability  which  generates  a 
wide  spectrum  of  frequencies  r  for  a  wide  range  of  wave  number  vectors  k.  For  a  beiim 
of  monoenergetic  elec'rci  with  velocity  V  along  the  field  lines,  assumed  to  be  along  the 
z-axis,  the  disperaior  equaticn  is 


,.4  4  2a  .2  2 
.  2 ,  k  c  cos  0  k  c 
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where  k  is  the  z  component  of  k,  9  is  the  angle  between  k  and  the  magnetic  field 
lines,  c  -  speed  of  light  in  a  vacuum,  d  is  the  ratio  of  the  beam  electron  density  ng  to 
the  backjjTOund  plasma  electron  density  n^,  is  the  electron  plasma  frequency,  S,  D 
and  P  are  given  by  the  following  expressions  for  a  single  ion  plasma: 
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Here  is  &e  ion  plasma  frequency,  and  and  0.  are,  respectively,  the  electron  and 
ion  cyclotron  frequencies. 

bistabilities  arise  in  the  linear  analysis  when  the  right  hand  side  of  the  equation  is 
negative.  The  significance  of  the  instability  at  a  given  frequency  .»  for  a  given  k  vector 
must  be  further  examined  by  quasi-linear  techniques. 

The  simpler  cases  for  9  =0°,  90®  are  readily  illustrated.  For  S  =  0®(k  along  the 
field  lines) 

a 


The  condition  for  instability  is  P<  0.  Taking  r  =  x’^+iii;.  with  ^  y»  finds  that 


a'  =k  V  , 

r  z  z’ 


Thus,  linear  theory  predicts  instabilities  for  all  frequenc  ies  below  the  plasma  frequeney 
for  9  =  0®,  with  the  greatest  growth  rate  near  the  pletsma  frequency.  Th?  waves  generated 
are  plasma  waves  for  this  case. 

For  90° 
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Instabilities  arise  when  k  c  +tt  >  hi  for  which,  when  f  =k  V  and 
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Since  9«  90  ,  cos  9  is  small  and  must  be  ccrrespondingly  greater  nan  for  0=0^ 
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for  the  same  and  k.  Thus,  electrons  with  energies  in  the  ev  range  is  sufficient  for 
k  along  the  field  lines,  whereas  kev  energy  is  needed  for  k  nearly  transverse  to  the  field. 
The  range  of  frequencies  varies  with  the  magnitude  of  k,  and  the  growth  rate  is  greatest 
for  Icirge  values  of  k.  The  waves  generated  are  not  necessarily  plasma  waves  since  the 
^  vector  may  have  perpendicular  components. 

Propagation  into  the  meditun  depends  on  the  dispersion  relation  for  the  surrounding 
mediiim.  Only  those  combinations  of  ju,k  which  are  in  the  pass  bands  will  be  seen.  It  is 
also  possible  that  plasma  waves  may  be  coupled  to  electromagnetic  waves,  and  that  '' 
such  coupling  may  be  important.  Such  would  appear  to  be  the  case  if  detection  were  re¬ 
mote  from  the  sovirce  for  a  spinning  saiollite.  Furthermore,  Gurnett^  has  detected  LHR 
type  of  noise  with  loop  antennas  on  the  Injun  3  satellite. 

Other  waves  are  also  generated  when  the  temperature  of  the  plasma  is  taken  into 
account,  but  the  conditions  for  strong  generation  of  these  waves  are  unlikely. 

The  analysis  of  the  generation  of  waves  as  a  result  ox  particle  beams  must  be  ex¬ 
tended  to  include  the  cyclotron  instabilities,  non-monoenergetic  beam  aspects,  transverse 
beam  velocities  cind  quasi-linear  growth  rate  considerations.  Propagation  out  of  the 
region  of  generation  must  also  be  included. 

The  lower  hybrid  resonance  is  an  ion-electron  effect  in  the  plasma.  The  particu¬ 
lar  frequency  can  be  defined  for  a  multi-constituent  ion  plasma  in  terms  of  the  electron 
plasma  and  cyclotron  frequency  and  the  ion  masses  as  follows: 
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where  s  is  the  number  of  types  of  ions,  0^=  ~  ,n^=  number  density  of  ions  of  type  k  of 
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relationship  is  usually  put  in  the  form 
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where  is  the  ion  cyclotron  frequency  for  an  effective 


mass  given  by - - -  Z  —  . 

"'eff  k=l  "’k 

It  has  been  known  that  VLF  waves  at  frequencies  near  or  around  the  lower  hybrid 

A 

resonance  can  be  ducted  perpendicular  to  the  magnetic  field  under  proper  conditions  , 
More  than  one  ion  is  necessary  for  such  propagation.  In  effect,  the  w.we  moves  up  and 
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down  along  the  field  line  in  the  duct,  reflecting  at  lower  and  upper  layers  in  the  iono  ¬ 
sphere.  Such  a  possibility  arises  when  a  lighter  ion  is  predominant  in  the  upper  region 
and  a  heavier  ion  is  predominant  in  the  lower  region  of  the  ionosphere.  A  distribution 
of  this  sort  is  always  present  in  the  medium,  though  the  condition  for  ducting  may  not 
be  present.  For  ducting  it  is  necessary  to  fulfill  another  requirement  in  terms  of  the 
distribution  of  tl;ie  ions  and  the  electrons.  In  its  simplest  form  this  condition  is  that  the 
lower  hybrid  resonance  be  a  proper  mvdtivalued  function  of  altitude.  We  have  found  that 
the  condition  can  be  stated  more  precisely  in  terms  of  the  index  of  refraction  for  d  =  90'^ 
without  specific  reference  to  the  lower  hybrid  resonance. 

One  can  show  that  ducting  is  possible  over  a  range  of  frequencies  and  that  the  size 
of  the  duct,  as  determined  by  the  altitude  range  between  reflecting  layers,  varies  with 
frequency.  It  can  also  be  shown  that  the  lowest  frequency  at  which  ducting  will  occur 
for  a  partictdar  satellite  altitude  is  within  the  vicinity  of  the  local  lower  hybrid  reso¬ 
nance.  Thus,  the  explanation  of  the  so-called  LHR  noiseband  in  terms  of  the  LHP.  fre¬ 
quency  has  been  accepted  on  the  basis  of  the  effective  mass  of  the  ionosphere  at  the 
satellite  altitude  which  has  usually  turned  out  to  be  reasonable.  That  sensible  masses 
are  found  is  not  surprising  if  this  duct  is  indeed  the  mechanism  by  which  the  waves 
propagate  from  their  source  to  the  satellite. 

It  is  well  known  now  that  the  distribution  of  ions  varies  with  latitude,  such  that 
hydrogen  ions  predominate  at  aoout  1000  km  edtitude  at  lower  latitudes.  Apparently  the 
changeover  from  0  to  H  occvrs  at  higher  and  higher  altitudes  as  latitude  increases. 

It  occurred  to  us  that  such  a  laatudinal  distribution  would  create  a  duct  at  a  given  fre¬ 
quency  that  decreases  in  altitude  over  the  appropriate  latitude  range.  Furthermore, 
the  significant  changes  that  occur  diurnally  in  tho  ionosphere  would  bear  on  this  aspect, 
and  the  rapid  increases  in  electron  density  at  about  60°  geomagnetic  latitude  that  appear 
as  a  regttlar  feature  of  the  quiet  nighttime  ionosphere  at  1000  km  (see  Refs.  5  and  6),  as 
well  as  the  equatorial  anomaly  at  lower  altitudes, might  be  significant  in  breaking  up  this 
duct.  The  patchy  duct,  varying  in  altitude,  would  guide  energy  generated  in  the  duct  or 
propagated  into  the  duct  from  elsewhere.  A  satellite,  roughly  at  a  fixed  altitude,  such 
as  Alouette  I,  would  then  pick  up  the  noise  band  over  a  limited  range,  the  time  when  it 
passes  through  the  duct,  if  noise  is  in  the  duct.  Furthermore,  it  would  be  more  prob¬ 
able  for  noise  to  be  seen  at  medium  latitudes  in  a  satellite  such  as  Alouette  I,  rather 
than  at  low  latitudes  for  two  reasons:  (1)  The  height  of  the  duct  would  be  low  near  the 
geomagnetic  equator  and  (2)  the  probability  of  a  breakup  in  the  duct,  if  the  noise  source 
stemmed  from  precipitation  at  higher  latitudes.  Such  indeed  seems  to  be  the  case  with 
Alouette  I.  Furthermore,  the  60°  ledge  and  higher  latitude  ionospheric  trough  seen  at 
night  would  be  eiqiected  to  prevent  ducting  to  lower  latitudes.  The  nighttime  occurrence 
of  LHR  noise  above  60°  geomagnetic  latitude  might  indeed  result  from  these  barriers. 
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The  sun-lit  morning  ionosphere  with  the  harder  electron  precipitation  or  drizzle  might 
then  be  understood  in  terms  of  occurrence  below  60^  geomagnetic  latitude.  It  is  2d80 

7 

interesting  to  note  that  Gurnett  found  VLF  hiss  in  the  appropriate  frequency  range  in 

the  data  from  Injun  3  while  the  satellite  was  at  very  low  latitudes  at  altitudes  below 

8 

350  km.  Furthermore,  Barrington  found  intense  LHR  noise  in  a  simult2uieous  mid¬ 
night  rocket  flight  from  Wallops  Is. ,  Va.  and  an  Alouette  II  overpass.  The  intensity  of 
the  noise  appeared  similar  to  noise  intensities  observed  in  auroral  regions, yet  the  only 
significant  activity  observed  at  the  time  was  an  unusually  high  f^E  value  for  a  nighttime 
mid-latitude  ionosphere.  In  this  latter  case  particle  precipitation  must  have  occurred 
at  lower  latitudes  than  normal,  but  not  necessarily  as  low  as  50°  geomagnetic  latitude. 


Confirmation  of  activity  in  terms  of  the  index  has  not  yet  been  made. 


The  usual  argxoment  made  against  the  duct  theory  is  that  frequencies  are  observed 

9 

that  wovdd  be  well  above  the  upper  cut-off  of  the  duct.  Laaspere  et  al.  have  observed  as 
high  as  16  k  Hz  and  Shawhan  and  Gurnett^®  as  high  as  30  kHz.  However,  such  frequen¬ 


cies  are  not  necessarily  the  result  of  very  remote  higher  energy  precipitation  and  could 


arise  from  whistler  triggered  noise  or  even  ^i.jtoelectrons. 


For  the  purposes  of  investigating  the  significance  of  the  duct  theory,  its  propa¬ 
gation  propertier  are  being  investigated  to  establish  relationships  for  (1)  determining 
when  one  or  more  ducts  may  exist,  (2)  the  height  of  the  duct  as  a  function  of  frequency, 

(3)  the  bandwidth  of  the  duct  as  a  function  of  altitude,  and  (4)  the  generad  nature  of  the 
latitudineil  characteristics  of  the  duct  based  on  known  diurnal  and  latitudinal  variations 
of  ion  and  electron  density  distributions. 

National  Science  Foundation 

GU-1557  S.  Gross 
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DIFFRACTION  BY  PL^VNETARY  IONOSPHERES 
S.  H.  Gross  and  J.  Pirraglia 

The  radio  occultation  experiments  performed  by  Mariners  IV  and  V  have  pro¬ 
vided  valuable  information  concerning  the  atmospheres  and  ionospheres  of  Mars  and 
Venus.  Constraints  on  spacecraft  weight  and  power  as  well  as  the  past  success  of  these 
experiments  insure  the  continued  utilization  of  the  occultation  technique  by  future  planet¬ 
ary  missions. 

In  the  experiment,  a  signal  is  transmitted  to  the  spacecrcift  which  in  turn  re¬ 
transmits  the  signal  back  to  earth  during  the  time  the  spacecraft  is  close  to  occulta¬ 
tion  in  its  orbit.  More  than  one  frequency  may  be  utilized.  The  radio  waves  pass 
through  the  planet's  atmosphere  <md/or  ionosphere  and  the  increment  in  the  phase  path, 
as  deduced  from  the  doppler,  is  analyzed  to  determine  the  distribution  of  neutrals  in 
the  lower  atmosphere  and  electrons  in  the  ionosphere  above.  The  method  of  ancilysis 
assumes  a  radial  distribution  and  utilizes  ray  theory  to  convert  the  received  data  into 
profiles. 

It  is  well  known  that  such  a  distribution  is  unrealistic,  both  neutrals  and  ionized 
particles  being  distributed  in  a  more  complex  arrangement  that  depends  on  all  three 
coordinates  of  a  spherical  system.  The  neglect  of  such  variations  may  lead  to  signifi¬ 
cant  errors,  particularly  with  regard  to  scale  height  interpretations,  the  details  about 
a  peak  density  in  the  ionosphere,  and  inferences  concerning  the  distribution  about  the 
entire  planet  and  diurnal  variations. 

The  gencvr'l  problem  of  diffraction  of  a  radio  source  by  a  planetary  atmosphere  or 
ionosphere  is  the  subject  of  study  of  this  investigation.  The  intent  is  to  attack  the  prob¬ 
lem  utilizing  both  full  wave  and  ray  theoretical  methods  with  models  of  increasing  com¬ 
plexity  approaching  realistic  distributions.  Previously,  little  work  has  been  accom¬ 
plished  for  models  with  more  than  one  degree  of  freedom.  One  of  the  purposes  is  to 
determine  the  errors  resulting  from  the  slmpier  radial  model  assumption.  It  is  also 
of  interest  to  establish  ^e  degree  of  definition  attainable  by  multi-frequency  measure¬ 
ments  and  to  provide  sufficient  data  that  might  lead  to  suggestions  for  improved  experi¬ 
ments.  The  results  of  the  analysis  may  also  permit  a  more  systematic  basis  for  com¬ 
parison  of  ionospheric  measurement  techniques  for  use  on  future  planetary  missions. 
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Work  or.  this  problem  has  been  proceeding  **ince  about  .April  1968,  The  effort  has 
been  funded  by  a  NASA  grant.  To  date  the  studies  have  emphasized  ray  theoretical 
aspects,  full  wave  analysis  being  postponed  to  the  future. 

The  first  model  and  the  appropriate  ray  equations  were  chosen  so  as  to  have  some 
physical  meaning.  An  exponential  model  was  chosen  with  density  falling  off  with  altitude 
and  with  factors  introducing  angular  variations  to  present  latitudinal  and  longitudinal 
changes.  More  complex  models  incorporating  peak  densities  and  stronger  lateral 
gradients  will  be  introduced  at  a  later  date  to  be  more  representative  of  an  ionosphere. 
The  e^onential  model,  however,  is  sufficient  for  the  time  being  to  represent  a  slowly 
varying  lower  atmosphere  and  the  distribution  of  ionization  above  a  peak  density.  Isot¬ 
ropy  is  also  assumed. 

With  regard  to  angular  variation,  it  is  siifficient  to  take  the  functional  dependenre 
with  respect  to  the  svin  with  symmetry  assumed  about  the  direction  of  the  sun.  The 
complications  of  phase  lags  in  the  dependence  on  zenith  angle  and  non- symmetry  can  be 
introduced  at  a  later  date,  if  necessary.  Thus,  the  model  initially  chosen  vajfies  with 
both  altitude  and  zenith  angles,  though  further  complications  can  be  introduced  if  needed,. 
Further  simplification  is  incorporated  by  taking  the  temperature  and  'iensily  variation 
with  zenith  angle  to  be  the  same,  though  extension  to  include  different  dependence  is 
easily  accomplished.  To  a  certain  extent  these  simplifications  were  made  to  facilitate 
the  interpretation  of  results,  particularly  for  use  in  comparisons  with  purely  radial 
models.  For  the  purposes  of  the  earlier  phases  of  this  study,  it  is  sufficient  to  make 
the  angular  variation  as  simple  as  possible,  and  therefore,  a  cosinusoidal  dependence 
is  assumed. 

The  index  of  refraction,  u,  of  the  initial  model  is  described  by  the  following  equa¬ 
tion. 

(  R  ) 

'  1  +  p  cos  f  / 

U  =  1  +  x(l  +pcoe  9)  e 

where  R  =  altitude  normalized  ti  a  fixed,  arbitrary  scale  height; 

3  =  zenith  angle  of  the  s  '.n; 

p  -  parameter  normalizing  the  cyclic  variation  of  temperature  and  density  with 
zenith  angle  to  the  steady  component  of  these  quantities; 

X  =  a  small  normalized  parameter  determining  the  extent  of  the  refractivity  of 
the  medium  at  some  reference  level,  x  is  taken  positive  for  neutral  atmos¬ 
pheres  and  negative  for  isotropic  ionospneres. 

A  spherical  coordinate  geometry  (r.  3  ,  -  )  is  utilized  for  the  ray  equations  wi^  the 
origin  at  the  planet's  center  and  the  polar  axis  in  the  sun's  direction.  Since  the  sun  is 
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at  a  great  distance  the  zenith  angle  at  any  point  in  the  atmosphere  or  ionosphere  is,  for 
all  intents  and  purposes,  the  coordinate  d  at  the  point.  In  the  general  case  |Ji  =  U(r,  d,cp) 
for  r>  r^,  the  radius  of  the  planet.  The  ray  at  some  point  (r,  6,cp)  has  directions  speci> 
fied  by  two  angles  4,  where  t  is  the  angle  between  the  ray  direction  along  the  ray  and 
the  radius  vector  at  the  point, and  i  is  the  angle  between  the  planes  formed  by  the  radius 
vector  and  the  polar  axis  and  the  radius  vector  and  the  ray.  If  a  vector  u  is  defined  with 
direction  along  the  ray  and  magnitude  U(r,  then  the  three  spherical  components  of 

this  ray  are  Py=ti  cos  i',  P0=tJi  sin  t  cos  4,  Pjp=U  sin'll  sin  4. 

The  ray  equations  can  be  st'ted  in  terms  of  r,  9,‘'P,Py,  pg  ,p^  in  Hamiltonian  form. 
Since  initial  consideration  is  for  a  model  with  cp  symmetry  ( li  =  U  (r,  0) ),  and  the  model 
is  defined  in  terms  of  altitude,  it  is  convenient  to  restate  the  equations  in  terms  of  the 
altitude  variable  R  and  the  zenith  angle  (or  polar  angle)  6.  For  cp  symmetry  it  is  found 
that  a  quantity  r|  =  r  sin  0  p^^  is  a  constant  of  the  ray  path,  since  ^  “  0.  As  a  result, 

the  cp  derivative  can  be  stated  in  terms  of  this  quantity  and  r  and  0:  ^  »  ■ '  y-y - ,  so 

r^U^sin"0 

that  the  ray  is  completely  specified  once  the  dependence  r  =  r(0)  and  ri  are  known.  The 
constant  r|  can  be  related  to  the  impact  parameter  of  the  ray  and  the  ray  direction  at  a 
far  off  point,  so  that  n  is  a  constant  determined  by  initial  ray  launching  conditions.  The 
ray  equations  then  reduce  to  four  equations  that  must  be  solved  to  find  the  ray  path.  In 
normalized  altitude  coordinates  these  are 


dR 

^R 

u‘'(Rp+R) 

dT  ”  u 
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H  is  a  normalisation  scale  height  of  the  model,  t  and  c  may  be  taken  to  be  time  and  the 
velocity  of  light  in  a  vacuum.  Fhese  equations  may  be  further  simplified  since  R^>>R 
under  usual  circumstances. 


Unlike  the  radial  model,  the  ray  differential  equations  cannot  be  soi\'ed  analytically 
for  any  general  function  >ea(R,0).  Only  in  very  special,  but  entirely  unrealistic,  cases 
is  the  solution  tractable.  It  is  necessary  to  approach  the  problem  either  by  computation 
or  by  approxf’  ::ihnjquee.  The  rays  are  in  general  non>planar.  whereas  a  radial 
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model  always  produces  rays  lying  in  a  plane.  1 

A  program  was  written  for  computation  to  find  the  ray  trajectories  and  to  study  1 

their  characteristics  for  various  values  of  the  parameters  x,  p  and  combinations  of  values  I 

of  the  ray  initial  conditions.  It  is  assumed  that  the  ray  is  launched  well  outside  the  S 

medium  (R  large).  The  phase  path  length  is  also  computed,  since  this  quantity  is  meas-  9 

ured  bv  the  occultation  esq^riment.  Many  rays  were  computed  with  this  program  for  K 

different  conditions.  8 

It  is  presently  intended  to  compute  the  phase  paths  in  a  simulation  of  a  spacecraft  1 

orbiting  the  planet  and  receiving  radiation  from  the  eartix.  These  phase  paths  will  then  i 

be  used  in  a  computer  program  which  will  invert  tixe  problem,  assuming  a  radial  model.  1 

The  results  for  that  model  will  then  be  compared  with  the  actual  model  to  determine  | 

errors  for  each  set  of  assximed  parameters.  Of  principal  importance  for  exponential  1 

models  is  the  comparison  of  scale  heights  for  the  radial  model  vs.  actual  scale  heights. 

*  j 

In  carrying  out  these  computations,  one  problem  is  to  find  the  specific  rays  O-.at  I 

are  bent  in  the  direction  of  the  earth.  So  far,  it  appears  necessary  to  find  these  rays 
by  a  hunt  and  trial  system.  Present  efforts  involve  attempts  to  find  a  reasonably  effi-  | 

cient  method.  The  determination  of  caustic  surfaces  also  appears  to  be  analytically  in*  3 

tractable  and  computations  are  believed  necessary.  Ray  plots  will  aid  in  indicating  such  I 

l; 

surfaces. 


The  analysis  utilizing  ^tproximation  techniques  has  not  been  completed  as  yet.  One 
ap7i*oach  is  to  find  the  ray  padi  as  a  perturbation  about  die  ray  paths  for  a  radial  model. 
In  this  approach,  it  appears  desirable  to  restate  the  equations  in  terms  of  a  parameter 
with  a  rate  of  cheuige  proportional  to  .  Such  a  parameter  is  the  quantity  Q  defined  by 

Q  »(a  Tsin'ir)^  ,  and  ^  »  ?  /q  -  r|^  cec^Q  . 


When  this  quantity  is  used  together  with  the  coordinates  r,  ^ ,  only  three  equations  are 
ne.^ded  to  defi'.ie  ti'.e  ray.  In  addition  to  the  equation  for  6 ,  the  two  equations 


are  necessary. 


The  approximation  procedure  would  then  be  based  on  the  assumed  smallness  of  ^  ,  so 
that  Q  is  nearly  constant  along  the  ray.  Some  of  the  problems  that  have  to  be  treated  ire 
the  degree  of  smallness  of  the  partial  derivatli'e  and  the  fact  that  the  ray  padis  (or  a 
radial  model  and  (r,  @)  model  are  different,  diough  the  initiating  ray  be  the  same.  A 
bivariate  pertiurbation  is  involved. 
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CONDUCTIVITY  OF  SUPERCONDUCTING  TIN  FILMS  AT  20  GHz 
R.  V.  D'Aiello  and  S.  J.  Freedman 

e 

We  have  made  a  careful  study  of  the  linear  conductivity  of  thin  (**>150  -  400  A) 
superconducting  tin  films  using  20  GHz  microwaves  in  transmission-type  experiments. 
Several  studies  of  the  linear  microwave  properties  of  superconducting  thin  films  have 
been  published.  ^  While  the  first  of  these  studies  indicate  that  the  temperature  de¬ 
pendence  of  the  microwave  conductivity  of  thin  tin  films  may  be  described  by  the  Mattis 
and  Bardeen  (MB)  conductivity  functions^,  the  recent  paper  by  Soderman  and  Rose 
shows  significant  deviation  from  the  MB  theory.  Our  experiments,  which  were  under¬ 
taken  to  examine  in  detail  the  microwave  conductivity  of  pure  tin  films,  show  excellent 
agreement  with  the  MB  theory. 

The  films  were  fabricated  by  evaporating  spectroscopically  pure  tin  (99.999% 

purity)  from  tantalum  boats  onto  substrates  held  at  80°K.  The  pressure  during  evap- 

-7  * 

oration  was  generally  6-8  x  10  Torr;  the  rate  of  evaporation  was  about  25  A/sec. 

The  thickness  of  the  films  was  measured  Interferometricaljy  by  the  Tolansky  technique. 

To  avoid  agglomeration  during  the  anneal  to  room  temperature,  the  annealing  technique 

described  by  Caswell^  was  used.  Flectron  micrographs  were  taken  of  each  film.  Only 

films  which  showed  microscopic  continuity  and  no  pin  holes  were  used  in  the  niicrowave 

experiments. 

The  dc  resistance  of  the  films  was  measured  at  room  temperatvvr«  and  at  tem¬ 
peratures  from  4.  2®K  through  the  transition  temperature  (Tci  which  ranged  from 
to  4.  1®K  for  these  films.  The  dc  transitions  were  sharp,  having  a  transition  width  of 
about  10  m®K.  The  ratio  of  resistance  at  room  temperatur.’’  to  that  at  4.  2®K  was 
typically  4-5,  and  the  resistance  values  agreed  quite  well  with  the  Fuths*^  theory  i.i 
conduction  in  thin  films.  The  room  temperatxtre  resistance  ranged  front  20  i.Vsq  f 
the  thinnest  films  to  about  10  Uf  sq.  for  the  thicker  ones. 

The  quantities  measured  in  the  microwave  experiments  are  It^.  T^!  and  (Os  -Oni, 
the  amplitude  and  phase  of  the  transmiasion  through  ttie  film  in  l)ie  superconducting 
state  (s)  relative  to  that  in  the  normal  state  (?'<)  at  4.  2^K.  The  quantities  are  directly 
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related  to  the  real  (c  ,/(r  )  and  imaginary  (o-  2/ o’  )  parts  of  the  normaii/td  film  con- 
y  *  n  ^  n 

ductivity. 

After  the  films  were  removed  from  the  vacuum  system,  they  were  placed  directly 
across  a  section  of  K-band  waveguide  in  a  special  flange-holder.  The  flange  and  holder 
incorporated  an  rf  choke  and  indium  seals  in  order  to  minimize  the  leakage  of  micro¬ 
wave  energy  around  the  film.  (In  our  early  experiments,  where  the  films  were  simply 
placed  between  the  waveguide  flanges,  the  transmission  at  the  lower  temperatures  was 
higher  than  the  theory  predicted,  and  in  some  cases  nonreproducible  bumps  in  the 

transmission  were  seen.  ) 

The  amplitude  and  phase  of  the  transmitted  signal  relative  to  the  incident  signal 
as  a  function  of  temperature  were  measured  using  a  conventional  microwave  bridge 
circuit.  In  the  power  range  used  {<  lOOp  watts),  the  transniission  ratio  was  indepen¬ 
dent  of  power  level.  The  "U"  shaped  section  of  waveguide  which  is  immersed  in  the 
dewar  is  enclosed  in  stainless  steel  tubing  and  a  brass  can  as  shov;n  in  the  insert  of 
Fig.  1,  and  is  impervious  to  liquid  helium.  A  small  amount  of  helium  transfer  gas 
is  used  to  provide  the  thermal  coupling  to  the  bath.  The  exclusion  of  the  liquid  helium 
from  the  waveguide  is  important  in  obtaining  reproducible  data.  We  have  found  in  pre¬ 
vious  experiments  that  when  helium  was  allowed  to  enter  the  guide,  erratic  data  vere 
obtained. 

Figur*:  1  is  typical  of  the  transmission  data  obtained  for  a  variety  of  tin  films. 

The  data  are  seen  to  be  in  excellent  agreement  with  the  transmission  calculated  using 
the  Mattis  and  Bardeen  conductivity  functions  (with  e^/kTc  =  3.  52)  and  the  measured 
dc  resistance  of  the  film.  No  adjustable  parameters  were  used  in  plotting  the  theoret¬ 
ical  curves.  A  number  of  other  tin  films  were  measured  and  displayed  similar  excel¬ 
lent  agreement  with  the  theory. 

This  work  was  performed  at  the  RCA  Laboratories,  Princeton,  New  Jersey  by 
R.  V.  D'Aiello  as  part  of  a  doctoral  thesis  under  the  direction  of  Prof.  S.  J.  Freedman. 

It  was  supported  in  part  by  the  Dept,  of  the  Navy,  Office  of  Naval  Research  under 
Contract  No.  0014-66-60311  witn  RCA  Laboratories. 

This  work  has  been  accepted  for  publication  as  «  Note  in  the  JAP. 
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FTAJCTUATION  EFFECTS  IN  THE  MICROWAVF  CONDUCTIVITY  OF  GRANULAR 
SUPFRCCNDUCTING  ALUMINUM  FILMS 

R.  V.  D'Aiello  and  S.  J.  Freedman 

Schmidt^  has  shown  that  fluctuations  of  the  Ginzburg -Landau  parameter  for  tem¬ 
peratures  above  Tc,  the  superconducting  transition  temperature  -Ive  rise  to  singu¬ 
larities  in  the  electrical  conductivity,  indicating  the  onset  of  local  superconductivity. 
This  behavior  manifests  itself  in  an  excess  conductivity,  near  Tc  over  the  nor¬ 

mal  state  value.  For  sufficiently  thin  films  (r°  ^  can  be  written  as: 


o  e  /tt  ^  .  1  l/il,,~^li 

Ml  =i6^(g  -5  ^rctang-pfnil  +  o.  \\ 


where  the  symbols  have  the  following  meanings;  e  -  the  electronic  charge;  h  -  Planck's 
constant;  d  -  film  thickness,  e  -  reduced  temperatvxre  (=  ^  _  reduced  frequency 


l6kTc 


)  ,  k  is  Boltzmann's  constant. 


For  small  frequencies  the  expression  (  1)  becomes: 


1 1  1 6hdc 


{i-~  ) 


In  is  important  to  note  that  the  excess  conductivity  is  maximum  in  D,  C.  measurements, 
decreasing  thereafter  with  frequency. 

In  the  course  of  measurements  on  the  niicrowave  conductivity  of  granular  Af 

films,  we  have  obtained  data  on  the  details  of  the  onset  of  s\jpe rconductivity  for  both 

D.C.  and  20  GHz  excitation.  The  films  are  made  by  vacuum  evaporation  of  pure  At 

-4 

in  the  presence  of  a  controlled  0,  pressure,  typically  10  Torr.  We  have  sh<'>wn  <'lse- 
2  ^ 

where  ,  that  such  films  are  describable  quite  closely  as  BCS  superconductors,  their 
microwave  impedance  below  Tc  following  the  Mattis  -  Bardeen  theorv'  within  experimental 

Q 

error  in  spite  of  the  fact  that  they  consist  largely  of  small  (—40A  )  grains  separated  by 
a  thin  insulating  oxide  layer. 


Here  we  wish  to  present  a  preliminary  comparison  (.f  our  data  with  Schmidt's 
theory.  Typical  data  obtained  for  the  films  are  shown  in  'Mg.  1.  The  region  of  interest 
for  the  discussion  is  that  above  Tc  so  only  nearby  points  are  pUitlod,  The  circles  rep¬ 
resent  experimental  points  taken  with  D.C.  excitation;  the  triangles  those  with  2()  GHz 
excitation.  The  solid  line  is  a  plot  of  Fq.  2  for  w  •  0.  It  is  important  to  note  that  in 
drawing  this  theoretical  curve  we  have  fitted  the  data  at  the  point  indicated  by  the  large 


z  ’ii'  /(lO  "f/o  2.eo  2  90-tL — L  I  ,  ,  j 

tempewture  ,« 
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circle.  This  is  some  what  arbitrary,  but  it  can  be  seen  that  fitting  at  any  point  slightly 
above  Tc  will  yield  essentially  the  same  result.  We  remark  here  that  the  agreement 
with  the  D.C.  data  seems  satisfactory.  The  same  is  not  true,  however,  with  the 
^0  GHz  data.  If  one  calculates,  for  the  point  indicated  by  the  arrow,  the  ratio  of 
0-  (20GHz)  to  0-  (D.  C. )  one  obtains  ~0.  7.  This  means  that  a  departure  from  the 

normal  state  resistivity  (which  is  very  nearly  constant  for  a  few  degrees  above  Tc) 
of  0.  7  of  that  obtained  in  the  D.C,  measurements  should  appear  in  the  microwave 
data.  Although  some  rounding  close  to  Tc  is  apparent,  quantitatively  nothing  like  the 
predicted  conductivity  is  obtained.  The  situation  gets  worse  farther  above  Tc.  A 
decrease  with  frequency  is  obtained. 

In  obtaining  F’qs.  (1)  and  (2),  Schmidt  used  the  time  dependent  Ginzb-arg  -  Landau 
(GL)  equation  of  Abrahams  and  Tsuneto"^,  which  was  also  derived  later  by  Caroli  and 
Maki^.  The  data  presented  here  are  in  some  sense  a  test  of  this  equation.  C\ir  pre¬ 
liminary  conclusion,  therefore,  is  that  this  equation  does  not  adequately  describe 
relaxation  phenomena  in  a  typical  BCS  superconductor.  It  should  be  remarked  that 
other  workers  have  derived  time  dependent  GL  equations  differing  in  some  detail 
from  that  used  by  Schmidt.  We  are  planning  to  attempt  extensions  of  Schmidt's  '•heory 
using  other  forms  for  the  equations. 

The  authors  are  indebted  to  Dr.  R.  Cohen  for  bringing  Schmidt's  theory  to  their 
attention  and  to  Dr.  H.  Schmidt  for  making  a  preprint  available  to  us.  This  work  was 
supported  in  part  by  the  RCA  Laboratories, 
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THIN  FIl.M  DIODES 

M.  A.  Escluvei  and  J.  Har.i 

In  order  to  study  tunneling  mechanisms  which  have  so  many  important  applica¬ 
tions  today,  wc  have  been  attempting  to  make  a  thin  filn*  vuciusm  diode.  Such  a  diode, 
if  it  could  be  made,  would  have  Important  advantages  fot  liasic  study  over  those  vising 
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Fig.  1  Current- Voltage  Relationships 

dielectric  or  oxide  barrier  layers.  The  oxide  or  dielectric  layers  introduce  variables 
and  unknown  quantities  such  as  exact  thickness  and  composition,  whereas  the  vacutim 
gap  can  be  easily  varied  and  determined. 

Two  approaches  to  the  vacuum  gap  diode  have  been  tried.  One  makes  use  of  a 
film  sandwich  of  gold,  silver  and  gold.  Gold  is  used  as  the  electrodes  because  good 
crystal  structure  can  be  obtained  and  it  can  withstand  etching  solutions.  The  silver 
film  is  etched  out  leaving  a  apace  which  is  accurately  determined  by  measuring  the 
thickness  of  the  silver  film  by  multiple  beam  interferometry.  The  diode  is  tested  under 
vacuum  so  that  the  gap  is  free  of  absorbed  gases. 

Tlie  other  approach  consists  of  two  optical  flats  on  which  electrodes  and  chromium 
spacer  films  are  evaporated.  The  flats  are  then  clampeu  together  with  the  variable 
thickness  chromium  spacer  films  providing  the  vacuum  gap  separation  betwen  the  elec¬ 
trode  films.  In  both  cases  the  measured  current-voltage  relationship  should  indicate 
either  tunneling  or  leakage  (Fig.  1). 

Further  work  on  the  gold- silver- gold  sandwich  diode  was  done  in  an  attempt  to 

prevent  collapse  of  the  top  gold  film  when  the  separating  silver  film  is  etched  out,  and 

also  to  make  sure  the  resulting  gap  is  free  of  etching  and  washing  residue.  The  diode 

consisted  of  crossed  gold  films  separated  by  a  silver  film  which  was  etched  out  later. 

Masking  during  evaporation  of  the  films  was  such  that  spots  of  bottom  gold  and  silver 

were  evaporated  under  the  top  gold  and  contact  films  so  that  they  would  be  the  same 

height  as  the  top  gold  of  the  cross  junction.  The  mica  substrates  were  fastened  to  glass 

backing  plates  with  Rigidax  Type  W I  Green  Wax  to  prevent  flexing,  and  narrow  top  glass 

strips  were  fastened  ov'er  the  end  contacts  and  across  the  junction  to  prevent  collapse  of 

the  top  gold  film  (Fig.  2).  Some  film  sandwiches  were  also  made  on  glass  substrates, 

but  the  gold  lifted  off  the  glass  during  the  acid  etch.  An  undercoat  of  silicon  monoxide 

o 

improved  adhesion.  Thick  silver  films  of  1100-1300  A  wore  used  to  separate  the  gold 
films.  Etching  (^'%  HNO^  as  previously  reported)  again  seemed  to  be  complete  and  the 
junctions  looked  good,  but  testing  still  indicated  a  short  between  the  films.  The  salts  or 
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Fig.  2  Cross  Fil.n  Diode  with  Backing  Glass 

possibly  acid  or  water  left  after  washing  and  drying  may  well  be  the  cause  of  the  short. 
Complete  cleansing  and  drying  of  this  very  small  gap  is  very  difficult.  The  temperature 
cannot  be  raised  above  60°C  during  bake-out  to  drive  out  moisture  without  softening  the 
wax  and  causing  film  shift  and  rupture. 

In  order  to  eliminate  the  wax  support  system  and  thus  allow  a  higher  bake-out 
temperature,  a  different  top  film  support  was  tried.  A  narrow  piece  of  glass  with  a 
strip  of  gold  film  evaporated  on  it  was  clamped  directly  over  the  top  gold  film.  It  was 
hoped  that  thermocompression  bonding  would  hold  the  gold  films  together  and  thus  pre¬ 
vent  collapse  of  the  top  gold  fUm  after  the  removal  of  the  silver.  The  clamping  was 
done  before  etching  and  maintained  during  washing,  drying  and  testing.  This  method  has 
not  been  successful  so  far.  Films  have  been  left  in  .  5%  HNO^  acid  solution  up  to  five 
weeks  and  the  visible  silver  has  not  been  completely  removed.  Stronger  acid  solutions 
and  an  addition  of  a  wetting  agent  are  now  being  tried. 

Several  film  configurations  were  tried  for  the  optical  flat  type  film  diode.  Single 
junction  pairs  of  silver  films  (Fig.  3)  were  made  and  tested,  first  with  silver  as  a  spacer 
film,  then  chromium  (chromium  is  harder  and  less  subject  to  compression  or  scratching 
during  clamping).  Since  this  method  requires  no  etching  of  the  sandwich,  any  metal  may 
be  used  for  the  electrodes.  Silver  was  chosen  because  it  forms  a  crystalline  film  rather 
easily.  The  spacer  films  were  3600  A  for  the  silver  and  3100  and  2230  A  for  the 
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Fig.  3  Single  Junction  Optical  Flat  Diode 

chromitun.  Etching  o£I  the  silver  posts  on  Plate  A  results  in  another  spacing  to  be 

tested,  the  thickness  of  the  chromium  film  minus  that  of  the  silver  film.  In  this  way 

o  o 

tests  were  made  of  spacings  of  approximately  3600  A  down  to  380  A.  There  were  no  shorts 
at  these  spacings  but  also  no  tunneling. 


Next  a  series  of  film  arrays  with  five  jvnctions  (Fig.  4)  was  made.  These  plates 
have  several  advantages.  The  aligning  holes  allow  the  plates  to  be  assembled  on  a  jig  so 
that  the  films  cannot  be  moved  against  each  other  and  thus  scratch  the  films.  An  obvious 
advantage  is  the  fact  that  tliere  are  five  film  junctions  to  check  on  each  substrate  pair. 
Random  waviness  or  deviations  from  optical  flatness  across  the  substrates  may  make  it 
impossible  to  obtain  correct  spacing  for  tunneling  at  the  junction,  while  it  may  be  just 


Fig.  4  Five  Junction  Optical  Flat  Diodes 
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right  at  another.  We  have  been  using  surplus  reflector  plate  glass  for  these  substrates 
and  have  continued  with  silver  films  and  chromium  spacer-posts. 

The  five  junction  sandwiches  were  first  tested  for  shorts  and  open  conditions.  It 
was  found  upon  releasing  or  tightening  the  two  screws  holding  the  two  plates  together  that 
one  could  vary  the  resistance  of  the  appropriate  jiinc'icn  from  a  few  ohms  to  more  than 
lOOMH.  Since  this  test  was  made  at  around  20  volts  a  closer  look  at  the  V-I  character¬ 
istics  was  imperative. 

A  series  of  tests  were  'uade  applying  first  ac  voltages  of  about  Ike  and  a  few  hundred 
millivolts.  This  resulted  in  nonlinear  characteristics  resembling  those  of  tunneling.  Tlie 
low  and  high  ranges  of  voltages  and  currents  were  limited  in  the  ac  test,  and  therefore 
data  was  taken  with  an  X-Y  Recorder  with  a  range  of  a  few  microamps  to  about  20  milli- 
amps.  The  voltage  applied  across  the  junction  was  a  variable  dc  voltage  from  a  battery 

supply  and  the  current  was  measured  through  a  set  of  precision  resistors. 

The  analysis  of  these  curves  tends  to  indicate  very  strongly  that  the  observed 
results  are  very  akin  to  tunneling.  Some  numerical  calculations  allowed  us  to  obtain  a 
few  absolute  parameters.  One  of  the  problems  with  diis  configuration  .vas  its  mechan¬ 
ical  instability  which  rendered  duplication  of  data  very  difficult.  A  few  questions  remain 
unanswered  such  as  current  drift  and  a  sudden  shorting  or  opening  of  the  junctions  as 
voltages  are  being  applied. 

The  next  step  will  involve  improvement  in  the  mechanical  clamping  to  obtain  a 
more  stable  junction.  Control  of  the  environmental  conditions  will  be  made  through  a 
set  of  experiments  under  vacuum.  Measurements  on  first  and  second  derivatives  of  the 
current  vs.  voltages  will  give  us  enough  information  about  the  potential  barrier  and  its 
parameters.  Further  refinements  should  include  the  use  of  very  good  optical  flats  and 
accurate  control  of  the  spacing,  possibly  via  the  use  of  piezoelectric  devices. 

It  should  be  possible  to  obtain  tunneling  in  this  way  when  the  proper  spacing  is 
maintained.  The  major  difficulty  will  probably  be  tlie  exact  measurement  of  the  space 
between  the  silver  electrodes,  since  perfect  optical  flats  would  be  necessary  to  assume 
that  it  is  the  thickness  of  the  chromium  or  chtomium  minus  silver  film.  Capacitance 
measurements  might  be  a  furtlier  check.  With  this  design  it  might  also  be  possible  to 
determine  spacing  mechanically  by  incorporating  piezoelectric  devices  for  accurately 
controlled  movement  of  the  optical  flats.  The  major  advantage  of  the  optical  flat  diode 
i'i  that  the  films  are  clean,  with  no  acid  or  salt  residue. 

Some  work  has  also  been  started  on  the  more  conventional  tunnel  diode  film  con- 

0 

figuration  using  a  barrier  film  of  anodized  tantalum.  Tantalum  films  from  200-450  A 
thick  were  evaporated  by  use  of  an  electron  beam  gun  on  both  7059  glass  and  mica  sub¬ 
strates  and  also  on  films  of  silx-er  and  silver-gold.  Good  quality  resistance  monitored 
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films  were  obteined  by  placing  a  tantalum  shield  over  the  elctron  gun  source.  By  cut¬ 
ting  down  electron  or  ionized  gas  bombardment  of  the  test  strip  with  this  shield  it  be¬ 
came  possible  to  read  resistance  accurately  during  evaporation.  Non-uniformity  and 
cracking  of  tiie  films  which  occurred  during  earlier  runs  were  also  eliminated.  The 
shield  kept  the  radiant  heat  from  the  source  to  a  minimum  so  that  the  substrate  temper- 
at\ire  coxild  be  controlled  more  easily  during  evaporation. 

The  tantalum  was  anodized  in  an  oxalic  acid,  ediylene  glycol,  water  solution  at 
room  temperature  using  a  simple  dc  circuit  with  a  300v  power  supply  controlled  by  a 
1000  n  potentiometer  connected  in  parallel.  The  voltage  was  gradually  increased  keep¬ 
ing  the  current  below  2ma  per  square  inch  until  increased  voltage  resulted  in  no  current 
flow.  A  band  of  stop-off  lacquer  painted  across  the  film  prevented  the  more  rapid  anodi¬ 
zation  rf  the  film  which  occurs  at  the  surface  of  the  electrolyte  and  which  causes  a 
circuit  break  preventing  complete  anodization  of  the  film  in  the  electrolyte.  Some 
films  were  completely  immersed  and  held  by  specially  made  tantalumi  clips.  Every¬ 
thing  in  the  ciretdt  in  the  bath  must  anodize  or  the  film  will  be  by-passed. 

The  tantalum  films  on  glass  and  mica  anodized  completely  leaving  an  almost 
colorless,  adherent  film  which  was  non-conducting.  The  tantalum  films  evaporated 
across  the  silver  and  gold  films  presented  a  problem.  The  tantalum  film  evidently 
did  not  form  a  continuous  film  at  the  base  metal  step  (films  were  1200-1400  A  )  and  a 
breakdown  occurred  along  these  film  edges  with  the  current  going  to  the  base  film  al¬ 
most  immediately  and  not  anodizing  the  tantalum.  Any  base  film  electrode  will  have  to 
be  as  thin  as  possible  to  minimize  the  thick  step,  or  it  should  be  under  all  the  tantalum 
film  in  the  bath  thus  eliminating  the  step  completely.  Possible  leakage  through  the  edges 
of  the  film  can  be  prevented  by  application  of  stop-off  lacquer.  Work  will  be  continued 
along  these  lines. 

National  Aeronautics  and  Space  Administration 

NsG  589  M.  A.Eschwei 

ELECTRON  SHIELDING  IN  HEAVILY  DOPED  SEMICONDUCTORS 
J.  B.  Krieger 

In  the  usual  calculation  of  the  energy  levels  of  an  electron  bound  to  a  donor  atom 
in  a  doped  semiconductor,  *  the  binding  energy  relative  to  the  conduction  l>and  minitna 
is  obtained  for  a  single  Impurity  atom  In  the  crystal.  However  it  Is  well  known,  ex¬ 
perimentally,  that  the  binding  energy  of  the  electron  decreases  as  the  number  oi  donors 

increases  until  at  some  critical  impurity  concentration  there  Is  no  observed  activation 
2 

energy. 

A  possible  explcnation  of  this  phenomena  arises  from  the  interaction  between  elec¬ 
trons  bound  on  different  impurity  centers.  ^  As  the  average  distance  between  donors 
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is  decreased  due  to  increasing  impurity  concentration,  the  wave  functions  of  electrons 

on  different  donors  will  significantly  overlap.  For  small  overlap,  the  impurity  levels 

will  be  broadened,  but  for  strong  overlap  this  electron-electron  repulsion  can  destroy 

4 

the  bound  state.  However,  it  has  been  observed  by  Li  et  al.  that  this  effect  cannot 

explain  the  fact  that  the  electron  binding  energy  vanishes  for  impurity  concentrations 

as  low  as  10*  /cm  for  InSb.  In  order  to  account  for  this,  these  workers  calculated, 

considering  only  S  wave  scattering,  the  Hartrec  self-consistent  field  that  an  electron 

experiences  due  to  the  singly  ionized  impurity  atom  and  the  screening  from  conduction 

band  electrons.  They  calculate  the  ionization  energy  over  a  wide  range  of  conduction 

band  electron  concentrations  and  for  several  different  temperatures.  Most  significantly, 

13  3 

they  find  that  for  n«l6  x  10  /cm  donors,  the  binding  energy  becomes  zero. 

In  this  note  we  wish  to  point  out  that  the  latter  result  is  a  special  case  of  a  more 
general  statement  given  by  Mott^  developed  in  the  course  of  his  investigations  on  the 
insulator  metal  transition.  We  have  generalized  Mott's  calculation  to  obtain  the  ion¬ 
ization  energy  as  a  function  of  N,  the  concentration  of  conduction  band  electrons  and  the 
temperature  and  find  a  different  T  dependence  from  that  given  by  Li  ct  al.  besides  find¬ 
ing  a  smoother  N  dependence  near  the  critical  concentration.  Finally,  we  show  that  it 
is  possible  to  induce  ?  Mott  transition  by  applying  stress  to  a  degenerately  doped  inany- 
valley  semiconductor  with  a  resiiltant  transition  from  the  metal  phase  to  the  insulating 
phase. 
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FLFCTRCCIIFMICAL  BEHAVIOR  OF  OXIDE  FILMS  ON  S EMICCNDl'CTORS  AND 
METALS 

E.  C.  Collins,  C.  Chlang,  M.  Schragrr  .•»n<l  L.  Chen 
Introduction: 

The  studies  of  the  kinetics  of  thermal  growth  «>f  oxide  flln-*  on  semiconductors 
and  metals  and  the  properties  of  these  filnts  discussed  in  earlier  reports  have  bs’cn 
continued.  During  the  current  jieriod,  these  have  involved  studies  of  the  therrual  growth 
of  oxide  films  on  silicon  and  chromium  single  cryst.tls  and  studies  oi  ionic  migration 
In  titanium  dioxide  films. 


208 


SOLID  STATE  AND  MATERIALS 


Kinetic*  of  the  Thermal  Growth  of  Oxide  Films  on  Single  Crystalline  Chromium  : 

An  intensive  study  of  the  kinetics  and  mechanisms  of  the  thermal  oxidation  of 
chromium  has  been  commenced. 

The  chromic  oxide  crystal  has  a  hexagonal  crystal  structure.  Sailors,  Liedl, 
and  Grace^  found  that  the  oxide  film  thermally  gr  :wn  on  chromium  is  highly  oriented 
which  might  lead  one  to  predict  differing  growth  ratt^s  on  different  crystal  faces  of  the 
metal  crystal.  Gwathmey,  Leidheiser,  and  Smith^  however  reported  that  the  oxidation 
rate  was  the  same  on  all  crystal  planes. 

High  purity  polycrystalline  wafers  of  3/4"  diameter  and  1  /I6"  thickness  were 
polished  to  mirror  smoothness  as  observed  under  a  microscope  of  50  x  magnification 
and  was  subsequently  cleaned  and  rinsed  in  several  solvents.  The  wafers  were  oxidized 
at  600°C  in  24  torr  of  water  vapor  with  added  argon  to  bring  the  total  pressure  to  1  atm. 
The  oxidizing  ambient  was  maintained  at  a  flow  rate  of  5  cm.  per  minute.  A  sharply 
varicolored  chromic  oxide  fUm  was  observed  after  several  hours,  the  interference 
colors  indicating  large  differences  in  the  growth  rates  of  the  oxide  on  the  surfaces  of 
the  various  oriented  crystal  grains  in  the  sample. 

All  subsequent  work  is  being  carried  out  on  a  single  crystal  specimen.  The  ori* 
entation  of  the  crystal  was  determined  and  the  crystal  cut  and  polished  to  expose  the 
(100)  plane. 

The  oxide  film  thickness  is  being  determined  by  a  combination  of  an  optical  in¬ 
terferometric  method  and  infrared  absorption  by  reflectance  measurements.  The 
measurements  indicate  a  single  absorption  peak  centered  at  13.  7^.  This  contrasts 
with  the  absorption  spectrum  for  solid  chromic  oxide  dispersed  in  a  KBr  wafer  which 
yields  absorption  peaks  at  15.  5p  and  17.  Sp.  The  thickness  of  the  fi'ms  we  have  studied 
are  all  less  than  1^  so  that  the  interference  effects  here  should  be  negligible. 

The  infrared  optical  density  requires  calibration  against  the  oxide  films  thickness 
as  determined  by  an  absolute  method.  The  Tolan.  ky  interference  method  is  being  used 

for  this  purpose.  However,  it  cannot  i>e  applied  in  the  usual  ntanner  iis  it  is  impossible 
to  provide  the  necessary  step  boundary  of  the  film  by  etching  the  oxtde  is  extremely 
inert  chemically.  Instead,  a  method  ha*  been  devised  which  involves  masking  part  of 
the  oxide  with  an  evaporated  silver  film.  The  thickness  of  the  oxide  plus  the  silver 
film  is  then  determined  by  Interference  between  the  light  transmitted  through  the  oxide 
and  reflected  by  the  chromium  and  the  light  reilected  by  the  silver  surface.  The  thick* 
nese  of  the  silver  film  Is  later  determined  by  the  conventional  Tolansky  technique. 
Monochromatic  light  of  55Q|i  it  used  which  corresponds  to  a  minimum  in  absorption  of 
the  optical  \bsorption  spectrum. 
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Effect  of  an  Applied  Electric  Field  on  the  Thermal  Growth  of  Silicon  Dioxide  Films  ; 

Previous  reports  have  described  the  objectives  and  preliminary  results  obtained 
in  this  study. 

The  system  now  being  investigated  co-  sists  of  a  single  crystalline  slab  with  op¬ 
posite  faces  mechanically  polished.  One  side  is  thermally  oxidized  to  an  initial  thick- 

0 

ness  of  600  A.  An  evaporated  platinum  electrode  provides  an  ohmic  contact  to  the  un¬ 
oxidized  side  and  a  second  platinum  electrode  is  evaporated  on  top  of  the  oxide. 

A  steady  current  of  the  order  of  IfiA  is  passed  through  the  o.xide  film  in  the  direc¬ 
tion  corresponding  to  the  anodic  oxidation  process.  The  constant  electric  field  thus 
generated  in  the  film  is  of  the  order  of  5  x  10^  volts/cm.  The  oxide  film  growth  process 
is  carried  out  at  580°C  in  a  dry  oxygen  ambient. 

The  linear  relation  between  the  applied  potential  and  the  time  which  was  previous¬ 
ly  reported  has  been  reconfirmed.  As  expected,  the  oxide  film  growth  rat-  depends 
upon  the  thickness  of  the  platinum  electrode.  Experiments  at  constant  appLed  potential 
are  in  progress.  Here  we  expect  to  find  a  parabolic  growth  rate  law. 

Ionic  Migration  in  Titanium  Dioxide  Films  : 

One  of  the  major  problems  of  metal-oxide-semiconductor  (MOS)  devices  has  been 
their  lack  of  long  term  electrical  stability.  In  the  case  of  silicon-silicon  dioxide -metal 
devices,  it  has  been  found  that  the  major  cause  of  this  instability  is  ionic  migration  in 
the  oxide  layer. 

The  capacitance  of  the  MOS  device  is  voltage  dependent  becaxxse  of  the  carrier 
density  depxendonce  in  the  surface  layer  of  the  oxide  upon  the  applied  potential.  Large 
Lateral  shifts  in  the  C-V  curves  are  produced  by  a  pretreatn'ent  which  involves  biasing 
the  device  at  elevated  temperature  anu  then  quenching  to  room  temperature  under  bias. 
I'he  shift  in  the  potential  at  which  the  characteristic  dip  in  the  capacitance  occurs  (flat 
band  potential)  is  explained  by  a  drift  of  c.ations  through  the  oxide  films  to  the  semicon¬ 
ductor  surfac<  . 

Wc  )>ave  extended  this  technique  to  study  ionic  migration  in  tlielectric  films  other 
than  semiconductor  oxides.  A  study  is  Ijeing  made  of  ihe  MOOS  system  Si-SiO,  -  TiO,  - 
Au.  Both  n  Si  -  SiO^  -  Au  (MOS)  device  and  tlie  MOOS  device  are  constructed  on  the 
sa  >c  wafer.  The  elev.ited  te>nper.-»ture  hi.as  experiment  is  p<*rformed  on  both  devices. 
The  magnitude  of  tiio  ionic  drift  is  found  by  sulxtracting  the  flat  b.uid  pot''nti.il  for  the 
MCS  device  from  that  of  the  MOC.S  device. 

The  results  indic.*ttc  that  the  drift  in  t)xe  1  iO^  layer  is  .also  cationic  and  is  of  tbc 
s.nme  order  of  magnitude  as  that  usually  found  in  the  SiO  ,  layer.  However,  the  ten\- 

ip 

perature  at  which  major  ionic  migration  occurs  in  TiO^  is  of  the  order  of  80*^0  rather 
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than  I50°C  required  for  the  migration  in  SiO^.  The  thermal  activation  energy  for  ionic 
migration  in  TiC^  is  50  kcal/mole. 

The  C-V  shifts  observed  after  biasing  the  Ti02  layer. at  90°C  for  the  variable  time 
t  can  be  expressed  as 

Vpg  (90°C)  =  v"3(90°C)[1  -  e'*/”"]  -  6.0 

where  Vpg  is  the  observed  flat  band  potential  after  biasing  for  the  time  t,  Vpg  is  the 
extrapolated  flat  band  potential  for  infinite  time,  and  t  is  a  relaxation  time  which  was 
found  to  be  13.  7  min.  The  minimum  fiat  band  potential  which  was  observed  under  any 
conditions  was  -  6.  0  volts. 
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MICROWAVE  CONDUCTIVITY  OF  POLAR  SEMICONDUCTORS  IN  THE  PRESENCE  OF 
HIGH  ELECTRIC  FIELD 

P.  Das  and  R.H,  Rifkin 

"^he  frequency -dependent  small-signal  conductivity  of  polar  semiconductors  in 
the  presence  of  high  steady  electric  field  is  calculated  theoretically  taking  into  con¬ 
sideration  both  the  momentum  and  energy  relaxation  times.  The  results  obtained  are 
compared  with  experiments  carried  out  on  InSb, 

The  microwave  conductivity  of  semiconductors  in  the  presence  of  high  steady 
electric  field  has  been  studied  experimentally  in  germanium  by  Gibson  et  al.  ^  and 
Gunn^  and  in  InSb  by  Koechner.  '  It  is  found  that  the.  small-signal  microwave  conducti¬ 
vity  Is  dependent  on  (a)  the  orientation  of  the  applied  signal  with  respect  to  the  steady 
field  and  (b)  the  frequency  of  the  applied  signal.  Theoretically,  considering  the  effects 
of  field -dependent  energy  and  momentum  relaxation  time,  one  can  calculate  the  different 

microwave  conductivities.  For  germanium,  the  theoretical  calculation  agrees  with  ex- 
14  5 

perimental  results.  ’  ’  For  InSb,  the  anisotropy  of  the  microwave  conductivity  for 

•3 

perpendicular  and  parallel  orientation  was  explained  by  the  2-stream  instability  theory. 
Recently,  Potzl  and  Richter^  have  done  further  experiments  at  different  frequencies 
and  suggested  that  hot-electron  theories  alone  can  explain  the  whole  phenomenon.  In 
this  letter,  the  results  of  the  theoretical  calculation  of  hot-electron  microwave  con- 
dnctivity  for  polar  semiconductors  are  reported  which  question  Potzl  and  Richter' s 
suggestion. 
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The  semiconductor  is  assumed  to  have  a  single  valley  with  isotropic  effective 

mass.  The  carrier  concentration  is  considered  to  be  greater  than  the  critical  value, 

so  that  the  displaced  Maxwellian  distribution  function  with  effective  hot -electron  tem- 
.  7 

perature  is  valid;  so  the  distribution  function  of  the  carriers  can  be  written  as 


_  /  TT  .3/2  _  , 

’  exp  -  { 


^  V 

2mk0 


where  n  is  the  carrier  concentration,  m  is  the  effective  mass,  T  is  the  effective  tem¬ 
perature,  d  is  the  displacement  in  the  wave -vector  (K)  space  of  the  carriers,  y  =  G/t, 

where  6  is  the  characteristic  polar  optical -phonon  temperature  of  the  material,  k  and 
h  are  Boltzmann' s  and  Planck' s  constants,  respectively,  and-li  =  h/  2tt  . 

In  the  presence  of  an  applied  electric  field  F  given  by 

F  =  T  +  \T  e^“  * 
o  o 

where  X  «  1,  one  can  assume  a  small  perturbation  of  the  following  quantities; 

d  =  0  ^ 

Y  =  Yq  + 

The  subscript  '  O'  refers  to  the  d.  c.  or  unperturbed  values  and  '  1'  refers  to  the  dif¬ 
ference  between  the  perturbed  and  the  d,  c.  values.  Thus  there  are  four  unknown 
quantities,  and  these  are  obtained  by  the  energy-and  momentum -balance  equations  which 
are  calculated  from  the  time -dependent  Boltzmann  transport  equation  including  the 
effects  of  energy  and  momentum  relaxation  times.  The  field -dependent  d.  c.  and  micro- 
wave  conductivities  can  be  calculated  from  the  foiicwing  expressionsj 

,  .  neh  ^0 
<fn(v)  =  -ZT-  ^ 


or  (-y)  = 
m  ' 


Considering  polar  optical -phonon  scattering  only,  one  obtains 


*^0  "" 


ME'  -  EM'  -  iw  -  M 

_ n _ 

ME'  +  EM'  +  +  (bE'  -Jm) 
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where 


+  -r  «  (*^)X(e  ^  '^+1) 

21c0 

^  3  '  2irk0  '  '  e  ' 


■r.  _  ,  mek9  »  .  “1  "1% 

^2  '  '  ra  r  ' 


and  are  the  high-frequency  and  static  relative  permittivities,  respectively; 

Yj^  =  6/ Tj^,  where  Tj^  is  the  lattice  temperature,  =  (exp  -  1)  \  e  is  the  elec¬ 
tronic  charge  and  Kq  and  are  modified  Bessel  functions  of  zero  and  first  order, 
respectively. 


b  =  m/  e^ 

a  and  b  are  related  with  energy  and  momentum  relaxation  times  by  the 

following  relations: 

T  =  b/  M 
m 

Te  =  anyj  (Yl  ••  YqHE  (Vq) 

The  above  d,  c,  and  microwave  conductivities  are  functions  of  Yq»  which  is  related  to 
the  electric  field  by  the  relation 

Fq  =  /(E  X  M  ) 

It  is  to  bo  noted  that  is  a  complex  quantity  and  actually  can  be  written  as 
(T  =  (T  (w  )  +  iw  t  'w  ) 

where  e(u)  )  represents  the  change  in  relative  permittivity.  From  the  expression  for 

(T  ,  it  is  easily  noted  that 
m 

T  ME'  -  M'  E 

~  “’O  ME'  +M'E  ~  slope 

w— •0 
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where  ‘J'gjQpg  is  the  slope  conductivity  at  the  bias  point  Fq.  For  negligible  effect  of 
momentum  relaxation  time,  one  can  easily  show  that  (T^  approaches  ffp  as  w  tends  to 
infinity. 

Numerical  calculations  have  been  done  using  a  computer  and  are  shown  in  Figs, 
la  and  b.  The  following  conclusions  can  be  drawn  from  the  numerical  resultss 


Fig.  I  (a) 


SOLID  STATE  AND  MATERIAL}) 


<u>0(also  dJ/dF 


U)=0.2XI0  rod/s 
O.IXIo'^rad/s  I 
0X10*^ rad/s  / 
0.4Xlo'^radV 


10X10  rad/s 


^0  20  40  60  80  100  120  140  160 

Fq  ,  V/cm 
(b) 

Fiji.  1  Re  |crj^(w)|  ai^ainst  for  n-lypo  InSb.  (a)  T^”  ^OO^K;  (h)  T'j^  =  7"“  1\. 

m  =  0,  0  1  3  X  electron  mass  ,  F  =  3,1 8  V/ cm 


(al  At  300°K,  IT  ,  is  always  larger  than  •'t  As  a  function  of  frequency, 
'  '  slope  '  nc,  jQ 

the  real  part  of  <t  is  equal  to  cr  at  low  frequencies  (u)  n?  1  0  rad/  s),  and  a,s 
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frequency  increases  it  approaches  rad/s). 

quency  it  becomes  much  less  than  cr  ,  . 

dc 


For  further  increases  in  fre- 


cli- 


(b)  At  77  K,  <^g2Qpg  is  always  smaller  than  except  for  fields  near  the  di 
electric -breakdown  value.  For  frcquen-ies  aiound  10^^  rad/s,  the  real  part  of  (t  ^  is 
slightly  greater  than  tr  ,  ,  but  it  is  still  much  less  than  it  ,  .  For  larger  frequencies 

^  uC 

(w  al  0  rad/s)  it  becomes  much  less  than  it  ,  .  These  results  show  that  Kochner' s 

slope 

experimental  results  cannot  be  explained  b^  considering  high-frequency  relaxation 
effects  as  suggested  by  PotT.l  and  Richter. 


(c)  The  imaginary  part  of  varies  significantly  with  the  applied  field  and  with 
frequency.  Thus  measurements  of  the  change  in  relative  permittivity  may  add  to  the 
knowledge  of  microwave  hot-electron  conduction  in  polar  semiconductors. 


(d)  It  is  to  be  emphasized  that  the  theory  presented  is  only  valid  for  semicon¬ 
ductors  with  high  carrier  concentration.  Also  the  acoustic -phonon  scattering  has  not 
been  taken  into  account,  which  may  have  significant  contributions  at  77°K.  It  is  to  be 
noted  that  electric  field  F^  is  dependent  upon  F^  which  strongly  depends  upon  the  para¬ 
meters  used  for  InSb.  Because  of  this  fact,  the  graphs  presented  do  not  agree  quanti¬ 
tatively  with  the  experimental  results?  however,  the  frequency  dependence  exhibited 
is  nearly  independent  of  F^  . 

Further  calculations  wPl  include  ionized -impurity  scattering.  It  is  expected  that 
a  better  agreement  with  experiment  will  result. 

Joint  Services  Technical  Advisory  Committee  P.  Das  and  R.  H.  Rifkin 

AF  49{638)-1402 

U.S.  Army  Research  Office,  Durham 
DA-31-124-ARO(D)-307 

REFERENCES 

1.  A.  F.  Gibson,  J.  W.  Granville  and  E.  G.S.  Paige.  "A  Study  of  Energy-Loss  Pro¬ 
cesses  in  Germanium  at  High  Electric  Fields  using  Microwave  Technique,  " 

J.  Phys.  Chem.  Solids,  1961,  19,  pp.  198-217, 

2.  M.  W.  Gunn,  ”  The  Microwave  Conductivity  of  Germanium,  "  Proc.  Inst,  Elect. 
Electronics  Engrs. ,  1964,  52,  p.  851. 

3.  W,  Kochner,  ”  Investigation  of  the  Two-Stream  Instability  in  Insb, ,  "  ibid.,  1965, 
53,  pp.  1234-1  235. 

4.  P.  W.  Staecker,  and  P,  Das,  "  Hot  Electron  Microwave  Rotator,"  ibid,,  1965, 

53,  pp.  1766-1768, 

5.  B.  R.  Nag  and  P.  Das,  "  Microwave  Conductivity  of  Semicondactor s  in  the  Pre¬ 
sence  of  High  Steady  Electric  Fields,  "  Phys.  Rev.,  1963,  1  32,  pp,  2514-2520, 

6.  H.  W.  Potzl  and  K.  Richter,  "  Microwave  Conductivity  Anisotropy  of  Hot  Elec¬ 
trons  in  n-Insb  at  77“K,  ,  Proc.  Inst.  Elect.  Electronics  Engrs.,  1967,  55, 
pp.  1497-1498. 

7.  R.  Stratton,  "  The  Influence  of  Inter-Electronic  Collisions  on  Conduction  and 
Breakdown  in  Polar  Crystals,  "  Proc.  Roy,  Soc. ,  1956  [A],  246,  pp.  406-422. 


216 


SOLID  STATE  AND  MATERIALS 


TRANSPORT  PROPERTIES  OF  COMPOUND  SEMICONDUCTORS  AT  HIGH  ELECTRIC 
FIELDS 

R.  Bharat  and  P.  Dai 

In  several  of  the  p«type  III-V  compound  semiconductors,  the  dependence  of  the 

energy  E  of  holes  on  wave-vector  k  is  expected  to  contain  a  linear  term  in  addition  to 

1  2 

the  usual  parabolic  term  *  .  As  a  result,  in  the  vicinity  of  the  energy  maximum 
(which  is  displaced  from  k  »  0),  the  effective  mass  of  holes  depends  on  their  energy. 
Further,  as  the  valence-band  constant-energy  surfaces  are  warped,  the  effective  mass 


Fig.  1.  Resistance  of  GaSb  Sample  as  a  Function  of  Applied  Fields 
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is  also  direction-dependent^'  The  effect  of  these  considerations  on  the* conductivity 
of  p-type  InSb  has  been  computed  though  it  has  not  been  possible  to  compare  these  re- 

A 

suits  with  experiments  .  In  the  present  study,  the  effect  of  a  high  electric  field  on  the 
transport  properties  of  a  p-type  semiconductor  with  the  valence -band  structure  indi¬ 
cated  above  will  be  considered  at  different  temperatures. 

Hall  effect  and  rr  agnetoresistance  measurements  were  made  on  p-type  GaSb  of 
0.  1  ohm-cm  at  300^K  and  77°K,  up  to  electric  fields  of  750  volt/ cm  and  magnetic 
fields  of  15  kilogauss.  As  the  resistivity  of  the  available  GaSb  is  quite  low,  the  sample 
(4  mm  X  0.  7  mm  x  0.  8  mm  active  region)  draws  fairly  large  current  at  the  high  elec¬ 
tric  fields  used.  In  order  to  reduce  dissipation,  the  electric  field  was  obtained  by 
applying  short  voltage  pulses  of  about  1  psec  duration  at  a  repetition  rate  of  about  10 
pulses/sec.  This  pulse  width  was  found  to  be  large  enough  to  allow  steady-state  read¬ 
ings.  The  maximum  average  power  dissipation  was  about  100  rnW. 

Figure  1  shows  the  variation  in  the  resistance  of  the  sample  with  electric  and 

2 

magnetic  fields.  The  magnetoresistance  coefficient  <1  p/i^n  ®  computed  from  this  data 
is  seen  to  be  about  1.  2%/Wsber  at  300°K  and  9.  5%/Weber^  at  77°K,  in  reasonable 
agreement  with  the  low-field  data  reported  in  the  literature' .  This  coefficient  is  rela¬ 
tively  insensitive  to  the  electric  field.  At  77°K  the  resistance  is  seen  to  fall  rapidly 
at  fields  above  200  volts /cm.  The  Hall  coefficient  shown  in  Fig.  2  also  falls  in 
this  range  at  77°K,  and  the  dependence  of  on  the  magnetic  field  is  also  greater  than 
at  room  temperature.  At  300^K  the  Hall  coefficient  is  independent  of  the  applied  elec¬ 
tric  field.  There  seems  to  be  a  small  but  definite  dependence  on  the  magnetic  field, 
indicating  a  reduction  of  about  10%  in  the  hole  mobility  between  2  and  1  5  kilogauss. 

The  experimental  results  are  qualitatively  consistent  with  the  behavior  to  be  ex¬ 
pected  from  an  E-k  dependence  having  a  linear  term.  At  low  temperatures,  few  car¬ 
riers  are  present  so  that  the  effect  of  the  linear  term  can  be  expected  to  be  prominent. 
The  increase  in  energy  due  to  a  high  electric  field  will  change  the  effective  mass  of  the 
hole  significantly,  which  will  contribute  to  a  change  in  conductivity.  At  higher  temp¬ 
eratures,  more  carriers  are  present  and  have  a  wider  range  of  energy,  and  as  the 
band  away  from  the  maximum  tends  to  be  parabolic,  negligible  changes  can  be  cxpec*^ed 

in  conductivity  with  applied  electric  fields.  In  order  to  verify  whether  quantative 
agreement  is  obtained,  theoretical  computations  have  to  be  carried  out  in  detail, 
using  the  appropriate  band  parameters  for  p-type  GaSb,  Future  work  will  bo  on 
these  theoretical  aspects  and  also  on  measurements  over  a  wider  temperature 
range. 
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SPACE  CHARGE  LIMITED  CURRENTS 
S.  Kaplan  and  H.  Schachter 

Under  investigation  in  this  report  is  a  study  of  the  diffusive  and  drift  components 
of  Space-Charge  Limited  Currents  (SCLC).  It  is  widely  accepted  that  for  most  cases 
the  diffusion  current  is  negligible.  This  has  been  shown  to  be  true  for  the  boundary 
condition  of  zero  cathode  field  for  all  time.  The  purpose  of  this  work  is  to  bear  out 
these  results  from  a  more  exact  solution  of  the  differential  equations  governing 
charge  and  current  flow,  with  more  physically  reasonable  boundary  conditions. 

The  three  problems  under  consideration  are: 

1.  Steady- state  SCLC  in  an  insulator 

2.  Transient  SCLC  in  an  insulator 

3.  Transient  SCLC  in  a  depleted  ’'-type  MOS  structure. 

For  the  steady  state  case  we  find  that  in  a  small  region  near  the  cathorle  (point  of 
carrier  injection)  the  current  is  largely  diffusive  while  in  the  rcniainder  of  the  sample 
the  drift  process  dominates.  The  distance,  beyond  which  v.e  may  neglect  diffusion, 
is  given  by; 

''critical  '  '  ^m^  [  3  (V^-  V^^)  1  * 


re 
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The  transient  problem  requires  a  solution  to  the  nonlinear  partial  differential 
equation 

3E(x.  tl  _  aE 
3x 


+  liE(x,t) 


Since  no  exact  method  exists  for  solving  such  equations  the  approach  used  here  was  to 
assume  a  solution  of  the  form 

E  (x,  t)  =  f  (x,  t)  +  <t)  (t) 

where  f(x,  t)  is  the  general  solution  of  the  homogeneous  equation.  The  rationale  be¬ 
hind  this  approach  is  to  have  the  solution  satisfy  the  physics  .  the  problem  and  the 
boundary  and  initial  conditions  imposed.  If  this  can  be  done  then  the  solution  so 
obtained  is  taken  to  be  the  correct  one. 


For  the  case  of  an  impulse  of  injected  charge  the  results 


X  <  Xj(t) 
X  >  Xj(t) 


E(x, t) 
E(x.  b) 


X  -  x^(t) 
"THt+mT 
E{L,t) 


+  E  (L.t) 


m  (E  E  ) 
o  a' 

t  +  m 


u  (x  -  x^) 


where 

Xj(t)  =  location  of  the  charge  front 
=  E  (o.  o'^) 

m  -  NV  :  V_  =  applied  voltage 

E^  E  (L.  o) 


Note  that  for  this  case  the  charge  front  advances  as  an  impulse  because  we  have  ne^ 
glected  the  diffusion  mechanism. 

When  a  slop  of  charge  is  applied  we  obtain: 


V  <  x^(t) 

X  >  Xj(t) 


F;(.x,t) 

E(x, t) 


X  '  x^(t) 
p  (t  +  it'.i  * 


E  (L.  t) 


EfL.t) 


The  tr.insionl  problem  in  a  <lopl«to<i  MC'S  situ,  lure  is  i  onsid.  ri  'l  under  the  condi¬ 
tion  that  the  aormcondiutor -oxide  interfan'  is  .»  perfect  bloiking  l  ont.nt,  idmitling 
no  l  arri.  rs  'nto  *Ih  oxdle. 


For  tl'.is  r.isi  the  diifusion  neglerlod  rtpmlion  j«)r  the  field  i« 
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q  ^Na 

where  n  =  -  ■ 

N  =  backgroun<i  acceptor  concentration 

A  solution  to  this  equation  will  be  attempterl  analogous  to  the  preceding  case. 
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HOT  ELECTRON  RELAXATION  TIMES  IN  TWO-VALT  EY  SEMICONDUCTORS  AND 
THEIR  EFFECT  ON  BULK -MICROWAVE  OSCILLATORS 

P.  Das  and  R,  Bharat 

The  small-signal  microwave  conductivity  of  semi-conductors  in  the  presence  of 

a  high  electric  field  is  dependent  on  the  (1)  energy  and  mon.cntum  relaxation  times  of 

the  carriers  at  the  effective  temperature  determined  by  the  bias  field^  and  (2)  relative 

2 

orientation  of  the  microwave  and  bias  fields  .  For  negligible  mon^enturn  relaxation 
time  and  parallel  orientation,  the  microwave  conductivity  at  small  frequencies  is  given 
by  slope  conductivity  whereas,  at  very  high  frequencies  1,  where  w  is  the  fre¬ 

quency  and  Tr  is  the  energy  relaxation  time)  it  tends  to  the  dc  total  conductivity.  A 

^  3  4 

necessary  criterion  in  bulk  ITI-V  semiconductor  materials  (Gunn  and  LSA  diodes)  is 

the  requirement  that  the  small-signal  microwave  conductivity  exhibit  a  region  of  nega¬ 
tive  value.  At  high  enough  frequencies,  this  conductivity  becom-  s  positive,  thus  re- 

5 

stricting  this  type  of  devices  to  an  upper  frequency  limit  .  Expression  for  this  fre¬ 
quency  dependent  small-signal  microwave  conductivity  of  two-valley  semiconductors 
biased  at  high  electric  fields  has  been  derived  theoretically.  In  this  report,  the  energy 
and  momentum  relaxation  times  for  a  hvo-valley  semiconductor,  n-type  CaAs,  have 
been  calculated  numerically  as  a  function  of  electron  temperature  from  which  conclu¬ 
sions  .ibout  frequency  limitation  oi  these  devices  are  drawm. 

The  time -dependent  >nomentum  and  energy  bal.ance  equations  for  a  semiconduc¬ 
tor  having  two  valleys  with  isotropic  effective  m.asses,  m.  (i  =  1,2)  and  separated  by 
^  I  V'  v  an  be  written  as^' 
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in  the  ith  valley,  n.  is  the  carrier  concentration  in  the  ith  valley,  0  is  the  character¬ 
istic  polar  optical  phonon  temperature,  y.  =  T.  is  the  effective  electron  temper¬ 

ature,  k  is  the  Boltzmann's  constant  t  •  -nd  r,-.  ’re  the  momentum  and  energy  relax^- 
tion  times  which  include  both  the  effects  of  intravalley  and  intervalley  scattering  mech 
anisms,  t  •  and  -r--  correspond  to  'ntravalley  and  intervalley  energy  relaxation  limes. 


The  relaxation  times  can  be  evaluated*  as  is  noted,  in  terms  of  the  para¬ 
meters  of  the  material  under  consideration  -  the  characteristic  intervalley  phonon 
temperature  0^  the  static  and  high-frequency  relative  dielectric  constants  * 

the  lattice  constant  a,  the  density  p  and  the  deformation  potential  for  internal  scatter¬ 
ing,  2  .  For  the  parameters  of  GaAs  t  r 

ni  mi 

tions  of  electron  temperature. 


r^..  are  plotted  in  Fig.  1  as  func- 


The  polar  optical  phonon  scattering  is  considered  to  be  the  only  intravalley  pro¬ 
cess  and  the  carrier  concentration  is  considered  tc  be  greater  than  the  critical  value 
so  that  the  displaced  Maxwellian  distribution  with  effective  hot  electron  tempera- 
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frure  is  valid  Also  only  the  first  term  in  the  expansion  of  the  distribution  function  is 
considered. 

In  the  presence  of  an  applied  electric  field,  F,  given  by 

F  =  F„  +  \F„  ej'^* 

0  0 

where  \<<  1,  one  can  assum.*  a  small  perturbation  of  the  following  quantities: 

J.  =  J..  +  XJ.,  e^*^ 

1  lO  il 

y  “  y  ^  \  y 

.  ,  jwt 

n.  =  n.  -  +  \  n. ,  e 
1  lO  il 

The  subscript  "0"  refers  to  the  dc  or  unperturbed  values  and  "  l"  to  the  difference  be¬ 
tween  the  perturbed  and  the  dc  values. 

One  can  obtain 

r'  .  N.  y.,  N. 

*  nn^  ^  *11  1 


J.,  *  +  (Yij/Vio)  (7^  Vio 

lO  MO  lO 


(T+jw^ 


■^il-r^il  .'f,  Xi  '  11  V 


r^.  UO  n.rt  Y.a  '  .  . 
El  lO  ’jO  11 


Ei'  n._  Y._  r .  •  n.„  n.- 

lO  'jO  ij  lO  jO 


"iO  'Oo  ^ij 


"iO  ''^jO  "^ij 


where  the  prime  denotes  differentiation  with  respect  to  y.  and 


n  =  E  N.  y. ,  =  -n,,;  r  =  E  t 
11  1  'll  22’  n  ni 


”i0  ’’ni  ^n^^'ni 

It  is  clear  from  the  above  tw'O  expressions  that  frequency  dependence  occurs 
through  only  the  terms  -jr  i  ur  ■  and  Also  the  effect  of  uj  r  .  is  to  reduce  the 

magnitude  of  the  microwave  current.  From  Fig.  I  it  is  found  that  for  the  negative 
conductivity  region  of  CaAs  as  calculated  by  Butcher  and  Fawcett  (about  500°  -  1500°K) 


224 


SOLID  STATE  AND  MATERIALS 


WT  I  WT  •»  WTr..  are  of  the  order  of  1  at  200  Gc/sec.  So  around  200  Gc/scc  one  should 
n  mi  Li 

consider  ihe  effects  of  relaxation  limes  in  all  quantitative  calculations.  The  frequency 
limit  of  the  devices  using  bulk  negative  conductivity  of  semiconductors  also  should  be 
of  the  same  order  of  magnitude.  But  for  actual  quantitative  determination  one  should 
numerically  calculate  2  frequency. 

Theoretical  calculations  of  the  effici'‘ncy,  negative  resistance  and  conditions  for 
soace-charge  control  relevant  to  operation  of  LSA  oscillator  diode  have  been  done  by 

4 

Cope  land  without  considering  the  effects  of  relaxation  times.  His  calculations  yield 
a  maxiioum  theoretical  low-frequency  efficiency  of  l8%.  If,  hou'ever,  the  effects  of 
relaxation  times  are  included,  then  at  frequencies  of  the  order  of  200  GHz,  the  calcur 
lated  efficiency  is  expected  to  be  much  lower. 
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CHARGE-TRANSFER  AND  THFRMCLUMINFSCFNC E  IN  CdF^rFu^’^ 

E.  Banks,  A.  Halperin  and  R.  W.  Schwartz 

Single  crystals  of  CdF^,  doped  with  Fu^  alone  and  with  Eu^^-Na  and  Fu 

were  grown  in  graphite  crucibles  by  the  Bridgman  technique.  Fluorescence  spectra 

were  obtained  at  liquid  temperature.  These  were  characteristic  of  Eu^^,  but  the 

resolution  was  inadequate  for  detailed  analysis.  The  thermoluminescence  spectrum, 
o 

after  2537  A  irradiation,  at  liquid  N^  temperature  was  obtained  by  rapidly  warniing 

the  sample.  This  proved  identical  with  the  fluorescence  spectrum  (Eu^^  species). 

o  o  o 

A  new  broad-band  absorption  at  about  3400  A  was  observed  at  77  K  after  2537  A 

irradiation,  (longer  wavelength  ultraviolet  did  not  produce  thermolumincsccnce).  This 
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band  disappeared  after  infrared  irradiation  at  77°K  or  after  the  thermoluminescent  peak 
was  passed  during  warming.  The  band  was  attributed  to  the  formation  of  Eu  on  ir¬ 
radiation. 

A  complex  ESR  spectrum  was  observed  in  the  irradiated  specimens.  This  was 
also  attributed  to  Eu^^,  as  its  behavior  paralleled  that  of  the  ultraviolet  absorption  band 
when  the  samples  were  irradiated  with  I.  R.  or  warmed  up. 

The  occurrence  of  bright  thermoluminescence  at  low  temperatures,  and  the  effect 
of  infrared,  appear  to  rule  out  a  mechanism  previously  proposed,  involving  excitation 
of  an  electron  from  an  interstitial  F  ,  trapping  at  Eu^^  (forming  Eu  ).  Subsequeiltly, 
the  phosphorescence  or  thermoluminescence  was  alleged  to  occur  by  atomic  diffusion 
of  the  F°  atoms  to  the  Eu  ,  where  electron  transfer  takes  place,  followed  by  Eu 
emission. 

Cur  proposed  mechanism  is  similar,  except  that  tlie  electron  trapped  at  Eu^^  is 
excited  to  the  conduction  band,  whence  it  returns  to  an  interstitial  F^,  forming  an  ex¬ 
cited  F  (interstitial).  We  suggest  that  this  excitation  may  be  resonantly  transferred 
to  a  nearby  Eu  whose  emission  is  responsible  for  the  observed  phosphorescence  and 
thermo  luminescence. 

Army  Research  Office,  Durham 

DA-31-124-ARC  (D)-7J  E.  Banks  and  R.  W.  Schwartz 

National  Science  Foundation 
CD- 1557 

MAGNETIC  ORDERING  IN  PEROVSKITES 
E.  Banks  and  N.  Tashima 

We  are  attempting  to  investigate  the  exchange  interactions  leading  to  magnetic 

3  5 

coupling  in  perovskites.  Currently,  we  are  focusing  on  interactions  between  d  and  d 
ions  in  the  perovskite  structure  where  there  is  some  hope  of  obtaining  atomic  ordering. 

2+  34  4-4- 

The  system  chosen  is  La,  _  M  Fe  Mn  0.,,  where  M  is  Sr,  Ba  or  Pb,  Where  M  is 

X  X  1  ”X  X  ^ 

Ba,  single  phase  perovskites  were  obtained  up  t<-  x  =  0.40.  Above  this  value,  a  second 
phase  (BaMnO^)  appears. 

Where  M  is  Pb,  single  phase  materials  are  found  up  to  x  =  0.  70,  with  orthorhom¬ 
bic  structure  up  to  0.  30,  and  rhombohedral  froin  0.  30  to  0.  70.  In  the  case  of  Sr,  the 
single  phase  region  also  extends  to  x  =  0.  70, 

Magnetization  measurements  between  liquid  nitrogen  and  room  temperatures  gave 
very  low  values  (  —  lO  emu)  are  found  over  the  entire  range,  suggesting  weak  ferro.mag- 
netism  due  to  canting  of  a  basically  antiferromagnetic  structure.  In  the  Sr  series  the 
magnetization  was  about  3  emu,  even  at  x  =  0.  70. 
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For  Pb-containing  compounds,  the  magnetization  at  x  =  0.  50  was  around  10  emu, 
and  at  X  =  0.  80  (not  single  phase)  it  was  about  20  emu.  Since  chemical  analyses  arc  not 
yet  available,  no  conclusions  can  yet  be  drawn,  as  the  valence  states  are  unknown. 

Single  crystal  growth  (from  ^1203  flux)  was  attempted  for  starting  compositions 
of  X  »  0,  25,  0.  50  and  0.  75  for  the  La-Sr  and  La-Pb  series.  Crystals  of  about  1  mm 
dimensions  were  obtained.  The  magnetic  data  were  rather  different  from  those  obtained 
on  powders. 

For  a  Pb-containing  crystal  (x  =  0.  75)  a  magnetization  of  40  emu  at  liquid  nitro¬ 
gen,  falling  off  sharply  was  obtained.  A  Sr-containing  crystal  of  the  same  initial  com¬ 
position  gave  a  value  of  5  emu.  Bismuth  analysis  is  now  being  carried  out,  and  liquid 
helium  data  arc  not  complete  enough  for  interpretation. 

In  addition  to  complete  chemical  analysis  and  magnetic  measurements,  it  will  be 

34.  ^4.  If 

necessary  to  determine  the  extent  of  ordering  of  Fe  and  Mn  .  Mossbauer  spectra 
will  also  be  obtained. 
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DYNAMICAL  ORIGIN  OF  THREE-DIMENSIONAL  LOW  ENERGY  ELECTRON  DIF¬ 
FRACTION  INTENSITIES 

R.  M.  Stern,  H.  Taub  and  A.  Gervais 

Low  energy  electron  diffraction  has  until  recently  been  considered  primarily  as  a 
tool  for  the  study  of  surfaces  because  of  the  assumed  two  dimensional  character  of  the 
diffracting  region.  Treated  as  such  the  observed  dependence  of  diffracted  intensities 
with  variation  of  the  incident  beam  direction  must  be  considered  to  be  anomalous.  If 
treated  as  an  infinite  three  dimensional  problem,  the  appearance  of  forbidden  fractional 
order  reflections  at  constant  incident  direction  but  varying  electron  wavelength  is  like¬ 
wise  anomalous.  By  introducing  the  theoretical  approach  usually  applied  to  high  energy 
electron  diffraction,  together  with  the  techniques  of  x-ray  structure  analysis,  it  is  pos¬ 
sible  to  identify  the  proper  three  dimensional  nature  of  the  diffracting  lattice.  In  low 
energy  electron  diffraction,  very  strong  coupling  may  exist  between  diffracted  beams. 
Because  the  strength  of  the  coupling  is  extremely  sensitive  to  geometry,  it  is  possible 
that  only  one  strong  reflection  is  excited  at  a  time.  This  fact  will  permit  the  identi¬ 
fication  of  individual  reflections  in  terms  of  a  two  beam  model. 

The  diffraction  of  electrons  from  the  surface  of  a  periodic  solid  can  be  treated  as 
a  boundary  value  problem  where  the  incident  wave  is  expanded  at  the  surface  in  terms  of 
the  appropriate  solutions  to  the  wave  equation  in  both  the  vacuum  (Bragg  reflections)  and 
the  solid  (transmitted  beam)^.  Both  the  vacuum  waves  outside  and  the  crystal  waves  in¬ 
side  the  solid  must  satisfy  the  Schrodinger  equation 
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F'-(r) 

In  a  perfect  crystal  the  potential  V(r)  can  be  represented  by  a  Fourier  scries 

2m  \  '  2tr  i  H  •  r  ,,  ,  ,  i  u  i  . 

Z  '  o  —  II  —  —  _  _ 

^  H 


In  the  vacuum  V(r)  =  0.  The  incident  beam  sets  up  a  scattered  wave  field  which  is  a 
superposition  of  reflected  plane  waves  and  evanescent  waves  in  the  vacuum,  and  a  super¬ 
position  of  Bloch  waves  (both  travelling  and  evanescent)  within  the  solid  .  In  a  com¬ 
pletely  elastic  theory  as  will  be  discussed  here  the  usual  conditions  of  continuity  at  the 
crys'tal  boundary  apply.  Tot  ’  energy  and  momentum  paralL  1  to  the  crystal  surface  (to 

within  a  reciprocal  lattice  vector)  are  conserved.  The  introduction  of  the  crystalline 

3  4 

boundary  will  relax  the  periodic  boundary  conditions  normal  to  the  surface.  ’  This 
may  result  in  the  introduction  of  selection  rules  with  respect  to  the  allowed  electron 
momenta  normal  to  the  crystal  surface  which  are  different  than  those  associated  with 
that  direction  in  an  infinite  crystal  (i.  e. ,  permitting  certain  forbidden  fractional  order 
reflections)  but  otherwise  the  problem  can  be  treated  as  for  the  general  three  dimen¬ 
sional  case. 

The  details  of  the  solutions  for  internal  electrons  (E  <  0)  in  an  infinite  solid  are 

5  6 

well  known:  this  is  just  the  calculated  band  structure  for  the  solid  being  considered.  ’ 
The  diffraction  problem  concerns  itself  with  the  internal  solutions  for  a  given  magnitude 
and  direction  of  the  external  electron  wave  vector  K^,  which  is  determined  by  the  energy 
and  direction  of  the  incident,  external  electron  beam.  The  relation  between  internal 
momentum  (k^)  and  depends  on  the  orientation  of  the  crystal  surface  with  respect  to 

the  reciprocal  lattice  because  of  the  refraction  due  to  the  constant  part  of  the  crystal 

.  ..  1  7,8,9 
potential. 

The  concept  of  the  inner  potential  is  introduced  in  the  Betln  approximation^  of  the 
dynamical  theory  of  electron  diffraction  to  explain  the  shift  of  appa^  ent  Bragg  maxima 
to  lower  electron  energies  than  those  predicted  kinematically.  Because  of  the  presence 
of  strong  dynamical  interactions,  the  shape  and  width  of  the  Bragg  reflections  become 
distorted  from  the  kinematical  predictions.  Minima  appear  on  a  dynamically  broadened 
reflection  which  are  due  to  the  reduction  of  the  reflection  coefficient  upon  the  excitation 
of  strong  forward  scattered  (Laue)  beams,  giving  rise  to  what  can  be  mistaken  for  the 
superposition  of  reflections  of  presumably  different  origin.  This  introduces  difficulty 
in  both  the  indexing  of  the  Bragg  reflection  and  the  determination  of  the  diffraction  con¬ 
ditions  for  its  excitation.  The  inner  potential  can  be  associated  with  the  refraction  cor¬ 
rection  providing  an  expression  for  the  voltage  at  which  a  reflection  should  occur  for  ar- 
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bitrary  incident  directions.  This  voltage  shift  as  a  function  of  angle  behaves  as  l/sin  6 
leading  to  large  corrections  at  glancing  angles.  By  taking  advantage  of  this  magnification 
of  the  inner  potential  careful  measurements  far  from  normal  incidence  for  orientation 
which  do  not  excite  strong  multiple  diffraction  yield  a  constant  value  of  the  inner  potential 
of  20—  1  ev  for  tungsten  (110). 

In  low  energy  electron  diffraction  the  problem  is  complicated  by  the  fact  that  only 
the  back  reflected  (Bragg)  intensities  can  be  directly  observed.  Thus  the  object  of  any 
low  energy  electron  diffraction  theory  is  to  predict  the  reflection  coefficients  in  terms 
of  a  crystalline  wave  field  which  cannot  be  directly  measured.  In  high  energy  electron 
or  x-ray  diffraction  the  wave  field  within  the  crystal  can  be  deduced  from  the  details  of 
the  fine  structure  of  the  transmitted  beam  since  the  finite  diffracting  crystal  has  both 
an  entrance  and  an  exit  surface.  ^ 

The  understanding  of  the  origin  of  the  intensity  variation  with  diffraction  para¬ 
meters  in  LEED  measurements  therefore  requires  the  development  of  a  three  dimen¬ 
sional  diffraction  theory.  The  Nearly  Free  Electron  Approximation  (NFEA)  is  an  ap¬ 
propriate  model  to  use  in  demonstrating  that  the  mathematical  formalism  and  the 
underlying  physics  of  the  Band  Structure  approach  and  Dynamical  Diffraction  Theory 
are  identical.  It  can  then  be  shown  that  the  band  diagram  of  band  theory  and  the  con¬ 
stant  energy  dispersion  surface  of  dynamical  theory  are  in  fact  sections  of  the  same 
dispersion  hyporsurface  in  energy- complex  K  space.  This  dispersion  hypersurface 
defines  the  totality  of  allowed  electronic  states  in  the  crystal.  By  introducing  the  crys¬ 
tal  surface,  the  boundary  conditions  which  must  be  satisfied  at  the  crystal-vacuum  in¬ 
terface  are  defined. 

In  a  particular  experiment,  the  constraints  imposed  on  the  magnitudes  of  the  dif¬ 
fraction  parameters  determine  what  part  of  the  dispersion  hypersurface  is  excited  dur¬ 
ing  the  experiment.  It  is  usually  possible  to  construct  the  dispersion  hypersurface  in 
real  space  (energy,  real  K),  and  a  convenient  representation  can  be  made  in  two  dimen¬ 
sions,  for  those  experiments  made  at  constant  energy.  If  this  is  done,  a  semiquantita- 
tive  description  of  the  wave  field  in  the  crystal  can  be  made  by  calculating  the  position 
on  the  dispersion  surface  where  particular  waves  have  extremum  values  of  their  am¬ 
plitude.  In  particular  it  can  be  shown  that  ir.  the  case  where  three  strong  beams  are  ex¬ 
cited,  there  are  certain  directions  along  whica  one  of  the  plane  waves  in  the  crystal 
is  always  zero:  there  are  also  certain  conditions  under  which  one  of  the  crystal  Bloch 
waves  can  be  shown  to  be  identically  zero.  These  effects  can  be  readily  observed  in 
the  LEED  intensities.  In  particular,  LEED  measurements  made  at  constant  energy 
(rotation  diagrams  and  rocking  curves)  contain  much  structure  which  can  be  explained 
on  this  basis. 
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The  use  of  low  enorgjr  electron  diffraction  for  the  study  of  surfaces  is  therefore 
subordinate  to  its  use  in  the  determination  of  the  three  dimensional  band  structure. 

Only  after  the  details  of  the  crystal  potential  are  understood  can  the  effects  of  the  sur¬ 
face  on  the  diffracted  intensicies  be  investigated. 

The  authors  wish  to  acknowledge  the  contributions  of  Prof.  H.  Wagcnfeld,  Mr.  S. 
Friedman,  and  Miss  J.  Perry  to  the  work  discussed  above.  This  material  will  appear 
in  expanded  form  elsewhere^^’ 
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CALCULATION  OF  ACTIVATION  FNERGIFS  BY  THE  HALF  INTENSITY  WIDTH  OF 
GLOW  CURVES 

R.  Chen 

When  the  temperature  of  a  suitably  prepared  phosphor,  or  any  ins\ilator  having 
deep  traps  for  electrons,  is  raised,  the  change  in  occupancy  of  the  traps  manifests  it¬ 
self  by  the  emission  of  light  and  of  currents.  The  inverse  problem  is  concerned  with 
the  determination  of  the  properties  of  the  traps,  in  p.j.rticular  their  activation  energy, 
from  the  observed  glow  peaks. 
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New  methods  for  calculating  the  activation  energy,  F,  of  first  and  second  order 
glow  peaks  have  been  developed.  These  methods  are  based  on  measurement  of  two 
values,  the  temperature  at  the  maximum,  T^,  and  the  peak  width,  w  -  difference  be¬ 
tween  the  two  temperatures  Tj  and  T^  in  which  the  glow  is  half  of  the  maximal  intensity. 
Some  previous  methods  for  calculating  E  by  the  use  of  the  low  temperature  half  .vidth, 

T  =  T^^  -  Tj  and  the  high  temperature  one,  6  =  T^  -  T^  has  now  been  modified.  The¬ 
oretical  considerations  as  well  as  numerical  calculations  show  the  occurrence  of  c  on¬ 
sistent  errors  in  these  methods.  A  V'ay  to  overcome  most  of  these  inaccuracies  is 
given. 

Many  thermolumine'^cence  (TL)^,  thermally  stimulated  current  (TSC)^  and  ther¬ 
mally  stimulated  electron  emission  (TSF)^  peaks  were  found  to  obey  the  first  order 
kinetics  law. 


^  dn  „  -F/kT 

1=  -d^=Se 


(1) 


Where  I  is  the  emitted  light  intensity  in  TL,  the  conductivity  in  TSC,  or  the  number  of 
emitted  electrons  in  TSE,  n  is  the  concentration  of  trapped  electrons,  t  =  time,  T  =  the 
absolute  temperature,  f>  ;;  the  frequency  factor  (the  pre-exponential  factor!  having  di¬ 
mensions  of  sec  ^  and  k  =  the  Boltzmann  constant.  Some  other  peaks  showed  a  second 

4 

order  behavior  obeying  the  differential  equation 

,  dn  --ElkT  I  , 

I.._=S'e  n  (2! 

3  -1 

where  S'  is  a  constant  with  dimensions  of  cm  sec  .  If  temperature  increases  linear¬ 
ly,  namely,  T  =  T  +  3  t,  where  3  is  the  heating  rate,  the  solution  of  ( 1 )  is 


^  -E/kT 

I  =  a  n^e  exp 


T 

S  f  ■ 

'  R  J  ^ 


F/kT' 


dT' 


(3) 


from  which,  by  differentiation,  the  condition  for  the  maximum  is  found  to  be 


M. 


=  S  e 


-E/kT 


m 


(  1) 


m 


The  solution  of  Eq,  (2)  for  the  linear  heating  rate  is; 

T 


I  =  S'  e 


-F/kT 


j..|;  j 

n  p  J 


T 


-2 


A) 


and  the  maximum  condition  for  this  case  is; 
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n 


2kT-s.  -ir/kT„, 


I^y  atisuming  tliat  the  area  of  the  glow  from  the  maximum  towards  higher  temperatures 

equals  the  area  of  a  triangle  having  the  same  height  and  half  width,  namely,  6  ~  *^*^m 

(where  I  is  the  intensity  and  n  the  concentration  of  trapped  carriers  at  the  glow 
m  c 

maximum),  Lushchik  found  the  following  equation  for  finding  the  activation  energy  tor 
first  order  peaks: 


whereas  for  second  cirder  kinetics  his  equation  is; 


By  taking  a  similar  assumption  about  the  first  half  of  the  peak,  the  following  equations 
for  the  activation  energies  can  be  found  : 


E  =  1.72 


:i-l.  58  A), 


for  first  order  peaks,  and  - 


F  =  2-^(l-2^) 


for  second  order  ones,  where  A  is  a  correction  factor,  A  -  — -  ,  usually  liaving 

values  around  0.  1. 

6  It^ 

The  assumption  of  Lushchik  - -  1  can  be  regarded  as  two  separate  assump- 

R  I  '’m 

tions:  one  is  7; - =  C,,  where  C,  is  a  constant  and  the  other  is  C.  =  1.  For  given 

/in  6’  6  6 

m 

values  of  F  and  S  for  first  order  or  F,  S',  and  n  for  second  oreWr,  the  valm‘S  of  6,  I  , 

o  ni 

and  n  can  be  found  in  a  way  to  be  described  here  in  l)rief,  and  thus  C,  can  be  found, 
m  6 

By  changing  the  parameters  in  wide  ranges  covering  the  values  found  in  various  ex¬ 
periments,  the  two  assumptions  about  can  be  checked. 

For  numerical  calculations,  the  value  of  the  integral  is  approximated  by^: 
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Equations  (4)  and  (6)  are  solved  numerically  by  the  Newton-Raphson  method  to  give,  the 
value  of  T  ,  and  the  equations  for  finding  the  half  intensity  temperatures  arc  being 


m 


solved  in  a  similar  way.  The  calculations  have  been  done  using  the  IBM  360  computer 

for  values  of  E  ranging  from  0.  1  to  2.  0  ev  and  values,  of  S  from  lO^  to  10^^  sec  ^  and 

S'n  {which,  in  a  way,  replaces  S  when  the  second  order  kinetics  is  investigated)  be- 
^  15  -  1 

tween  10  and  10*  sec  .  The  values  found  for  C.  were  0.  976  to  within  +  0.4%  for  the 

o 

first  order  peaks  and  0.853  within  1.4%  for  the  second  order  ones.  This  shows  that 
the  assumption  that  C  is  a  constant  is  quite  a  good  one  and  that  the  assumption  C,  =  1 
is  reasonable  for  first  order  peaks  but  rather  erroneous  for  the  second  order  ones.  It 
can  be  easily  shown  that  the  formulas  for  the  activation  energies  (7)  and  (8)  have  to  be 
corrected  by  multiplication  by  the  factor  which  shows  tliat  the  results  found  in  this 
way  were  quite  good  for  first  order  kinetics  and  too  l>ig  by  about  15%  for  second  order 


T  I 


peaks.  In  a  similar  way,  eqs.  (9)  and  (10)  should  be  multiplied  by  C 


m 


n  ) 
m 


where  n  is  the  initial  concentration  of  electrons.  For  fir.st  order  kientics  tho  values 
o 

of  C  centered  around  0.883  (+  1.4%)  and  for  second  order  around  f'.OO/  (+  1.0%), 

T  —  — 

showing  that  the  results  found  by  those  formtilas  were  usually  too  high  by  about  10%. 

Equations  (8)  and  (10)  and  some  other  ones  of  a  similar  nature  (corresponding  to 
somewhat  different  physical  conditions)  have  to  be  solved  iteratively.  Such  an  equation 
can  be  written  in  a  general  form  as; 

2 


kT 


m 


a  a 


(1  -  b  A) 


(12) 


where  a  stands  for  t  or  in  other  cases  for  6  or  w,  A^  and  b  are  constants  depending 

on  the  order  of  the  kinetics  and  on  the  exact  nature  of  the  equation.  For  first  order 

kinetics,  for  example  A.^  =  1.72  C.^,  (corrected  Eq.  (9)).  The  first  approximation  is 

given  by  taking  A  =  0  and  the  following  ones  arc  found  each  by  inserting  the  previously 

2kT 


approximated  E  value  into  A  = 


m 


It  has  been  shown,  however,  in  this  work  that 


equally  accurate  values  of  E  can  be  found  by: 
2 


kT 


E  =  A 


m 


a  a 


-  2bkT 


m 


(1  3) 


which  can  be  solved  noniterativcly .  By  using  an  approximation  similar  to  the  triangle 

wl 


assumption,  now  for  the  whole  peak,  C 


w 


it  has  been  found  that  the  activation 


energy  for  a  first  order  peak  can  be  written  as; 
2 


kT 


E  =  e  C. 


m 


w 


-  21<T 


m 


(14) 
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C  was  found  to  be  0.  920  (+  0.  8%)  for  first  order  kinetics  and  0.  878  0.  4%)  for  second 

w  —  ~ 

order.  These  equations  have  also  the  general  form  of  (13)  with  other  parameters.  By 
the  equations  of  the  form  given  by  (13)  for  first  order  kinetics,  the  value  of  S  can  be 
found  by  using  Eq.  (4)  thus: 


m 


^A  T  \ 


(A  T 
(Y  m 


(16) 


The  values  of  S'  for  second  order  kinetics  are  harder  to  find  because  of  the  appearance 
of  the  integral  in  Eq.  (6), 

Equations  of  similar  forni  arc  found  for  cases  in  which  the  pro -exponential  factors 

8  a 

S  or  S'  arc  dependent  on  temperature  in  a  way  given  by  Keating  as  S  =  S"  T  where  S" 

is  a  constant  for  a  certain  peak  and  a  is  another  constant,  -2  <  a  <  2.  The  value  of  "a" 

g 

can  be  found  by  some  other  measurements  and  its  value  influences  the  calculated 

values  of  A^  and  b  in  the  various  cases.  The  three  methods  described  here  are  expected 

to  be  accurate  only  for  separate  peaks  having  a  definite-first  or  second  order-kinetics. 

In  cases  where  a  peak  has  some  satellites  or  when  the  process  has  some  intermediate 

order  kinetics,  they  arc  expected  to  give  only  some  approximation  to  the  real  value  of 

E,  The  first  half  of  the  peak  is  found  to  be  least  dependent  on  the  order  of  the  process 

and  thus  the  values  found  by  the  t  method  are  expected  to  be  good  ovei\  if  the  order  is 

not  defined.  The  same  is  true  for  the  case  of  additional  peaks  appearing  close  to  the 

main  one.  The  low  temperature  peaks  can  be  bleached  thermally  without  affecting  the 

main  peak,  which  is  not  possible  for  the  high  temperature  ones.  That  is  why  the  t 

method  is  usually  expected  to  be  more  reliable  than  the  6  one  in  this  respect  while  the 

w  method  gives  intermediate  accuracies.  The  advantage  of  the  w  method  is  that  T^ 

and  Ty  arc  more  precisely  found  than  T  since  the  derivative  of  I(T)  at  T  is  zero, 
fa  m  ,  m 

The  experimental  errors  in  w  arc  therefore  smaller  than  in  t  ind  6  and  moreover,  the 

relative  error  is  much  smaller  than  and  as  w  is  larger  than  t  or  5.  The 

only  advantage  of  the  6  method  is  in  first  order  cases  where  the  peak  is  known  to  be 

very  pure.  In  this  case  the  calculated  variations  in  are  found  to  be  very  small  so 

that  if  the  experimental  inaccuracies  are  small,  the  values  are  found  more  precisely 

than  in  the  other  methods. 
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ACOUSTOELECTRIC  EFFECT  IN  BISMUTH 
R.  C.  Augeri  r  id  S.  J.  Freedman 

Further  measurements  >f  the  uitrasanic  attenuation  of  lo.igitudinal  waves  as  a 
function  ^f  frequency  (30,  av>,  70  90,  110  MHr)  ana  temperature  (  2**K  to  300°K) 

were  inade  in  a  s'.n^le  crystal  of  Bi  (doped  tO  ?p«.»  .'e)  alon^  its  trigonal  axis.  The 
data  clearly  shows  relaxation  peaks  in  the  attenuation  in  the  t«-mperature  range  of 
25^K  to  40**K,  That  is,  tkr  peak  in  the  attenuation  shifts  to  higher  temperature  for  the 
higher  frequencies.  For  foiir  successive  runs  relaxation  peaks  wt  rc  seen  in  the  tem¬ 
ps,  ature  rarge  of  5°K  to  6**K  wliich  we  attribute  to  phonon  assisted  electron  hole  rc- 
combinarion;  a  mechanism  recently  proposed  by  Lopez  and  Koe^ag  in  his  work  on  the 
acousto-magnetie'  electric  effect  (.AME)  in  pure  Bismuth.  Lopez  found  that  the  partic¬ 
ular  geometry  of  the  Brillouin  zone  of  Bi  would  allow  a  43**K  ^  l^K  acoustic  phonon  to 
couple  the  electron  and  hole  bauds  of  3i.  Ihus  Lopez  was  able  to  locate  for  die  first 
time  the  band  edges  of  Bi  within  the  Brillouin  zone.  We  concluded  that  if  the  "modified 
Weinreich"^  relation  giveu  ai 


S  } 


was  correct,  then  the  peaks  in  the  attenuatior.  between  5^V.  to  ccula  be  explained  in 

a  similar  fashion.  In  Eq.  (Da^,  n^,  S,  p,  H  and  c  are  respectively  '  elt-e- 

tronic  attenuation  in  the  absence  of  a  magnetic  field,  carrier  di-'.is:ty,  acoustic  intensity, 

AME  field,  carrier  mobility,  the  magnetic  field  and  carrier  charge.  E-,-w.'tion  (1)  can 

be  related  tc  the  sound  angular  frequency  as  the  difference  in  delormation  potential  con- 

>  > 

stants  of  electrons  and  holes,  (e  -  c  thru  the  equation  and  rrla;vstion  time”  - 


n  c  /f  -  c  \  R 

_  __o _  I  n  r  j  R 

\  /  1  +  -  -  H 


Thus  if  p  varies  with  tcpmeralurc  one  can  observe  peaks  in  the  attenuation  -.t  tempera- 

*'  1 

tures  for  which  r  =  1.  Using  Lopez's  equation  for  recombination  time  ue  have  been 
able  to  describe  fairly  accurately  the  location  and  heights  of  the  peaks  between  and 


» 
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b  K.  Recently  Lopez  working  in  the  frequency  range  of  6  to  3C  MHz  and  in  a  magnetic 
field  of  5  to  15  has  described  observed  attenuation  peaks  and  their  location  in  the 
same  fashion  for  pure  Bi,  We  believe  that  the  doping  of  the  bi  witn  30  ppm  has  had  an 
effect  similar  the  magnetic  field  used  in  Lopez's  experiment.  Namely,  it  makes 
f  .  \  the  region  for  which  Eq  (2)  is  valid,  where  f  is  the  mean  free  path.  Further 
‘heoretical  considerations  on  this  matter  are  currenfy  in  progress. 

In  a  previous  report  '  we  mentioned  peaks  that  were  observed  around  lO^K.  Sub¬ 
sequent  measurements,  while  not  conclusive,  have  failed  to  repeat  this  data.  If  these 
peaks  exist  t3>ey  would  be  also  attributable  to  recombination  by  a  96®K  acoustic  phonon 
(also  allowed  in  the  Brillouin  zone  and  in  agreement  with  neutron  data  of  Yarnell)  and 
would  indicate  3  other  electron  ellipsoids  within  the  Brillouin  zone  or  another  hole 
ellipsoid  or  both.  We  arc  currently  increasing  the  accuracy  of  our  measurements  t-o 
determine  the  above. 


The  peaks  in  the  2.  K  to  40  K  range  may  in  part  be  dislocation  ueaks.  To  check 
th;s  the  Crystal  will  oe  irradiated  to  pin  the.  dislocations  and  the  measurements  retaken. 
For  the  present,  however,  it  appears  that  the  height,  shape,  and  location  of  these  peaks 
can  be  accounted  for  if  we  assume  me  validity  of  Eq.  (2)  and  tiiat  the  recombination 
mechanism  is  due  to  optical  phonons  around  l2o'*K.  However  since  Lopez^  saw  the  AME^ 
effect  diminish  as  the  temperature  increased,  it  would  mean  tliat  this  source  of  elec¬ 
tron-hole  recombination  could  not  contribute  to  the  .AME  effect  and  would  indicate  a  re- 
akr.  for  which  the  modified  Weinreich  relation  is  violated.  It  is  l-viiown  that  such  a  \-iola- 
tion  could  occur  if  there  were  a  strong  collision  drag  effect.  This  is  in  agreement  with 

t.ne  conclusions  of  Lopez  concerning  discreoancies  in  the  magnitudes  of  r  and  t  for 
_  o  ‘  e  R 

t  :  aO  K. 
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M-AGNETOELAST  IC  PARA.METRIC  INTE RAC"  IONS 
E.S,  Casse'ly  and  C.  R.  Evans 

A  inagnetoelastic  medium  is  knowii  to  e.xhibit  a  groai  variety  of  parametric  inter¬ 
actions  due  to  the  magnetostrictive  coupling  which  characterizes  it.  For  the  case  of  a 
transverse  electromagnetic  pump,  parametric  interactions  have  been  catalogued  and 
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several  of  them  investigated  using  a  coupled  mode  approach.  ~  Graphical  descriptions 
of  the  interactions  were  given.  ^ 

The  Floquet -mode  formulation  of  traveling -wave  parametric  phenomena  developed 
at  this  Institute  leads  to  a  much  more  satisfactory  graphical  representation  of  these 
parametric  interactions.  The  basic  theory  states  that  if  a  medium  supports  waves 

with  dependence  e  ,  and  if  a  pump  oi  frequency  u  and  wave  number 

Pp  is  applied  to  the  medium,  the  wave -like  excitations  o:  *-hc  pumped  medium  will  be 
of  the  Floquet  form: 


V(z.t)  = 


L 

n=-<» 


i  L(<i^nw  )t-(x(ia)  n  0  )z  i 
V  e  P  P  ' 


Further,  in  the  limit  of  vanishingly-small  pump  amplitude,  the  dispersion  diagram 

will  be  that  of  the  unpumped  medium  with  superimposed  dispersion  curves  with  origins 

at  (n  0  ,  n  ),  where  n  takes  on  all  integer  values.  In  the  presence  of  the  pump, 

P  ?  _ 

the  dispersion  diagram  will  be  modified  only  in  the  vicinity  of  intersections  corres¬ 
ponding  to  diffe  rent  values  of  n.  ^ 


y{Ho+47rM)[ 


4irM  sin*  6) 
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Fig.  1  Dispersion  Diagram  for  Basic  Modes  of  a  Magnetoelastic  Medium 
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For  the  magnetoel^stic  medium,  the  basic  dispersion  diagrr.m  is  shown  in  Fig.  1. 
The  waves  have  been  identified  by  their  character  in  a  magnetic  but  non-magneto- 
strictivc  medium.  Propagation  at  some  angle  •  (^  i  0°)  to  the  dc  magnetic  field  is 
considered.  The  longitudinal  (compressive)  elastic  wave  and  the  transverse  (shear) 
elastic  waves  all  couple  to  the  spin  wave.  Electromagnetic  propagation  effects  have 
been  included  and  both  branches  of  the  extraordinary  electromagnetic  wave  are  shown. 

z 

Of  course  one  branch  becomes  the  spin  wave  at  (H  -r  4~  M-  sin  ). 

O  3 

Figure  2  is  derived  following  the  translation  operation  specified  above  for  the 
case  of  a  pump  wave  which  is  on  the  second  branch  of  the  electromagnetic  wave  dis- 
rsion  cur\'e.  This  pump  is  an  allowable  mode  of  the  infinite  magnetoelastic  medium 
and  corresponds  to  the  uniform  processional  modes  which  are  assumed  for  the  pump 


Fig.  2  Dispersion  Diagram  for  Magnetoelastic  Medium  with  an  Electromagnetic 
Pump.  Each  intersection  corresponds  to  a  parametric  interaction. 
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in  finite  bodies  where  the  finite  propagation  effects  are  ignored.  The  intersections 
~  of  the  curves  of  the  1st  quadrant  of  the  untranslated  (n=0)  diagram  with  those  of  the  4th 
quadrant  of  the  translated  diagram  (n  =  -1)  are  shown.  Each  intersection  corresponds 
to  a  parametric  interaction.  Intersections  of  an  acoustic  wave  branch  with  a  spin  wave 
branch  correspond  to  the  parametric  process  called  magneto-acoustic  resonance 
(MAR;  Points  1,  2,  3  in  Pig.  2).  Intersections  of  an  acoustic  branch  with  the  other 
acoustic  branch  of  the  same  type  corresponds  to  the  processes  called  reaction  (Points 
4,  5,  6  in  Fig.  2).  Intersections  of  acoustic  branches  wdth  acoustic  branches  of  differ¬ 
ent  type  correspond  to  indirect  coupling  (Points  7,8,9  in  Fig.  2).  The  process  corres¬ 
ponding  to  the  intersections  of  the  first  branch  of  the  extraordinary  electromagnetic 
wave  with  the  similar  translated  branch  (Point  10  in  Fig.  2)  might  be  called  spin- 
electromagnetic  resonance;  clearly  for  u  >2  v  (H^  +  4  sin^  ?  )  this  becomes 

the  Suhl  or  spin-spin  process.  Since  the  pump  is  "Supersonic"  (i,  e.  ,  faster  than  the 
acoustic  or  spin  waves),  the  theory  of  weakly -dispersive  (ideally  non -dispersive)  media 
predicts  that  interactions  of  the  absolute  instability  tj^pe  will  occur.  This  result  may 
or  may  not  be  applicable  to  such  highly -dispersive  media. 

Certain  interactions  occurring  in  the  case  of  longitudinal  elastic  pumping  are  also 
7  8 

of  interest  *  .  Figure  3  shows  an  intersection  involving  the  spin  wave  and  transverse 


Fig.  3  Portion  of  Dispersion  Diagram  for  Magnetoelastic  Medium 
with  Longitudinal  Acoustic  Pump,  Electromagnetic -shear 
wave  interactions  are  shown. 
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elastic  waves,  ihe  modulation  is  of  the  type  referred  to  as  intersoiiic  ;  thus  the  linear 

dispersion  theory  would  predict  traveling  wave  amplification  for  this  type  of  interaction. 

Extension  of  the  method  to  other  pumping  conditions  may  be  made  in  a  similar 

manner.  The  value  of  this  method  is  especially  evident  ir.  Fig.  2  where  all  of  the  co- 

linear  small  signal  instabilities  occurring  under  the  given  pump  conditions  are  identified 

on  a  single  Brillouin  diagram. 
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THE  FOCUSING  EFFECT  INDUCED  BY  A  D-C  DRIVEN  CdS  PLATE 
W.  C.  Wang  and  P.  Das 

A  strong  lens  effect  has  been  observed  when  a  sufficient  d-c  voltage  is  applied  to 
a  CdS  plate.  ^  Experimental  findings  and  possible  contributing  sources  will  be  reported 
and  discussed. 

Figure  1  is  the  experimental  configuration.  In  :aiany  instances  5  msec  pulses 
are  used  in  place  of  the  d-c  battery  and  a  photodiode  detector  in  place  of  the  screen. 
Transparent  electrodes  were  put  on  both  the  major  faces  of  the  CdS  plafo.  They  were 
made  by  diffusing  indium  on  the  surfaces  at  500”c  for  an  hour  in  a  closed  tube  of  pres¬ 
sure  10  mm  mercury.  The  CdS  crystal  is  semi-insulating  in  the  dark  and  highly 
photoconductive.  The  only  conductive  portion  of  the  crystal  is,  therefore,  where  the 
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Fig.  1  Experimental  Schematic.  Rq  and  R^  represent  the  beam  radius 
without  and  with  d-c  voltage  ap]^ied  respectively. 


beam  passes  through.  When  the  d-c  voltage  is  applied,  focusing  effect  results.  A  list 
of  observations  on  the  effect  follow  si  _ 

1.  Beam  radius  vs,  applied  voltage:  Fig.  2  is  a  plot  of  beam  radius  on  the 
screen  versus  applied  voltage.  The  sample  is  of  dimensions  0,  3  (thickness)  x  0,  2 

X  0.  2  (cm)^  with  its  thickness  along  the  C-axis.  Curves  I  and  II  are  measured  under 
pulse  condition  at  two  different  crystal  resistances,  ISkSl  and  40kD,  respectively.  The 
pulses  are  of  »  5  msec  long  and  15  msec  period.  Curve  IK  is  measured  under  d-c 
condition  at  resistance  40k$l. 

2.  V-I  Characteristics;  All  the  six  samples  exhibit  time -dependent  hysteresis 

in  their  V-I  characteristics.  Figure  3a  is  the  d.  c.  voltage  across  the  CdS  plate  vs. 
the  current  passing  through  it,  •  Figure  3b  is  the  same  d.  c.  voltage  vs,  the 

current  detected  by  a  photo -diode  at  the  screen,  The  upper  portion  of  the  curve, 

designated  by  I,  is  taken  as  the  voltage  increases  at  a  rate  of  w  30  volts  per  sec. , 

n,  is  the  portion  where  voltage  is  set  approximately  constant  for  1  minute.  And  III, 

the  lower  portion  of  the  curve  's  taken  as  the  voltage  decreases  at  a  rate  of  ftr30  volts 

per  sec.  It  is  noted  that  a  smaller  hysteresis  is  present  at  Fig.  2b.  Four  factors  are 

believed  to  be  responsible  for  the  observed  V-I  characteristics;  the  acoustoeloctric 

2 

current  associated  with  the  sound  generation,  the  decrease  in  mobility  due  to  thermal 
heating,  the  poor  ohmis  contact,  and  charge  recombination  on  the  plate  surfaces. 

Figure  3c,  which  is  derived  from  Figs.  3a  and  3b,  is  the  plot  of  power  (Vl^^g)  against 

^diode’ 

2 

3.  Response  time:  A  silicor  uhotodiode  of  wafer  size  less  than  1  mm  and  fre¬ 
quency  response  up  to  2  GHz  was  used  in  place  of  the  screen  and  the  d-c  pulses  were 
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Fig.  3  (a)  Current  passing  through  the  crystal,  I- ^  function  of  d,  c. 
voltage. 


I: 


Voltage  increases  at  a  rate  of  30 


volts 

sec 


II;  Voltage  is  kept  approximately  constant  for  1  minute. 

Ill;  Voltage  decreases  at  a  rate  of  30  '  . 

°  sec 

(b)  Photodiode  current,  a  function  of  the  d.  c.  voltage, 

(c)  ^  function  of  the  d.  c.  power  applied  to  the  crystal. 
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5.  Light  polarization:  No  change  is  observed  as  the  polarization  direction  of  the 
laser  beam  is  changed. 

6.  Crystal  orientation:  The  focusing  effect  seems  to  be  independent  oi  the  cry¬ 
stal  orientation. 

7.  Light  transmission:  The  total  light  transmitted  through  the  CdS  plate  has 
been  measured  before  and  after  the  d-c  voltage  is  applied,  the  change  in  light  trans¬ 
mission  is  less  than  2  percent. 

8.  Sample  thickness,  light  intensity  and  field  intensity:  The  effect  becomes  more 
pronounced  when  the  sample  thickness,  the  light  intensity  or  the  d-c  field  intensity  is 
increased. 

9.  Threshold:  The  threshold  field  of  the  focusing  effect  is  found  to  be  quite  in¬ 
consistent  among  the  samples.  Some  appear  to  have  a  definite  threshold,  others  do  not. 
In  general,  the  threshold  appears  to  be  less  than  the  threshold  field  for  sound  genera¬ 
tion  and  decreases  as  the  light  intensity  increases. 

10.  Ultrasound:  As  mentioned  earlier,  in  many  samples  the  focusing  effect 
starts  before  the  sound  wave  is  generated  in  the  crystal.  However,  once  a  strong  ultra¬ 
sound  is  generated,  its  presence  is  often  demonstrated  by  the  unstableness  of  the  focused 
beam.  The  unstableness  may  result  from  the  mode  shifting  of  the  ultrasonic  wave. 

11.  Thickness  tapered;  When  the  thickness  of  the  CdS  plate  is  tapered  to  an 
angle  of  «  30  degrees,  the  focusing  effect  is  still  observed.  However,  a  much  longer 
response  time  in  the  photodiode  current  is  also  observed.  In  the  case  of  tapered  thick¬ 
ness  the  center  of  the  laser  beam  is  shifted  as  the  d-c  voltage  is  applied. 

12.  Pin  hole  ^•adius;  If  the  lens  of  Fig,  1  is  replaced  by  a  pin  hole,  it  is  found 
that  when  the  applied  d-c  power  is  kept  constant  the  focusing  effect  becomes  stronger 
as  the  radius  of  the  pin-hole  decreases. 

The  following  three  sources  are  thought  to  be  responsible  for  the  observed  effect. 

i)  Ultrasonic  generation;  The  intensity  of  the  laser  beam  is  nonuniform,  being 
greatest  along  the  beam  center  which  will  in  turn  give  rise  to  a  similar  nonuniform  dis¬ 
tribution  in  the  free  electron  density.  When  the  d-c  voltage  is  increased  so  that  the 
electron  drift  velocity  exceeds  the  sound  velocity,  the  transverse  thermal  phonons  are 
amplified  through  pie/.oelecti  ic  coupling.  Since  the  two  major  surfaces  of  the  CdS 
plate  are  sound  reflectors,  strong  ultrasonic  waves  are  generated  inside  the  crystal, 

Tlie  distribution  of  the  intensity  of  the  ultr.asonic  wave  is  expectevi  to  he  similar  to  that 
of  the  free  electron  density,  i.  e„  nighest  along  the  beam  center.  Due  to  the  presence 
of  ultrasonic  waves,  the  index  of  refraction  n  of  tlie  sample  is  no  longer  uniform;  the 
region  of  highest  periodic  variation  of  n  in  time  and  space  coresponds  to  the  region  of 
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highest  sonic  density.  Tien,  Golden,  and  Whinncry  have  theoretically  described  the 

3 

focusing  effect  on  a  light  beam  propagating  in  periodic  media.  They  showed  that  the 
whole  system  of  periodic  strains  can  act  as  a  lens  with  the  region  of  highest  sonic 
density  appearing  to  have  an  effective  refractive  index  greater  than  the  surroundings. 
In  our  case,  the  increase  An^^^  should  be  proportional  to  the  squares  of  the  variations 
of  n  and  would  be  a  maximum  at  the  beam  center.  Therefore,  the  beam  bends  toward 
the  beam  center  and  the  focusing  effect  results. 

Attempts  have  been  made  to  determine  if  the  proposed  model  would  produce  the 
order  of  magnitude  change  in  the  refractive  index  experimen^^ally  observed.  However, 
the  results  are  inconclusive  since:  (1)  no  information  on  the  photoelastic  constant  for 
the  shear  waves  in  CdS  can  bo  found  in  the  literature.  (2)  The  strain  magnitude  (S) 
of  the  shear  wave  can  only  be  estimated.  According  to  Isignro,  et  al, ,  it  is  in  the  order 
of  6  X  10 

ii)  Thermal  heating;  Since  the  photoconductivity  of  the  CdS  plate  is  controlled  by 
the  laser  intensity,  the  crystal  conductivity  will  be  highest  along  the  beam  center. 

When  the  d  -c  power  is  applied,  heat  generated  inside  the  crystal  will  also  be  expected 
to  have  a  radial  distribution  as  that  of  the  conductivity,  i,  e, ,  more  heat  generated  at 
the  beam  center.  Since  the  cross-section  of  the  CdS  plate  is  very  much  larger  than 
the  beam  radius,  we  have  a  very  good  heat  sink.  According  to  the  temperature  depend - 

ent  measurement  of  the  refractive  index  on  CdS  ,  dn/  dT  istt  5  x  10  .  To  p-oducc  a 

-4  1 

change  of  10  in  the  refractive  index,  from  the  beam  center  to  the  beam  edge,  it 
requires  a  change  in  temperature  of  0,  2*^,  In  view  of  having  an  efficient  heat  sink  and 
a  large  amount  of  d-c  power  dissipated  it  appears  possible  that  such  a  temperature 
difference  is  generated  between  the  beam  center  and  beam  edge. 

iii)  Impurity  absorption:  The  voltage -dependent  of  response  time  scorns  to  sug¬ 
gest  that  a  change  in  the  inpurity  absorption  of  tl:e  laser  light  may  be  caused  by  the 
application  of  a  d-c  field,  however,  its  contribution  should  be  fairly  small  due  to  the 
fact  that  tlie  total  light  transmission  does  not  change  by  more  than  Z  percent. 
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A  METHOD  FOR  MEASURING  THE  TRANSDUCER  FREQUENCY  RESPONSE  OF  AN 
ULTRASONIC  AMPLIFIER 

R.  Mauro 


A  technique  for  the  measurement  of  the  transflucer  frequency  response  in  an 
ultrasonic  amplifier,  using  the  acoustoelectric  effect,  is  oroscntecl.  The  validity  of 
this  method  is  experimentally  verified  by  using  the  ineasurcd  transducer  characteristics 
to  predict  the  amplifier  transmission  and  comparing  this  result  with  the  actual  trans¬ 
mission  data. 


In  most  experiments  with  cadmium  sulphide  ultrasonic  amplifiers,  it  is  important 
to  determine  the  frequency  response  of  the  input  and  output  transducers.  This  report 
demonstrates  that  such  information  may  be  readily  obtained  from  acoustoelectric, 
measurements  on  the  amplifier. 

W.  C.  Wang  has  previously  shown  that  a  simple  linear  relationship  exists  in  piezo¬ 
electric  semiconductors  between  the  input  acoustic  intensity  and  the  detected  acousto¬ 
electric  voltage.  ^  Equation  (2)  of  his  paper  may  be  simplified  by  noting  that  if  the 
crystal  is  sufficiently  long,  then  by  properly  adjusting  the  illumination,  complete  at¬ 
tenuation  of  the  acoustic  signal  within  the  CdS  may  be  assumed  (q^  L  »  1).  For  this 
case,  the  detected  acoustoelectric  voltage  is  independent  of  frequency,  and  is  given  by 


V 

ae 


— ^ —  )  (  — 

R  +  R  '  '  qn 
o  ^  o 


)  s. 


(1) 


where  \  is  a  numerical  constant,  R  the  external  load  resistance;,  R^^  the  tmlk  resistance 
of  the  cadmium  sulphide,  c  the  elastic  constant,  n^  the  density  of  conduction  electrons, 
and  the  input  strain  to  the  material.  If  the  amplitude  of  the  applied  pulsed  RF  vol¬ 
tage  is  held  constant,  at  a  particular  frequency  the  amplitude  of  will  be  directly 
proportional  to  the  transducer  response;  at  that  frequency.  Thus,  if  all  olher  quantities 
in  (1)  are  held  constant,  at  any  frequency  tlie  steady-state  transducer  response  is  pro¬ 
portional  to  the  sqo.are  root  of  the  detected  acousioelet  trie  voltage.  Ry  utilizing  these 
voltage  measurements  the  transducer  frcqiu'ncy  response  l  an  ihertd'ore  be  readily 
computed. 

To  validate  tins  method,  the  characteristics  of  the  input  and  ouiput  transducers 
of  a  1-cm-long  CdS  amplifier  w  ere  measured  using  the  acoustoelei  t  r  ic  technique 
This  result  is  shown  in  Fig.  1.  The  product  ot  these  characteristics  w.is  tlum  used 
to  estimate  the  overall  t raiismis sion  of  the  amjilifier  in  tlu‘  insulating  stale.  Figure  2 
compared  tlu'  experimentally  measurofl  tran.smission  i  h.a  raetc  r isl  ii  for  the  afore- 
oL.-ntioned  case  with  that  predicted  from  tlu-  .miu.sluei>-circ  tiai.i.  i  iie  diii.Tence  tie - 
tween  the  two  l  urves  indicates  that  t  iimpli-te  .itleriuation  ot  tin-  .icoustii  signal  did  not 
ov  cur,  an<!  fm  this  case  the  detected  acoustiwlect  r  ic  s  olt.ig-'  is  <le|iendenl  on  I'ne 


OUTPUT  (dB) 
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Fig.  1  Input  and  Output  Transducer  Response  Measured  by  Acoustoelectric 

Technique.  Transducers  are  R  sonant  at  10  and  30  MH  c.  Respectively. 


Fig.  2  Comparison  of  Actual  Amplifier  Transmission  Characteristic  With 
That  Predicted  From  The  Product  of  The  Acoustoelcctr ic  Input  and 
Output  Transducer  Measurements. 
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attenuation  coefficient  a^.  In  spite  of  this,  however,  the  reasonable  agreement  of  the 
two  transmission  curves  demonstrates  that  acoustoclectric  voltage  measurements 
provide  a  satisfactory  estimate  of  the  frequency  response  of  the  amplifier  transducers. 
If  greater  accuracy  is  required,  Wang*  s  complete  expression  for  the  acoustoelectric 
voltage  should  be  used. 
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FIXED  BASE  ALIGNMENT  OF  A  GIMBALLESS  GYROLESS  INERTIAL  NAVIGATOR 
V.  Krishnaa  and  K.  Grobert 


Advances  in  technology  of  inertial  components  with  the  consequent  improvement 
in  high  speed  digital  computers  have  made  a  totally  strap-down  navigation  system 
without  gyroscopes  feasible.  ^  The  feasibility  of  such  a  scheme  has  been  investigated 
in  Ref.  2.  In  this  report  a  scheme  for  initially  aligning  the  system  is  investigated. 

In  conventional  gyrostabilized  platforms,  gyroscopes  and  accelerometers  sense  the 
earth' s  rotation  and  the  gravitational  field  and  corresponding  torquing  signals  are 
applied  to  the  gimbal  drive  mechanism  until  the  platform  is  aligned  to  the  initial  con¬ 
ditions  at  the  starting  point.  Such  a  scheme  is  clearly  not  possible  with  the  propo  sed 
gimballess  gyroless  navigation  system.  Even  though  auxiliary  equipment  can  be  used 
to  align  such  a  system,  this  report  presents  a  scheme  whereby  initialization  is  ac¬ 
complished  in  the  space  vehicle  without  the  use  of  auxiliary  equipment.  Such  an  ini¬ 
tialization  is  attempted  for  the  vehicle  standing  stiL’.  Further  reports  will  cover  in¬ 
flight  initialization  schemes.  The  mechanization  of  navigation  equations  are  ac¬ 
complished  in  the  local -level  coordinate  system.  The  coordinate  axes  are  defined  in 
Fig.  1. 


Fig.  1  Coordinate  Axes 


The  accelerometers  are  aligned  along  Vj  V^.  The  computer  updates  tj. 
direction  cosine  matrix  and  converts  the  measured  acceleration  along  the  [  V  Jaxes  to 
acceleration  along  the  local  leval  axes!  L].  If  the  computer  is  not  initially  set  to  the 
correct  conditions  the  computed  axes[L^]  will  be  in  error  compared  to  the  true  axes 
[L].  This  error,  obviously  will  be  small  and  hence  small  angle  approximations  ran 
be  applied. 
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If  6jt  @2  and  6^  are  the  Eulerian  angles  to  obtain  the  coordinate  axes  [L^]  (Tom 
[L],  then  the  following  equation  holds 


[Lj  =  -Gj  1 


where  D  is  the  direction  cosine  matrix 

‘’ll  ‘’21  ‘’31  I 

^12  '’22  ‘’32 

d.,  d,  ■ 


1  0  0 

0  1 
0  -  Gj  1 


[D][v] 


If  the  computer  is  properly  aligned  anc  assuming  the  vehicle  is  stationary,  the 
outputs  of  the  computer  representing  the  accleration  along  the  local  level  axes  will 
be 


Also,  if  the  rotation  of  the  earth  is  then  the  output  of  the  perfectly  aligned  com¬ 
puter  will  be 

r  1  r  “e  1 


-cj  sin  \ 
e 


where  \  is  the  latitude. 

Expanding  Eq.  (1)  the  computed  accelerations  are 


Ic 

■  ®2‘'23 

■  ®2‘’33 

2c 

= 

Vl3 

®3'’23 

®3^33 

^3c 

■^13 

‘’23 

The  earth' s  angular  velocity  expressed  as  projections  along  the  computed  local  level 
system  is 
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d33  +  03d22 


(5) 


The  error  signals  required  to  correct  the  diretiion  cosines  are  derived  from 

,  A,  in  Eq.  (4)  and  w  ^  in  Eq.  (5)f  A^  represents  the  misalignment  about 
^Ic  ^2c  ^2c  ^Ic 

the  L,  axis,  A.  represents  the  misalignment  about  the  L,-axis  and  u  is  used  to 
^^  ^20  ^  ^2c 

correct  the  azimuth  and  contains  misalignments  about  the  L-  and  L.,  axis.  The  error 

signals  derived  are  given  by 
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where, 


[e'l  = 


and 
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If  Eq,  (6)  is  substituted  into  the  differential  equations  connecting  the  direction  cosines, 
and  neglecting  second  order  terms  in  0^  O2  and  O3 
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Fig.  2  Fixed-Base  Alignment 

If  Eqs.  (7)  are  integrated,  the  initial  errors  will  ultimately  converge  to  zero. 

A  block  diagram  of  such  a  mechanization  is  given  above. 
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CANONICAL  OBSERVERS  IN  LINEAR  CONTROL  SYSTEMS 
M.  Siswosudarmo,  P.  Dorato 

The  nonaccessible  state  variables  of  a  linear,  time  invariant,  completely  observa¬ 
ble  plant  can  be  approximately^  reconstructed  by  building  a  compatible  observer,  A 
possible  design  of  a  compatible  observer  is  based  on  the  canonical  form  of  the  plant 
and  the  observer.  The  first  step  in  the  development  of  canonical  forms  is  the  selec¬ 
tion  of  n  linearly  independent  column  vectors  from  the  np  column  vectors  of  the  ob¬ 
servability  matrix.  Four  canonical  transformations  are  studied  in  detail.  The  first 
and  the  second  canonical  systems  can  be  divirled  into  single  output  canonical  sub¬ 
systems,  and  the  subsystems  are  coupled  to  each  other  through  their  outputs.  If  the 
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orders  o£  the  subsystems  are  almost  equal,  the  third  and  the  fourth  canonical  trans¬ 
formations  can  be  obtained  by  interchanging  the  column  vectors  of  the  first  and  the 
second  canonical  transformations. 

The  canonical  observer  is  constructed  by  selecting  the  observer  matrices  to  satisfy 
the  observer  condition  and  the  compatibility  condition.  The  plant  and  the  observer  are 
assumed  to  be  in  the  second  or  fourth  canonical  form.  The  eigenvalues  of  the  observer 
matrix  A  are  selected  arbitrarily,  as  long  as  they  have  no  nonnegative  real  parts  and 
they  are  not  equal  to  the  eigenvalues  of  the  plant  matrix  F.  By  selecting  a  special 
form  of  the  observer  transformation  matrix  T,  the  observer  matrix  B  can  be  formu¬ 
lated  as  product  and  addition  of  the  partitions  of  A  and  F,  It  is  shown  that  the  canoni¬ 
cal  observer  is  compatible. 

In  the  special  case  of  the  reconstruction  of  a  single  Imear  functional  of  the  plant 
state  variables,  it  is  shown  that  a  reduction  of  the  order  of  the  observer  is  possible. 

The  observer  and  the  plant  are  assumed  to  be  in  the  second  canonical  form.  The 
canonical  A  is  block  diagonal,  the  eigenvalues  of  each  block  is  a  subset  of  the  eigen¬ 
values  of  the  first  (largest)  block,  and  the  eigenvalues  of  the  first  block  are  distinct. 

The  diagonal  blocks  are  transformed  to  diagonal  matrices.  By  collecting  the  state 
variables  corresponding  to  the  same  eigenvalues,  an  observer  of  the  order  “  1 
is  obtained,  n^  is  the  observability  index  of  the  plant.  "  1  <  "  "  P*  The  method 
can  be  extended  to  the  design  of  an  observer  for  multi  linear  functional  of  the  state 
variables  of  the  plant,  in  some  cases  the  design  provides  a  minimum  number  of 
integrators. 

The  use  of  a  compatible  observer  in  feedback  control  system  is  investigated.  It 
is  shown  that  the  closed  loop  eigenvalues  are  the  eigenvalues  of  the  observer  and  the 
eigenvalues  of  the  closed  loop  system  with  an  error  free  compatible  observer.  When 
a  compatible  observer  is  used  in  a  regulator  control  system  which  for  error  free 
observer  is  optimal  with  respect  to  a  quadratic  cost  index,  for  a  finite  time  interval, 
an  increase  of  cost  index  i.s  expected.  It  is  shown  that  for  ,n  subc  lass  of  initial  states, 
the  increase  of  cost  becomes  larger  when  the  real  part.s  of  the  eigonvalurs  of  A  become 
more  negative.  The  eigenvalues  of  A  can  be  selected  so  as  to  r.-iuir.iiac  an  upper  bound 
of  the  increase  of  co.st  for  all  adnJssible  initial  states.  It  is  also  establisht-d  that 
there  exists  no  feedback  law  better  than  the  optimal  regulator,  which  gives  a  mininuim 
cost  index  for  all  initial  states  when  the  overall  system  is  required  to  be  stable. 
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OPTIMAL  BANG -BANG  CONTROL  OF  STOCHASTIC  SYSTEMS  WITH  A  SMALL 
NOISE  PARAMETER 

P.  Dorato,  C.  Hsieh,  and  P.  N.  Robinson 


The  basic  problem  considered  in  this  study  is  that  of  determining  a  feedback  con¬ 
trol  law  which  minimizes  a  performance  index  of  the  form 

(1) 


S  =  E  /  L(x)  dt  |x(o) 


given  a  plant  with  dynamics 


d  X  =  ^x,  u)  dt  +  |(x)  dg  (2) 

with  a  control-input  constraint,  (u(t)  <  1;  where  E|  [  denoted  the  expectation  operator, 
X  an  n-dimensional  state  vector,  u(t)  a  scalar  control  input,  4(t)  a  scalar  Wiener  pro- 
cess  with  variance  parameter  a  i.  e.  E  j(5(t  +  At)  -  |(t)  )  |  =  o- At,  the  time 
required  for  x(t)  to  first  reach  a  given  terminal  region  R,  and  L(x)  a  positive  scalar 
function  of  the  vector  x.  The  control  input  u  is  assumed  to  appear  linearly  in  f(x,  u), 
i.  e.  f(x,  u)  =  h(x)  +  qu. 


For  a  given  feedback  law  the  plant  dynamics  (Eq.  (2))  generate  a  vector  Markov 
process  in  the  state  x(t).  It  can  be  shown  that  a  formal  application  of  dynamic  pro¬ 
gramming  concepts  yields  the  following  optimization  equation 

0  =  min  [(^)  f  (X,  u)  +  i  (T  2  g(x)  g'  (x)  -^)  S°  +  L(x)]  (3) 

u  ~ 

where  9/  9x  denotes  the  gradient  operator  (row  vector),  g'  the  transpose  of  g,  S°  the 
minii  um  value  of  S,  and 


s  =  II  g.(x) g (x) 

-  ^  1  )  ■’  X  u 


The  boundary  conditions  for  Eq.  (3)  are; 

1.  S°(x)  =  0,  for  xf9R,  where  OR  denotes  the  boundary  of  R. 

2.  For  large  |  |x|  |,  where  |  |x|  |  denotes  the  norm  of  x,  the  solution  S°(x) 
approach  the  deterministic  solution;  i.  e.  the  solution  ctirresponding  to  a  ^  s  0. 


It  should  be  noted  from  Eq.  (3),  the  control -input  constraints,  an<l  the  fact  that 
u  is  linear  in  f(^u),  that  the  optimal  control  input  is  given  by 

u  =  •  sgn  (  q)  , 

i.  c.  the  control  input  is  of  the  bang-bang  type. 

The  following  solution  is  proposed  for  the  rase  wh«*re  a  ^  is  small.  Assume  that 

C)  * 

S  (x)  may  be  expandctl  In  a  power  series  »n  <»  i.  e. 
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®2^i^  ♦  . .  • 

then  Eq.  (3)  becomes 

for  i  3  1,  2, . . . 

8S. 


{4) 


(5) 


end 


(  “Ep)  (h(x)  +  q^  =  -  L(x) 


(6) 


where 


qi  a  +  qi  for  (  €  q)  <  0 
»o 


q*  a  -q,  for  ( q )  >  0  • 

N'*te  that  the  terms  S^,  i  >  !•  represent  perturbations  on  the  deterministic  ■’olution 
S  .  With  the  above  assumption,  the  nonlinear  second  order  optimization  Eq.  (3)  is 
reduced  to  a  system  of  piece -wise  linear  first  order  equations.  This  type  of  perturba¬ 
tion  solution,  because  it  does  reduce  the  order  of  the  equations  in  question,  is  re  • 
ferred  to  as  a  singular  perturbation  and  in  general  the  simple  series  solution  (Eq.  (4)) 
is  not  uniformally  convergent  for  all  However  one  can  attempt  to  obtain  at  least 
approximate  solutions  from  Eq.  (4).  In  particular  the  approximation  for  S°(x)  is 
generated  for  all  x,  at  least  for  all  j  where  S°{x)  exists,  as  follows: 

1.  A  ^sume  q—  =  -  q.  Solve  the  system  of  first  order  Eqs.  (5)  and  (6)  using  the 
method  of  characteristics,  with  the  boundary  conditions 


S.(x)  »  0,  X  e  SR,  i  a  0,  I,  2 


(7) 


DenoU  the  set  of  points  whore  characteristic  curves  extend  and  satisfy  the  boundary 
conditions  (7)  by  T  . 


2.  With  the  solution  in  step  one  compute  a  switching  segment  T  from 


1  ■ 
m0  ^ 

where  S®  is  approximated  by  a  finite  number  of  terms  in  the  expansion  (Eq.  (4)).  Now 
let  R’  denote  the  set  of  points  bounded  by  TJ  and  dT^  .  This  represents  the  sot  of 
points  where  the  sign  of  dS®/  ^  ^  is  consistent  with  u  •  -1.  In  a  similar  way  on?* 
can  compote  a  poeitive  switching  segment  T*  . 

3.  A  TC*s  a  switching  curve  S®(xl  n  tst  be  continuous,  so  that  one  can  now  specify 
the  values  of  S®(xt  on  r*.  Now  repeat  step  one  with  e  new  terminal  region  made  up  of 

m  O 
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the  union  of  R  and  l^^to  obtain  the  next  switching  segment  F'. 

4.  Repeat  the  above  steps  untii  a  complete  curve  is  generated,  as  vhe  unipn  of 
individual  switching  segments. 


In  the  following  example  the  above  method  yields  an  exact  result. 


Example! 

For  the  linear  system 

0  1 
0  0 


X  = 


X  + 


u  + 


with  an  integral  quadratic  performance  index 


S  =  E 


it  X 


and  the  "  strip"  terminal  region  R  (-C  2  <  x  <  0.  2,  x,  =  0),  the  method  of  charac* 

*  *  ~  ^  o  2 

teristics  applied  to  Eq.  (5)  and  (6)  yields  the  exact  solution  4  <r  ‘  Sj+. .  .v 

where 


2  5  2  3  2 

-jrxj  t  ^  *2  «|+«2X, 

TT-Z  *  ’■(’‘e 

3  3 

T  ’‘z 

i«^z 


The  switching  segment  F  is  determined  from 


-Ira-Mj 


c  . 


The  region  TJ  .  ^  ihis  czzse  is  bounded  Ky  the  switching  curve  above,  the  rogiem  R, 
and  the  char«ciori*tic  ^ 

Joint  Services  Technical  Advisory  Committee  P.  Dorati.,  C,  Msieh  and  P.  N.  Robinson 
AT  49(6 1402 
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MINIMUM  SENSITIVITY  DESIGN  OF  ATTITUDE  CONTROL  SYSTEMS  VIA  LYAPUNOV 
FUNCTIONS 

P.  Dorato 

Id  this  study  Lyapunov  functions  are  used  to  design  feeciback  control  laws  which 
guarantee  asymptotic  stability  for  specified  plant -parameter  variations.  Satellite 
attitude  control  dynamics  in  the  nonlinear  acquisition  |^ase,  v^hen  direction  cosines 
arc  used  to  specify  altitude,  are  of  the  general  form 

X.  =  x'  A.  X  +  a.  N. 

1  ~  1  *>•  11 

where  x  is  as  n  dimensional  state  vector  with  components  x.,  A.  arc  n  x  n  matrices, 

••  11 

a.  are  scalar  gain  factors  for  the  input  torques  N^,  and  x*  denotes  the  transpose  of  x. 
Plant  parameter  variations  include  '"ariations  in  A.  and  q..  The  basic  design  approach 
is  then  to  determine  feedback  control  laws. 

N.  =  01  (x) 

such  that  V(x)  is  negative  for  all  anticipated  variations  in  plant  parameters.  Here 
V(x)  is  a  positive  definite  ■  Lyapunov"  function.  If  the  design  flexibility  in  the  choice 
of  N.  is  parametized  by  a  constant  vector  k  and  the  total  parameter  vector  is  denoted 
by  a,  then  the  design  objective  may  be  characterized  by  the  following  problem,  de¬ 
termine  k  such  that  for  all  admissible ^V(x)  is  negative. 

National  Aeronautics  and  Space  Administration  P.  Dorato 

NgR  33-006-042 

MODELING  AND  CONTROL  OF  A  CHEMICAL  PROCESS 
L.  Shaw  and  A.  Kantrowitz 

This  report  is  concerned  willi  the  development  of  a  feedfon.vard -feedback  control 
system  for  a  distillation  column.  The  process  being  considered  is  a  mult  -input,  multi¬ 
output  nonlinear  system.  The  problem  being  considered  can  be  broken  into  four  main 
parts  which  are:  (l)  development  of  an  accurate  digital  sim-  lation  based  on  the  phys¬ 
ical  concepts  involved,  (2)  determination  of  the  most  efficient  identification  technique 
for  the  determination  of  the  parameters  of  the  simplified  model  for  use  in  association 
with  the  feedforward  controller,  (3)  development  of  the  feedforward  controller,  and  (4) 
development  of  a  feedback  control  scheme  which  will  reduce  any  errors  made  by  the 
feedforward  controller. 

The  digital  simulation  has  already  been  completed.  A  set  of  first  order  nonlinear 
differential  equations  was  obtained  by  combining  the  partial  and  total  mass  balance  equa¬ 
tions  taken  about  each  plate,  the  reboiler,  and  the  condenser.  An  auxiliary  set  of  equa¬ 
tions  was  also  obtained  by  assuming  that  the  liquid  overflow  from  a  tray  was  linearly  ro- 
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lated  to  the  holdup  on  the  tray  and  the  vapor  flew  rate  from  the  previous:  tray.  These 
equations  were  solved  witl.  the  aid  of  an  IBM  subroutine.  The  simulation  allows  for  five 
inputs  and  two  outinits.  The  inputs  are  the  liquid  and  vaper  feed  flow  rates,  the  feed 
concentration,  the  vapor  rate  from  the  reboiler,  and  the  reflux  ratio.  The  outputs  are 
the  concentrations  at  the  top  and  bottom  of  the  column 

The  identification  problem  is  now  under  consideration.  Pseudo-random  test  sig¬ 
nals  and  step  input  signals  are  being  investigated  as  possible  input  test  signals.  At  this 
time  no  decision  has  been  made  as  to  which  technique  is  best  suited  for  this  system. 

As  soon  as  a  satisfactory  lower  order  mod..-!  of  the  distillation  column  is  deter¬ 
mined,  it  will  be  used  in  association  with  a  feedforward  controller.  The  final  step  in 
the  project  will  be  to  add  a  feedback  loop.  The  purpose  of  the  feedback  loop  will  be  to 
reduce  any  deviations  in  the  output  concentrations  which  occur  because  of  the  use  of  the 
lower  order  model  in  the  feedforward  controller. 

U.  S.  Army  Research  Office 

DA  3l -124-ARO(D)-3i6  A.  Kantrowitz 

VARIABLE-LENGTH  DISTINGUISHING  SEQUEfTCES  AND  THEIR  APPLICATION  TO 
THE  DESIGN  OF  FAULT  DETECTION  EXPERIMENTS 

I.  Kohavi 

A  variable-length  distinguishing  sequence  (VLDS)  is  a  preset  distinguishing 
sequence  Xq  such  that,  if  the  machine  is  started  in  an  unknown  state,  the  output  re¬ 
sponse  oi  the  machine  to  some  prefix  of  will  identify  the  initial  s^ate.  The  length 
of  the  required  prefix  is  a  function  of  the  initial  state.  The  properties  of  such  se¬ 
quences  are  investigated  and  a  method,  which  employs  a  modified  version  of  the  di¬ 
agnosing  tree,  is  developed  for  generating  and  displaying  all  such  sequences.  The 
fixed-length  distinguishing  sequence  (FLDS)  is  shown  to  be  a  special  case  of  the  more 
general  VLDS.  The  VLDS  is  next  applied  in  the  design  of  simple  and  efficient  preset 
fault  detection  experiments  for  sequential  machines. 

The  Distinguishing  Tree. 

Machine  M  is  described  by  means  of  its  state  table  (Table  I).  The  response  of  M 
to  the  sequences  010  and  10  are  summarized  in  Table  II. 

It  is  evident  that  the  two  input  sequences  10  and  010  are  distinguishing  sequences. 
Since  the  DS  10  is  the  shortest  for  machine  M,  the  experimenter  might  be  tempted  to 
use  it  for  the  determination  of  the  initial  state  and  in  the  design  of  fault  detection  ex¬ 
periments.  However,  a  closer  inspection  of  the  responses  of  Table  II  leads  to  tha 
following  observations;  (1)  Starting  from  the  initial  uncertainty  (Al^CDE),  the  response 
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Table  1  Table  H 

Machine  M  Responses  of  M  to  input  sequences 


PS 

NS,  Z 

x=0 

X=1 

Initial 

state 

10 

Response  to 

010 

A 

B,0 

B.  1 

A 

11 

013 

B 

C.  1 

D.  1 

B 

13 

110 

C 

A.  2 

A.  1 

C 

10 

211 

D 

E,  3 

A,  2 

D 

20 

321 

E 

D,  3 

B,  2 

E 

21 

320 

to  an  input  1  leads  to  the  uncertainty  vector  (BDA)  (AB)  which  implies  that  the  initial 
state  was  either  (AFC)  or  (DE),  depending  on  whether  the  response  was  1  or  2.  No 
conclusion  can  be  made  about  the  exact  initial  state  unless  a  second  input  is  applied. 

(2)  starting  with  the  same  initial  uncertainty,  the  response  to  a  0  input  leads  to  the 
uncertainty  vector  (E}  (C)  (A)  (ED).  Consequently,  by  observing  the  response  of  M 
to  this  single  input  we  may  conclude  that  the  initial  state  was  A,  B  or  C  depending  on 
whether  the  output  was  0,  1  or  2,  respectively.  If  the  response  to  the  0  input  was  3, 
no  conclusions  can  be  reached  regarding  the  initial  state  except  for  the  observation 
that  it  was  either  D  or  E.  Hence,  if  the  experimenter  u-ed  the  first  DS  which  is  a 
FLDS,  he  is  guaranteed  to  determine  the  initial  state  b>  the  application  of  two  input 
symbols  only.  However,  if  he  chooses  to  start  with  an  input  of  0  he  can  determine 
the  initial  state  by  applying  a  single  input  symbol  or  he  may  have  to  apply  three 
symbols,  depending  on  the  initial  state.  Consequently  the  sequence  010  is  a  VLDS. 

The  length  of  a  VLDS  Xq  is  defined  as  the  average  length  of  the  shortest  dis¬ 
tinguishing  prefixes  (SDP's)  r  f  X^. 

Our  first  task  is  to  modTy  the  tree  procedure  so  that  the  various  DS's,  fixed  as 
well  as  variable-length,  wil!  be  generated  and  displayed.  The  tree  for  machine  M  is 
given  in  Fig.  1. 

Starting  with  the  initial  uncertainty  (ABCDE),  the  application  of  a  0  input  yields 
the  0- successor  uncertainty  (B)  (C)  (A)  (ED)  which  may  also  be  written  in  a  compact 
from  (ED),  since  the  components  containing  single  states  only  may  be  omitted.  Under 
the  vector  (B)  (C)  (A)  (ED)  we  have  written  the  vector  (A)  (g)  (DE),  where  the 

circled  states  denote  those  states  which  have  been  identified  uniquely  by  the  applica¬ 
tion  of  the  first  input,  while  the  component  (DE)  denotes  those  states  which  have  not 
yet  been  distinguished.  Similarly  cue  application  of  a  ’  input  leads  to  the  1- successor 
(BDA)  (AB)  which  distinguishes  the  initial  states  'ABC)  from  (DE).  Fror>i  the  complete 
tree  it  Is  evident  that  machine  M  has  numerous  distinguishing  sequences,  of  which  the 
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0  (ABCOE) 


(OE) 

(BA) 

{C)(E)(B)(B)(C) 

(DB) 

(BO) 

(A) 

(DE) 

(DE) 

®  ®©©  © 

(AC) 

(DE) 

Q 

4  ©  ©  ®  © 


Fig.  1  A  Distinguishing  Tree  for  Machine  M 

sequences  10  and  010  are  the  shoitest  fixed  and  variable  length  sequences, respectively, 
(Note  that  the  length  of  the  VLDS  010  is  9/5,  while  that  of  110  or  111  is  14/5). 

There  are  two  major  differences  between  the  method  outlined  above  for  the  con¬ 
struction  of  the  distinguishing  tree  and  the  method  described  in  Gill\  Since  Gill  is 
only  concerned  with  FLDS's  he  terminates  the  whole  tree  in  the  k-th  level,  if  there 
exist  one  or  more  trivial  uncertainties  associated  with  that  level.  Using  that  method, 
the  tree  of  Fig.  1  would  have  been  terminated  in  the  second  level  and  the  VLD's  OlO 
would  not  have  been  revealed.  The  second  difference  is  that  the  tree  of  Fig.  1  dis¬ 
plays  the  status  of  the  initial  uncertainty,  i.  e.  ,  the  initial  states  which  have  been 
identified  at  any  point  in  the  experiment,  as  well  as  the  x.  -  successor  uncertainties, 
while  the  tree  suggested  by  Gill  displays  only  the  latter. 

It  must  be  emphasized  that  an  experiment  based  upon  a  VLDS  is  preset  and  nut 
adaptive  rince  it  is  predesigned  independently  of  tho  output.  The  experiment  may. 
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however,  be  terminated  befrre  ita  completion  if  the  response  is  sufficient  to  uniquely 
identify  the  initial  state,  independently  of  the  remainder  of  the.  sequence.  It  is  evident 
that  while  not  every  FLDS  may  be  used  as  VLDS,  every  VLDS  may  be  used  as  FLDS, 
e.g. ,  the  sequence  10  cannot  be  used  as  VLDS  on  M,  while  the  entire  seq’-  .nte  OlO 
can  be  used  as  FLDS.  In  most  cases,  however,  the  distinguishing  sequences  can  be 
used  as  VLDS's  and  the  above  outlined  procedure  will  help  to  d«,tect  such  possibilities 
and  evaluate  their  properties.  The  applications  and  advantages  of  the  VLDS  will  be¬ 
come  more  evident  in  the  design  of  fault  detection  experiments. 

Design  of  Fault  Detection  Experiments  with  VLDS's. 

The  design  of  fault  detection  experiments  has  been  studied  by  various  authors^’ 
The  basic  tool  for  these  designs  has  been  the  FLDS.  The  length  of  the  fault  detection 
experiment  is  generally  a  f\inction  of  the  number  of  states  and  the  length  of  the  DS. 

The  significance  of  the  length  of  the  DS  is  further  increased  by  the  fact  that  the  DS 
must  be  applied  repeatedly  in  order  to  identify  each  state  and  to  verify  the  accuracy 
of  each  transition.  In  a  fault  detection  experiment  for  a  machine  having  n  states  and 
m  inputs,  the  DS  must  be  applied  at  least  nm  times  and  consequently  its  length  is  a 
major  factor  in  the  determination  of  the  length  of  the  experiment.  As  an  example  we 
shall  design  a  fault  detection  experiment  for  machine  M,  using  the  VLDS  010,  The 
response  of  M,  as  well  as  the  final  states,  are  summarized  in  Table  III. 


Table  HI 

Response  of  M  to  the  SDP  of  the  VLDS  010 


Initial 

state 

Response  to 

SDP  of  010 

Final 

state 

A 

0 

B 

B 

1 

C 

C 

2 

A 

D 

321 

C 

E 

320 

B 

The  sequence  10  is  known  to  bo  a  HS  of  M,  hence  its  application  to  the  machine 

together  with  the  appropriate  transfer  sequence  will  put  M  in  state  A,  ready  to  accept 

the  preset  part  of  the  experiment,  (a  transfer  sequence  T{S,,S.)  is  defined  as  the 

'  J  V 

shortest  input  sequence  which  takes  M  from  state  S^  into  state  S.J  If  a.  fault  occurred 
and  M  did  not  reset  to  A,  the  following  experiment,  which  assumes  initial  state  A, 
will  reveal  the  existence  of  such  a  f.-iuU. 


The  fault  detection  experiment  starts  with  a  0  input  (since  0  is  the  SDF’  for  A)  to 
check  the  initial  state.  If  the  machine  operates  correctly  it  will  respond  with  a  0  out- 
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put  and  go  to  state  B,  The  application  of  three  additional  0  inputs  pass  the  machine 
through  states  C  and  A  iuio  state  B.  At  this  point  another  0  input  will  not  result  in 
any  new  transition  and  hence,  an  input  1  followed  by  the  appropriate  SDP  is  applied. 
This  part  of  the  experiment  is  as  follows; 

Input;  0  0  0  1  0  1  0 

State;  ABCABD  BC 

Output;  01201321 

If  the  machine  has  not  produced  the  above  specified  output  up  to  this  point,  we  may 
conclude  that  it  does  not  operate  correctly.  If  however,  the  above  specified  output  has 
been  produced,  no  definite  conclusion  can  be  drawn  as  to  whether  the  machine  has 
operated  correctly  and  is  indeed  in  state  C,  or  whether  a  fault  exists  and  the  actual 
final  state  is  different  from  C.  We  shall  therefore  assume  that  the  machine  is  in 
state  C  and  design  the  next  part  of  the  experiment  under  this  assumption.  U  the  as¬ 
sumption  is  wrong,  it  will  be  revealed  by  the  next  parts  of  the  experiment.  From  the 
above  input-output  sequences  it  is  evident  thit  the  machine  being  tested  has  at  least 
four  distinct  states  since  it  responded  wo  an  input  0  with  four  different  outputs. 

1  urthermore,  provided  we  demonstrate  next  the  existence  of  a  distinct  fifth  state, 
this  experiment  ascertains  the  transitions,  under  an  input  0  from  A  to  B,  B  to  C  and 
C  to  A,  and  under  an  input  1  from  B  to  D,  The  only  yet  unverified  transition,  in 
this  section  of  the  experiment,  is  from  D  under  a  0  input. 

Starting  from  state  C,  we  apply  an  input  1  followed  by  the  SDP  0  in  order  to 
check  the  transition  from  C  to  A.  This  leaves  the  machine  in  state  B.  Since  both 
transitions  from  this  state  have  already  been  checked,  a  transfer  sequence  T(B,  D)  =  1 
is  applied  followed  by  00  i  9  to  cause  and  check  the  transition  from  D  to  E.  At  this 
point  all  five  states  of  M  have  been  uniquely  identified.  Also  the  verification  of  the 
transition  from  D  to  E  under  a  0  input,  together  with  the  information  available  from 
the  preceding  section  of  the  experiment,  is  sufficient  to  ascertain  the  transition  from 
E  to  B  under  an  input  1.  This  section  of  the  experiment  is  as  follows: 

Input;  I  0  10  0  10 

State;  C  A  B  D  E  A  B 

Output;  1  0  1  3  3  2  0 

At  this  point  a  transfer  sequence  T(B,  E)  =  10  is  needed  followed  by  a  0010  to 
check  the  transition  from  E  into  D.  This  check  together  with  previous  information  is 
also  sufficient  for  the  verification  of  the  transition  from  D  to  A.  In  a  similar  manner 
the  experin^ent  is  completed  ns  shown  below; 

Input:  OOOOlOlOlOlOOlOlOOOlOOlO 

Output;  01201  131 101  5  320 1  3  3 32 1 2 1 1 
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This  experiment  requires  24  input  symbols  versus  34  symbols  which  would  have  been 
required  for  r.n  experiment  using  the  FLDS  10,  Thus,  although  the  chosen  VLDS  010 
contained  thr«e  /n.bols,  versus  two  symbols  required  for  the  FLDS  10,  the  resulting 
fault  detection  experiment  is  substantially  simpler. 

A  fault  detection  experiment,  constructed  in  the  preceding  manner,  generally  con¬ 
sists  of  three  overlapping  parts;  a  set  of  transfer  sequences;  input  symbols  to  cause 
the  desired  transitions;  nm  applications  of  the  DS.  The  use  of  a  VLDS  affef:ts  mainly 
the  latter  part  of  the  experiment,  which  is  generally  the  longest  one.  The  length  of 
this  part  can  be  computed  as  follows. 


Let  Qjj  be  the  state  to  which  the  machine  goes  from  S.  when  input  I.  is  applied, 

i.  e, ,  Sj  X  L-*Q.j.  Let  L(Qj^^)  be  the  SDP  of  state  then  the  total  length  of  the  DS's 
in  the  fault  detection  experiment  is  given  by 


n,  m 


KQy) 


it  j=  1 

Clearly,  if  L(Q.j)  is  a  constant  (=Lq),  then  I  =  L^mn.  Thus,  the  usefulness  of  the 
VLDS  is  increased  whenever  its  average  length  is  shorter  than  that  of  the  FLDS  and, 
in  addition,  a  larger  number  of  the  next-state  entries  Q.j  possess  the  shorter  prefixes 
of  Xq.  Very  often  it  occurs  that  the  maximal  length  of  a  VLDS  is  also  the  shortest 
FLDS,  in  such  cases  the  preceding  procedure  yields  shorter  and  more  efficient  ex¬ 
periments. 


This  work  was  carried  out  in  collaboration  with  7,,  Kohavi,  Department  of 
Electrical  Engineering  and  Project  MAC,  Massachusetts  Institute  of  Technology, 
Cambridge,  Mass. 
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DESIGN  OF  CHECKING  EXPERIMENTS  FOR  SEQUENTIAL  MACHINES 
D.  Farmer  and  E.J.  Smith 

The  problem  of  designing  a  checking  experiment  for  ^  sequential  nmchine  h.ijj 

I  « 

been  studied  by  F.C.  Hennie  and  C.R.  Kime*".  The  prohle»n  tonmil.ded  by  them 
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consists  of  finding  an  input  sequence  and  its  associated  output  ;;iequence  which  uniquely 
characterizes  the  machine  being  checked.  Actually  the  characterization  is  unique  only 
if  some  additional  assumptions  are  made,  the  most  important  being  that  the  number  of 
states  of  the  machine  has  hot  increased  due  to  the  presence  of  a  fault. 

The  solutions  given  by  Hennie  and  Kime  make  use  of  special  input  sequences  which 
identify  initial  states  of  the  machine.  The  simplest  case  is  the  identification  of  a  state 
by  the  response  of  the  machine  to  a  single  input  sequence.  The  input  sequence  is  called 
a  distinguishing  sequence.  In  order  for  an  n-state  machine  to  possess  a  distinguishing 
sequence,  the  machine  must  have  n  distinct  responses  to  some  input  sequence,  each 
response  characterizing  the  initial  state  of  the  machine.  Not  all  machine possess  this 
property. 

For  machines  which  do  not  possess  distinguishing  sequences  it  is  possible  to  de¬ 
sign  checking  experiments  based  upon  a  set  of  characterizing  sequences,  A  set  of 
characterizing  sequences  is  a  set  of  input  sequences  for  which  the  5C;t  cf  responses 
uniquely  identifies  the  initial  state.  The  principal  difficulty  in  the  design  of  enperiments 
using  characterizing  sequences  is  that  it  is  necessary  to  ascertain  that  the  machine  is 
in  the  same  state  at  several  points  in  the  experiment.  This  type  of  experiment  is  usually 
very  lengthy.  Table  1  gives  an  example  of  a  machine  which  does  not  possess  a  dis¬ 
tinguishing  sequence.  Table  2  shows  the  response  of  the  machine  to  the  set  of  char¬ 
acterizing  sequences  0  and  10.  A  checking  experiment  for  this  machine  designed  sys¬ 
tematically  by  Hennie' s  method  requires  134  input  symbols. 


Present  State 

Next  State,  Output 
input  =  0  input  =  1 

A 

B,  0 

C,  0 

B 

B,  0 

A,  0 

C 

C.  1 

A,  0 

Table  1  -  Machine  which  does  not  possess  a 
distinguishing  sequence 

Notci  The  above  machine  does  not  possess  a  distinguishing  sequence  for 
the  reason  that  any  sequence  beginning  with  a  0  fails  to  distinguish 
between  states  A  and  B  while  any  sequence  beginning  with  a  1  fails 
to  distinguish  between  B  and  C. 

I  Output  Sequence 


Initial  State 

input 

=  0  input  e  10 

A 

0 

0! 

B 

0 

00 

C 

00 

Table  2  -  Response  of  the  machine  of  Table  1  to  the  set  of  i  l\a  r.icterizing 

sequences {o,  10(  . 
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Work  is  proceeding  on  alternate  approaches  to  the  design  of  checking  experiments. 
At  the  moment  effort  is  being  concentrated  on  a  more  general  approach  which  docs  not 
rely  on  distinguishing  or  characterizing  sequences.  Preliminary  indications  are  that 
lengths  of  experiments  for  machines  which  do  not  possess  distinguishing  sequences 
may  be  favorable  with  respect  to  the  existing  methods  of  design. 

One  approach  being  investigated  is  the  use  of  multiple  experiments  instead  of  a 
single  long  experiment.  This  is  an  especially  useful  technique  when  the  machine  can 
be  reset  to  a  reference  state  whenever  desired.  Most  practical  machines  fulfill  this 
requirements. 

The  technique  for  designing  multiple  checking  experiments  is  only  beginning  to 
take  shape  and  could  conceivably  move  in  several  directions.  Two  tools  which  appear 
useful  arc  the  regular  expression  formulation  of  the  state  diagram  and  a  new  state 
reduction  technique  due  to  J,  Kclla^. 

Consider  the  state  diagram  for  the  machine  of  Table  1  as  given  in  Fig,  1.  It  can 
easily  be  shown  that  the  regular  expression  accepted  by  this  machine  for  initial  state  A 
is  the  followingi 

R  =  (00*1  +  10*1)*  10*0 

(For  details  of  deriving  the  regular  expression  from  the  state  diagram  the  reader  is 
referred  to  Ref.  4). 

R  represents  an  infinite  sot  of  sequences.  If  all  of  these  sequences  were 
applie<t  to  the  machine  and  an  output  1  observed  at  the  end  of  every  sequence,  this 
would  constitute  a  checking  experiment  for  the  machine.  The  machine  would  have 
to  be  reset  to  state  A  before  the  application  of  each  sequence.  This  experiment,  how¬ 
ever,  would  not  be  of  practical  use  since  it  would  be  of  infinite  length.  One  might, 
however,  extract  some  of  these  sequences  from  R  and  use  these  in  the  design  of  an 
experiment.  Some  finite  subset  of  R  will  be  sufficient  to  uniquely  characterize  the 
machine  subject  to  the  upper  bound  on  number  of  states,  but  as  yej  no  guidelines  have 
been  found  for  selecting  the  subset. 

To  illustrate  what  may  be  done  suppose  that  the  following  subset  of  R  is  selected; 

R'  =  10''‘0  +  OO'l  10  +  10*110 

Note  that  10  0  is  inclutled  in  10  110.  The  sets  chosen  are  still  infinite  sets  but  it  is 
now  possible  to  show  that  a  machine  under  test  accepts  them  by  conducting  a  finite 
number  of  experiments  if  an  upper  bound  for  the  number  of  states  is  assumed.  For 
this  machine  the  upper  bound  is  assumed  to  be  three  states.  It  is  apparent  that  an  n- 
state  machine  which  responds  identically  to  0,  1,  2.  ..n  repetitions  of  a  sequence  will 
not  respond  differently  for  n  +  1  or  higher  repetitions  of  this  sequence.  For  the  3-statc 
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machine  it  is  sufficient  to  establish  the  response  to  0,  1,  2,  and  3  repetitions  of  a  pat** 
tern.  It  is  tl'.erefore  possible  to  establish  the  acceptance  of  R'  by  observing  the  input** 


output  sequences  of  Table  3, 


Input  Sequence 
0110 
00110 
000110 


Output  Sequence 
0001 
00001 
000001 


(This  establishes  00*110) 


1110 

10110 

100110 

1000110 

(This  establishes  10*110  and  10*0) 


0001 

01001 

011001 

0111001 


Table  3  -  Input -output  sequences  for  establishing  the  acceptance  of  R* 


An  experiment  may  be  designed  to  establish  the  ac  jeptance  of  R' ,  but  this  is  r40t 
sufficient  to  show  that  the  machine  under  test  actually  is  the  machine  of  Table  1.  This 
is  due  to  the  fact  that  R'  is  only  a  representative  subset  of  R  which  was  sclocteo  arbi¬ 
trarily.  It  is  possible  to  augment  this  subset  with  other  sequences  and  to  establish  that 
the  machine  under  test  is  in  fact  the  machine  of  Table  1.  Ln  this  stage  of  the  experi¬ 
ment  design  the  principal  tool  is  the  state  re'luctiun  technique.  Figure  2  represents 
the  state  diagram  for  the  most  general  machine  which  accepts  R'. 

The  following  questions  must  be  answered: 

H  Is  a  simple  self-loop  on  state  2  established  by  the  proposed  experiment?  The 
acceptance  of  00  tlO  establishes  tha*  the  machine  cither  has  a  self-lo<'p  on  state  2  or 
.t  cycles  between  states.  This  latter  condition  will  be  referred  to  as  a  loop  system. 

If  the  machine  does  cycle  between  state  2  and  «  ne  uthcr  state  then  the  other  state 
itiust  appear  somewhere  on  the  diagram  if  cnc  machine  is  a  reduced  machine.  It  is 
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Fig.  2  State  Diagram  to  be  Established 

Note:  The  dashed  lines  represent  self-loops  to  be  contirrned  ant!  necessary 
additions  to  be  established. 


therefore  necttssary  to  es^-ablish  that  state  L  is  incompatible  with  all  other  states  on  the 
diagram.  Without  the  addition  of  state  10  states  I  and  1  are  compatibh;  since  the 
machine  when  started  in  cither  of  them  could  conceivably  respoml  to  tl»e  input  sequence 
no  with  output  sequence  OOl,  It  is  necessary  to  .uigmen'  the  proposed  experiment  to 
include  the  sequence  110  so  that  it  can  be  established  that  the  mactiine  started  in  states 
1  anti  2  responds  differently  to  input  110.  This  results  in  the  addition  o;  slatt-  IQ  to  the 
tliagrani.  Now  ii  is  known  that  states  1  and  2  are  distinct  although  each  has  a  0/  0 
transition  out  of  it.  There  is  also  a  state  (state  6)  which  has  a  0/  I  trausititm  nut  of  it. 
Therefore  there  is  no  possible  other  state  tor  the  loop  system  on  state  2.  A  simnlc 
self-loop  has  been  established. 

2)  Is  a  simple  self -loop  on  state  6  established  by  the  proposed  experiment? 

Here  the  answer  is  clearly  yes  since  there  tan  be  only  one  state  which  ha»  a  0/  1  transi¬ 
tion  out  of  it  if  there  are  two  states  which  have  0/  0  transitions  out  <>(  them. 

3)  Is  the  10  stalemachinc  uniquely  redu*  ible  to  one  1  state  nt.achtn<  (ll.at  o)  Table  I J  ^ 
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The  state  reduction  method  of  Kella  gives  only  one  three  state  machL'e  for  this  diagram. 
Therefore  the  sequences  of  Table  3  plus  the  input  sequence  110  (response  to  which  is 
000)  constitute  a  checking  experiment  for  the  machine  of  Table  1. 

The  final  experiment  consists  of  a  total  of  40  symbols  and  8  resets.  This  coin*> 
pares  with  134  symbols  and  one  initial  setting  by  Hennic*  s  technique. 

There  are  several  areas  open  for  investigation.  One  area  is  the  establishing  Of 
criteria  to  determine  a  sufficient  subset  of  the  regular  expression  set  accepted  by  the 
machine.  Another  area  is  the  formalization  and  hopefully  improvement  of  the  means 
of  determining  by  state  compatibility  arguments  that  the  machine  is  uniquely  identified. 
Results  so  far  have  indicated  that  further  study  should  proceed^ 
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SEQUENTIAL  MACHINE  IDENTIFICATION 
J.  Kella 

This  research  ia  directed  towards  the  solution  pt  the  problem  of  sequential 
machine  idcntirtcation.  Given  an  input  signal  sequence  to  an  unknown  machine  and  the 
corresponding  output  sequence  it  is  required  to  find  the  state  table  or  any  other  com¬ 
plete  description  of  the  machine.  General  iy,  the  solution  is  poss  ble  only  if  there  is 
a  bound  given  for  the  number  of  states  of  the  machine  and  the  given  sequences  describe 
uniquely  the  given  machine  i. ,  the  input  output  sequences  are  a  checking  experiment 
of  the  given  machine. 

We  started  the  above  discussion  with  a  somewhat  different  problem.  Given  an 
input  output  sequence,  find  ail  reduced  machines  which  would  ;:ive  this  input  output  se¬ 
quence.  Stated  this  way,  the  problem  reduces  to  a  state  reduction  problem.  The  input 
output  sequence  defines  an  incompletely  rpeciued  Mealy  sequentiiil  machine,  as  da- 
•cribed  in  Fig.  1,  This  machine  has  n  ♦  I  states,  where  n  is  the  length  of  the  sequence, 


tw'nrirjsW^-N';.! 
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2/^2 


Fig.  1  Input  Output  Basic  Machine 


•n/^n 

- 5^ 


and  every  state  (except  s^^j)  has  one  and  only  one  specified  transition  and  output,  the 
transitions  and  outputs  may  be  formulated  by: 


8  (ij.  s^)  = 


w  (i.,  s.)  = 
j  1 


1.  e  1. 

J  1 

1.  P  1. 

J  1 


where  6  and  w  are  the  next  state  and  output  mapping  and  (-)  indicates  a  non-specified 
mapping.  Based  on  state  reduction  theory  and  on  the  special  mapping  of  this  type  of 
machine  it  is  proved  that  the  reduced  machine  should  be  a  partition  of  the  states  of  the 
original  incompletely  specified  machine.  Due  to  the  special  characteristics  of  the 
machine  it  is  possible  to  check  and  mark  incompatible  pairs  of  states  by  a  single  run 
through  the  sequence  from  the  end  back  to  the  beginning  with  no  repetition  required. 

An  algorithm  which  makes  use  of  this  property  is  given  for  the  incompatible  state 
listing. 

As  every  state  in  the  basic  machine  has  only  one  specified  transition,  and  that 
transition  is  completely  specified,  input  symbol,  output  symbol  and  next  state,  any  two 
different  states  specified  under  two  different  input  symbols  are  compatible.  According 
to  this  rule  the  number  of  different  partitions  of  all  states  of  the  basic  machine,  while 
the  partitioning  is  done  according  to  compatibility,  is  very  large.  The  machine  reduc¬ 
tion,  though,  requires  preserved  partitions,  or  closed  covers,  of  all  states  of  the  basic 
machine.  This  requirement  is  not  necessarily  fulfilled  by  all  possible  partitions.  The 
method  presented  avoids  all  non-preserved  partitions  by  generating  first  all  different 
partitions  of  the  set  of  states  specified  under  only  one  input  symbol  and  which  includes 
state  Sj,  Starting  with  any  such  partition  and  following  the  mapping  rules  leads  to  a 
preserved  partition  of  the  whole  machine. 

A  detailed  practical  algorithm  was  developed  for  a  fast  reduction  of  the  original 
machine  into  all  possible  reduced  machines.  We  are  now  trying  to  program  this 
algorithm  in  the  PDP-8  language  and  obtain  a  completely  mechanized  identification 
device. 
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The  method  seems  to  be  quite  valuable  for  generation  of  checking  experiments 

for  sequential  machines  and  for  the  general  machine  identification  problem. 
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THE  ASSOCIATED  LEFT  COMPLETE  EVENT  OF  A  REGULAR  EXPRESSION 
S.  E.  Gelenbe,  E.  J.  Smitli 

For  a  problem  related  to  the  design  of  sequential  machi,.C'S  capable  of  testing  a 
given  sequential  machine^  it  is  necessary  to  obtain  the  set  of  all  prefixes  of  each  se¬ 
quence  in  a  given  regular  expression.  This  note  describes  an  algorithm  for  this  pur¬ 
pose. 

Definition  1.  Let  RC  !:••=,  where  E  is  a  finite  alphabet.  R  is  said  to  be  left  com¬ 
plete  if  and  only  if  xye  R  implies  xc  R. 

Definition  2.  Let  RCE*»  Z  as  above.  R  is  said  to  be  right  complete  if  and  only 
if  xyc  R  implies  yc  R. 

Definition  3.  The  left  coir.plete  event  associated  with  the  event  R  is  defined  as 
R'  =  {x  I  xyc  R) 

Definition  4.  The  right  complete  event  associated  with  the  event  R  is 
R"  =  {y|xyc  R}. 

Theorem  I.  Given  R  regular,  R'  may  be  obtained  from  R  by  the  following  algo¬ 
rithm. 

Part  (i).  Obtain  th»-  state  table  for  the  finite  deterministic  automaton  (FDA),  M(R), 
from  the  regular  expression  R.  (This  can  be  conveniently  done  using  derivatives^). 

Part  (ii).  Lee  M(R)  =  {s^,  L,  S,  6,  F}  where  F^S  is  the  set  of  final  states,  6  is 
the  next  State  function,  S  is  the  set  of  states,  L  is  the  finite  (input)  alphabet  and  s  f  S 
is  the  initial  state. 

Step  1.  Take  F^  -  {s  |  s  c  S  Jt-  3  a cE  ^ s,  a)F F } .  This  can  be  easily  derne  by 
identifying  the  entries  in  the  present  state  column  of  the  state  table  oi  M(R)  for  which 
the  next  state  entries  include  a  state  in  F'. 

Compare  F^  and  F'.  If  F  Q  F^  then  R  -  R'  and  R  is  a  definite  regular  event. 

Otherwise  take  Aj  F'  U  Fj  and  proceed  to  Step  2. 
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Stet)(n+  1).  Take  F  .  .  =  {alefs.aleF  &acs}.  Comoare  A  and  F  .  .. 

n+  1  n  n  n+  l 

the„.,op. 

M(R')=  E.  S.  6.  F') 

where  F*  =  A^.  Proceed  to  part  (iii). 

Otherwise  proceed  to  Step  (n  +  2). 

Part  (iiH.  R'  is  obtained  from  M(R*).  (The  approach  using  the  set  of  equations 
as  described  in  Ref.  2  may  be  used. 

Proof;  The  algorithm  given  above  consists  of  enlarging  F  to  F*  so  as  to  include 
all  states  sc  S'  such  that  there  exists  some  yc  S'*  for  which  6(s,  y)e  F. 

F*={8|3yeS*  9  6(8,y)€F}. 

This  implies  that  xyc  R  if  and  only  if  xc  R'.  Hence  R'  is  indeed  the  associated  left 
complete  event  of  R, 

Corollary  1.  If  R  is  regular,  then  so  is  R». 

Corollary  2.  The  F.D.  A.  M  only  accepts  definite  event  if  and  only  if 

sc  F  — FO  {qlgc  S  k  8(g.x)  =  s} 

Theorem  2.  If  M(R)  is  strongly  connected,  then  R'  =  E*. 

Proof;  It  is  clear  from  Theorem  1  that  R'  =  E*,  since  if  M(i<)  is  strongly  con* 
nectcd  then  F'  =  S  and  M(R')  accepts  any  xc  E*. 

Theorem  1  also  indicates  a  simple  algorithm  to  determine  whether  a  given  regular 
expression  R  is  left  complete  or  not.  For  this  purpose  it  suffices  to  apply  step  (1)  of 
part  (ii)  of  the  algorithm. 

It  is  in^uitively  clear  that  there  should  exist  some  relationship  between  the  number 
of  states  of  M{R)  and  the  number  o  teps  it  will  take  for  the  algorithm  in  part  (ii)  of  the 
algorithm  of  Theorem  1  to  converge. 

Theorem  3.  I.iet  M(R)  have  t  +  1  states  s^,  s^,  ....  s^.  Then  the  algorithm  of 
part  (ii)  of  Theorem  1  converges  in  at  most  t  steps. 

Proof;  If  F  is  empty  then  Fj  will  be  empty  and  the  algorithm  will  terminate  in  one 
step  since  F  »  Fj.  If  F  has  1  S.  .'  '  members,  then  the  slowest  conversion  process 

will  tal  e  place  if  at  the  i*^  step  A^  has  only  one  more  member  than  Aj_  j.  Thi  •  process 
will  add  ont  more  state  to  A^  at  each  step  i  so  that  it  will  converge  in  t-j  *  1  stops.  If 
j  ■  1  we  shall  have  the  slowest  convergence  which  will  take  A  steps. 
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M(E):  0  1  2  3  z 

12  13  2  1 

2  2  2  2  2  0 

3  3  2  2  1  0 


(ii)  Clearly  F  =  1. 

We  apply  the  algorithm  of  part  (ii)  of  Theorem  1: 

Step  1.  Fj  =  {1,3} 

Aj  =  F  U  Fj  =  {1,3} 

Fj  0  F 

Step  2.  F^  =  {1.3} 

Ai  =  F, 

Hence  stop, 

M(E'),  the  F,  D.  A.  obtained  from  E',  the  definite  event  associated  with  E  is 

M(E'):  0  1  2  3  z 

12  13  2  1 

2  2  2  2  2  0 

3  3  2  2  1  1 

and  E'  may  be  obtained  from  M(E')  by  standard  methods^; 

E'  M  1  2o''3)*{\  4  20’'  ) 
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PLAGO/360  A  LOAD-AND-GO  STUDENT  ORIENTED  PL/1  TRANSLATOR 
H.  W.  Lawson,  Jr.  and  S.  Habib 

During  the  spring  and  summer  of  1968,  Version  I  of  the  PLACO/360  System  was 
produced.  PLAGO/360  is  a  batch  load  and  go  interpretive  translator  and  executor  that 
operates  as  a  program  under  the  Operating  System/ 360  for  any  IBM  System/360  Model 
40  or  above. 

The  immediate  objectives  of  PLAGO  are  as  follows: 

1.  Fast  translation  and  execution  for  typical  introductory  student  programs  (1  5 
to  50  statements). 

2.  Comprehensive  diagnostic  facilities  to  aid  the  learning  student  in  debugging. 

3.  To  include  sufficient  language  facilities  for  an  introductory  programming  course. 

4.  To  be  highly  compatible  with  the  full  PL/I  programming  language  so  that  stu¬ 
dents  may  progress  easily  from  the  PLAGO  subset  to  full  PL/I. 

5.  To  provide  facilities  in  PLAGO  which  are  not  necessarily  compatible  with  PL/I, 
but  are  of  value  and  easily  implemented  within  the  framework  of  PLACO. 

This  project  was  started  to  provide  an  alternative  to  utilizing  the  IBM  supplied 
version  PL/I  compiler  which  had  an  average  job  time  of  two  and  one-half  minutes  using 
our  IBM  Sy8tem/360  Model  50.  The  Version  I  of  PLAGO  reduces  this  average  job  time 
to  approximately  five  seconds.  This  should  result  in  substantial  savings  to  the  Institute. 
The  current  version  of  PL^CO/360  will  accept  standard  key  punch  cards  or  Porta-A- 
Punch  .  The  use  of  the  latter  cards  will  enable  our  .etudents  to  prepare  their  source 
programs  and  data  u  ithout  the  aggravation  of  waiting  for  available  key  punch  machines. 

The  future  objectives  of  PLACO  are  as  follows; 

1.  To  extend  the  langvtagc  facilities  of  PIJVGO  to  pro\-ide  inore  facilities  for 
PIJ^GO  users. 

2.  To  use  PLAGO  as  the  basis  for  fuhire  research  .and  development  in  prograin- 
ming  languages  .md  programming  langxiage  translation  techniques. 

3.  To  modify  PI,AGO  to  acccjtt  its  input  from  reinote  marked  sense  lard  reader 
stations  so  tlu..  students  may  submit  their  jobs  without  .my  i  lerical  or  oper¬ 
ator  intervention.  The  conventions  used  tor  encoding  marked  sense  i  ards 
will  be  the  -ao’--  .i.s  the  conventions  tor  l‘o rt -.-X -  1  ^ln^  b  i  .nrds. 

Port-A-Punch  is  registered  tradernark  of  the  IBM  Gorporatii  n 
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4t  To  create  a  time  sharing  version  of  PLAGO  which  may  be  utilized  in  an  inter¬ 
active  terminal  environment. 

5.  To  use  the  language  and  machine  independent  characteristics  of  the  PLAGO 
system  to  produce  language  translators  and  executors  for  other  general  pur¬ 
pose  and  problem- oriented  programming  systems. 

6.  To  take  advantage  of  the  interpretive  nature  of  the  PLAGO  system  by  consider¬ 
ing  the  implementation  of  a  programming-langtiage -oriented  microprogrammed 
computer.  The  language  for  the  microprogrammed  version  will  be  based  upon 
PL/I,  but  will  be  more  consistent,  and  include  operating  system  commands 
that  will  also  be  implemented  through  microprogramming. 

During  the  coming  academic  year  wt  plan  lo  formalize  our  design  plans  for  the 
marked  sense  card  version  and  time  sharing  version  of  PL.^GO.  In  addition,  in  this 
academic  year  we  plan  to  investigate  the  possible  hardware  configurations  to  be  utilized 
in  performing  our  microprogramming  research  activities. 

National  Science  Foundation 
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RELIABILITY  IMPROVEMENT  OF  DIGITAL  SYSTEMS  THROUGH  THE  USE  OF 
MAJORITY  VOTERS 

R.  Bharat  and  B.  H.  Hertzendorf 


The  reliability  improvement  obtainable  through  use  of  redundancy  and  raajority 
voters  is  calculated  for  digital  systems  consisting  of  identical  stages  in  tandem,  when 
the  failure  rate  of  an  individual  stage  is  low.  In  modern  digital  systems,  the  stages 
are  realized  with  integrated  circuits  (ICs)  which  have  low  failure  rates,  typically  less 
than  10*^  failures/ hour  If  a  system  consists  of  n  identical  stages  in  tandem,  each 
with  a  failure  rate  of  X  per  unit  time,  the  probability  that  the  system  will  fail  in  time  t 
is  given  by 


q  = 


1  -  (e 


If  nXt  «  1  , 


,  -nXt 
1-0 

q  n  nXt  . 


As  n  increases,  the  reliability  specification  that  the  system  unreliability  be  less  than 
some  stated  maximum  value  over  a  given  life  will  be  no  longer  met. 


The  use  of  an  odd  number  of  redundant  channels  with  a  majority  voter  deciding 
among  their  outputs  can  improve  the  system  reliability.  The  inset  in  Fig.  1  shows  a 
1  X  n  system  with  3-input  voter,  i.  e.,  a  system  with  a  3-input  voter  at  the  end  of  3 
redundant  channels,  each  with  n  stages,  fhc  reliability  improvement  factor  of 
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where  k  is  a  constant  depending  on  the  particular  voter  circuit  used,  we  get 


13  2 

^  k  +  Sn'^  \t 

We  note  that  when  there  are  only  a  few  stages,  the  improvement  depends  on  the  voter 
reliability;  but  for  large  value  of  n,  channel  reliability  is  the  dominant  factor,  Fu 
reaches  a  maximum  at 

”l3opt  3Xt 

rr  -  ^^13  00^  _  0, 288 

I3max  -  2k  " 


In  Fig,  1,,  is  plotted  against  n  with  \t  as  a  parameter  and  k  =  4,  This  value 
of  k  applies,  for  example,  to  a  system  consisting  of  NiVND  gates  both  in  the  channels 
and  the  voter,  as  a  3 -input  voter  can  be  realized  by  interconnecting  4  NAND  gates, 
which  are  in  tandem  from  the  point  of  view  of  reliability.  With  \  =  lO”^  failures/hour, 
typical  of  present  day  ICs  and  an  operating  life  of  1000  hours,  we  get  \t  10"^.  The 
plot  shows  \t  values  of  10  to  10  as  reduction  in  failure  rates  can  be  anticipated 
with  improvements  in  the  technology  of  integrated  circuits, 

A  similar  treatment  for  a  1  x  n  system  with  a  5 -input  voter  (shown  in  the  inset 
in  Fig,  2)  leads  to  a  reliability  improvement  factor 


15  “  3  2 

k+10n'’(\t) 

if  q,  «  1,  and  =  k\t. 
reaches  a  maximum  at 

"is  opt 

"iSoDt  _  0,  24f. 

1 5  max  1, 5k  „  .2/  3 

(k\t) 

Figure  2  showa  the  rrliability  improvement  f.iclor  Fj^  for  a  I  x  n,  5 -input  voter  system 
plotted  against  n  with  \t  as  parameter  and  k  •-  11.  The  k  value  used  m  appropriate  for 
a  system  in  which  NANP  gates  n^ake  up  all  th  >  channels  and  the  5 -input  voter  (which 
can  be  realized  by  using  11  such  gates). 

Ca)ncidering  that  the  5 -input  voter  scheme  us»  s  two  channels  more  than  the  3- 
input  voter  schcmi-  and  might  thus  increase  cost  and  require  larger  power,  the  increases 
in  the  reliability  improv-ment  factor  of  5 -input  voter  scheme  as  cumparetl  to  the  3- 
input  voter  scheme  is  marginal,  unless  n  is  very  !ar  e. 


1  1/  3 


20  (\t) 


r 
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Fig.  2.  Reliability  Improvement  Factor  o£  a  1  x  n  System  witi.  a  5 -Input  Voter 


One  metliod  of  not  increasing  the  number  o(  channels  is  to  apply  redundancy  and 
3-input  majority -voter  scheme  around  sections  of  the  system  at  a  time.  The  inset  in 
Fig.  3  shows  a  m  x-^  system  with  3-input  voters.  Each  of  the  throe  channels  is  split 
into  m  identical  sections  and  at  the  end  of  each  section  containing  ~  stages  per  chan¬ 
nel,  a  3-input  voter  is  used.  Thus  one  requires  (m  -  11  more  voters  as  comparofl  to 

a  1  X  n  system.  For  this  system,  the  reliability  improvement  factor  is  given  by 

F  ,  - - —■■■,"  .  , 

m3  2 

mk  +  3  —  Vt 


n*  ‘1.^  a  kVt, 

F^^  j  reaches  a  maximum  at 

k 

^m3opt  =  > 

F  - 

m3  max  .  .  .1/2 
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Fig.  3,  Reliability  Improvement  Factor  of  a  m  x  ^  System  v.ith  a  3-Input  Voter 


We  note  that  F  ,  is  independent  of  m  though  the  value  of  n  Ht  which  the  maximum 
mJmax 

is  reached  increases  with  m.  Fig.  3  shows  F^^  plotted  against  n  with  k  *  4  and  with 
m  and  \t  as  parameters,  it  can  be  seen  that  section  redundancy  is  superior  to  system 
redundancy  only  for  large  values  of  n  when  the  voter  unreliability  becomes  negligible. 

In  large-scale  integrated  circuits,  the  successive  stages  can  be  expected  to  have 
identical  failure  rates  (as  assumed  in  the  analysis  above)  due  to  the  nature  of  the  tech¬ 
nology  involved  in  their  fabrication.  Thus  the  majority-voter  schemes  discussed  above 
can  be  used  to  improve  the  reliability  of  digital  systems  using  large-scale  integration* 
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DOUBLE  ERROR  PROBABIUTY  IN  DIFFERENTIAL  I'SK 
J.  F.  Oberst  and  D.  L.  Schilling 

A  solution  for  the  probability  of  double  errors  in  differentially  coherent  phase 
shift  keyed  (PSK)  communication  systems  is  presented  which  is  simpler  than  previous 
analyses  and  which  focuses  on  the  cause  of  double  errors.  Results  of  a  digital  com¬ 
puter  simulation  arc  given  which  substantiate  the  theory. 

The  probability  of  two  consecutive  errors  in  a  binary  differentially  coherent  PSK 
(D-PSK)  communication  system  has  been  determined  by  Salz  and  Saltzborg^  The  tech¬ 
nique  employed  was  to  first  derive  the  joint  probability  density  function  (pdf)  of  two 
successive  decision  statistics,  then  integrate  this  expression  over  the  quadrant  cor¬ 
responding  to  two  errors,  and  finally  manipulate  the  resulting  four -fold  integral  into 
the  form  (see  Fig.  l). 


‘  DECISION 

j 

j+1 

j42  ! 

i  BAUD 

.  j. 

_ 
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i 
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which  was  rvaluated  num -rically  (R  =  **  effeillve  SNR).  .A  m  i<  li  vimp!.  r  .ip- 

proach  to  this  problem  vhich  makes  dircit  use  «>(  the  m.’chanisrn  lausmc  double  errors 
is  presented  b«*lmv. 
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Each  decision  in  D-PSK  is  based  on  a  phase  comparison  between  adjacent  bauds, 
with  the  signal  of  the  previou  baud  serving  as  the  phase  reference  for  the  present 

baud  frig.  1  a)1.  The  pdf  of  the  phase  error  6  of  any  baud  due  to  additive  Gaussian 

.  .  2 
noise  IS 

f((6)  =  +  "2  ^  +  erf  cos  cS)] ,  6  «  f  -ir .  ir  ] .  (2) 

The  probability  of  error  for  the  decision  conditioned  on  the  phase  error  in  the 
baud  is^ 

P(E.|*.)  =  -^erfcj^R  cos  (3) 

Since  the  transmitted  information  is  carried  in  the  phase  transitions  between  bauds, 
and  the  effective  SNR  is  identical  lor  all  bauds,  the  labels  "rei^rence  baid"  and  "data 
baud"  may  be  interchanged  for  any  decision.  Relabeling  as  in  Pig,  1(b),  it  is  seen  that 
t\vo  consecutive  decisions  can  be  considered  to  result  from  two  independent  data  bauds 
and  one  common  reference  baud.  The  double  error  probability  conditioned  on  the  phase 
error  of  the  reference  baud  is  therefore 

P(F..,  E.U)_  fi  erfcjVR’ co8<i))^.  (4) 

j+i,  j  -  t 

Averaging  Eq.  (4)  over  the  pdf  of  Eq.  (2)  yields  the  following  result  for  double  errors: 
P(E.^j,E.)=  rP(Ej^j.E.U)f(6)d,i 

-  r ^  Fu  ^  ^  ^  "1^  sin^d 

-  I  cos(^){^^  c  + 

"7T  ’ 

cos  (jf  1  T  erf  (  COS  6)]}  dd  (5) 

This  result  is  identical  to  that  of  Sals  and  Saltzberg,  but  it  is  obtained  more  simply, 
and  indicates  clearly  the  cause  of  frequent  double  errors  in  D-PSK. 

I  he  same  method  may  bo  applied  tc  prove  that  nonadjacent  decisions  are  mutually 
independent.  Consider  the  .ind  j  +  2nd  decisions  of  Fig.  1.  The  decision  is  made 
on  the  basis  of  the  signals  received  in  b.nuds  j  and  j  +  1;  the  j  +  2nd  on  signals  received 
in  bauds  j  +  2  and  j  +  3.  Since  these  p.nirs  of  t>aud8  .ire  disjoint,  the  decisions  based 
on  them  c.in  have  no  mutual  dependence.  Then  clearly 

p(r,^2lEj).  P(r)  =  f-R. 

A  digital  lomputer  !>iinuIation  of  a  D-F^K  communication  syst»ot;  was  perform'd 
to  verify  these  results.  The  err«>r  covmts  resulting  from  30,000  trials  are  shown  vn 
Figs.  2  "nd  3.  In  Fig.  2,  the  conditional  probability  of  an  adjacent  error 
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Fig.  2  P(Ej^j  l(E^)  versus  R 


Fig.  3  P(E)  and  P(E.  ^  ,  jE.)  versus  R 


P(E 


j+1 


(7) 


is  plotted  versus  R.  Fig.  3  shows  P(E)  and  PIE.^^I^j)  versus  R.  Very  close  agree¬ 
ment  between  theoretical  and  simulation  results  were  obtained. 
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SINGLE  CHANNEL  PHASE-SHIFT  KEYED  COMMUNICATIONS 
J.  F.  Oberst  and  D.  L.  Schilling 

Practical  binary  phase- shift  keyed  (PSK)  communication  systems  require  a  par¬ 
tially  coherent  reference  signal  at  the  receiver.  Two  major  classes  of  PSK  systems 
may  be  identified,  according  to  the  technique  used  to  obtain  the  reference  signal:  trans¬ 
mitted  reference  (TR)  and  single  channel  (SC).  Although  SC  systems  are  potentially 
superior,  they  are  difficult  to  analyze  and  have  an  inherent  mark-space  ambiguity 
problem. 

Four  differentially  encoded  SC  PSK  systems  have  been  studied,  including  Decision 
Feedback  (DF),  Squaring  (SQ),  and  a  variation  of  SQ  called  Absolute  Value  (AB).  In 
addition,  a  new  Maximum  Likelihood  (ML)  SC  system,  which  is  optimum  under  certain 
restrictions,  is  derived  and  studied.  Error  counts  are  obtained  for  these  PSK  systems 
using  Monte  Carlo  simulation  on  an  IBM  360/50  digital  computer.  Analytical  bounds  on 
the  average  probability  of  error,  P(E),  are  derived  which  indicate  that  these  systems 
all  achieve  comparable  performance.  This  is  in  contrast  with  restilts  which  have  been 
published  previously. 

Partially  Coherent  PSK  Systems 

The  degree  of  radio  frequency  (RF)  coherence  which  can  be  established  between 
transmitter  and  receiver  of  a  communication  system  greatly  influences  the  perform¬ 
ance  attainable.  Assuming  that  the  signal  amplitude  and  the  baud  timing,  or  bit  sync, 
are  known  at  the  receiver,  we  can  w'rite  the  RF  signal  received  in  the  baud  [O,  T]  as 

v(t)  =  s.  (t,  0)  +  n(t),  t€[0,T], 

where  the  subscript  i  indicates  that  s.(t,  0)  is  the  signal  corresponding  to  message  m^, 
i  =  1,2,  n(t)  is  white  Gaussian  noise  with  one-sided  power  spectral  density  N^.  0  is 

the  RF  phase,  assumed  to  be  constant  over  the  baud,  '.vhich  may  be  known  with  various 
degrees  of  accuracy  depending  on  the  particular  communication  system.  The  accuracy 
with  which  the  value  of  9  is  known  at  the  receiver  determines  the  degree  of  RF  co¬ 
herence  and  thereby  the  minimum  average  probability  of  error  P(E)  which  can  be 
achieved. 

Two  important  signal  parameters  are  the  energies  of  the  two  possible  received 
signals,  E^,,  and  their  mutual  correlation  coefficient,  p: 

T 

E.  =  f  s.^  (t,  9)  dt 
1  .  0  1 

_  1  T 

p  =  (Ej  E2)  '  ^  /  Sj  (t,  0)  s^  (t,  0)  dt. 


282 


COMMUNICATIONS  AND  INFORMATION  PROCESSING 


If  the  actual  value  of  0  is  known  accurately  at  the  receiver,  the  system  is  termed  co¬ 
herent.  It  is  known  that  the  best  signal  set  for  such  a  system,  in  the  sense  of  mini¬ 
mum  P(E),  consists  of  a  pair  of  equal  energy  anticorrelated  (p  =  -J.)  signals.  Phase 
shift  keyed  sinusoids,  defined  by 

Sj  (t,  0)  =  C  cos  (uj^t  +  9) 

s,  (t,  0)  =  C  cos  (w  t  +  8  +  IT )  =  -C  cos  (w  t  +  6), 
fa  o  o 

form  such  a  set.  With  the  signal  energy  E  received  in  each  baud  and  the  signal  to- 
noise  ratio  R  defined  as 


E  = 


C^T 


•J  ^  “  N 


N 


it  can  be  shown  that  the  minimum  P(E)  attainable  is 

P(E)  =  erfc  -v/r  .  ( 1) 

The  receiver  which  attains  this  P(E)  is  the  standard  correlation  detector. 

In  practical  communication  systems  the  received  phase  is  not  known  with  perfect 
accuracy.  Often,  however,  and  estimate  @  of  0  is  available,  and  systems  using  such 
an  estimate  are  called  partially  coherent.  When  the  estimate  is  good,  and  the  signals 
are  properly  chosen,  partially  coherent  systems  may  attain  a  P(E)  close  to  the  lower 
bound  Eq.  (1).  Unfortunately,  the  problem  of  overall  system  design,  including  signal  speci¬ 
fication  and  recei\er  design,  is  quite  complex.  The  difficulty  is  that  the  phase  esti¬ 
mate  is  usually  derived  at  the  receiver  by  special  processing  of  the  signals  received 
over  several  bauds.  Thus  considerations  of  receiver  complexity,  signal  structure, 
and  channel  characteristics  all  interact.  The  procedure  which  has  led  to  many  useful 
partially  coherent  systems  is  to  postulate  a  "reasonabh  "  signal  set  on  the  basis  of  the 
method  to  be  used  by  the  receiver  to  derive  the  phase  estimate,  and  then  to  seek  the 
parameter  values  which  yield  the  best  operation.  Since  anticorrelated  signals  are 
generally  superior  when  a  good  phase  estimate  is  available,  the  best  choices  are  usu¬ 
ally  modifications  of  the  simple  coherent  PSK  system  discussed  above.  These  systems 
usually  fall  into  one  ot  two  categories,  transmitted  reference  and  signal  channel,  al¬ 
though  combinations  of  the  two  are  also  possible. 

Single  Channel  Systems 

Transmitted  reference  (TR)  systems  transmit  a  reference  signal  to  the  receiver 
through  a  channel  separate  from  the  data  channel.  Thus  the  transmitted  signal  is  a 
combination  of  a  normal  I  SK  signal  and  a  signal  to  be  used  only  for  RF  phase  syn¬ 
chronization.  The  major  disadvantage  of  TR  systems  is  that  the  available  power  at 
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the  transmitter  mnst  be  shared  between  these  two  signals.  In  single  channel  (SC)  sys¬ 
tems  a  normal,  fully  modulated  PSK  signal  is  transmitted.  The  phase  estimation 
portion  of  the  receiver  processes  this  PSK  signal  in  some  nonlinear  manner  in  order 
to  remove  the  modulation.  The  various  SC  systems  differ  in  the  nature  of  this  non¬ 
linear  processing.  The  great  advantage  of  SC  systems  is  that  the  entire  transmitter 
power  is  used  for  both  data  transmission  and  phase  synchronization.  Thus  SC  systems 
are  potentially  superior  to  TR  systems. 

It  is  appropriate  at  this  point  to  introduce  the  mathematical  model  used  in  this 
study  of  SC  systems  and  to  note  the  two  assumptions  involved.  First,  the  carrier  fre¬ 
quency  is  assumed  to  be  known  accurately  at  the  receiver.  Second,  the  quality  of 
the  phase  estimate  obtainable  in  actual  system  is  limited  by  the  rate  of  change  of  re¬ 
ceived  phase,  caused  by  channel  variations,  oscillator  phase  jitter,  etc.  This  limi¬ 
tation  is  incorporated  into  a  simple  model  by  postulating  a  constant  received  phase, 
but  a  limited  allowable  measurement  time.  This  measurement  time  is  taken  as  qT, 
extending  over  q  bauds  of  duration  T.  The  waveform  available  at  the  receiver  for  the 
decision  on  the  data  transmitted  for  tc  [O,  T]  may  therefore  be  represented  as 

v(t)  =  m(t)  C  cos  (u^t  +  0)  +  n(t), 

t€[-qT,  T],  (2) 

where  m(t)  represents  the  modulation,  and  takes  on  the  values  +  1  in  each  baud  inde¬ 
pendently  and  with  equal  probability.  Some  receivers  also  store  the  last  q  decisions. 

Although  the  model  Eq.  (2)  is  simple,  two  major  difficulties  are  encountered  in  the 
study  of  SC  systems.  The  first  involves  the  nonlinear  processing  of  the  signal  per¬ 
formed  by  the  receiver  in  order  to  construct  a  partially  coherent  reference  waveform. 
Such  processing  makes  it  extremely  difficult  .o  obtain  results  analytically.  For  this 
reason,  Monte  Carlo  simulation  on  a  digital  computer  is  useful  in  studying  system  per¬ 
formance.  The  second  difficulty  encountered  in  the  SC  systems  is  the  "mark-space 
ambiguity"  problem.  In  a  simple  .SC  system  there  is  no  way  of  determining  the  ab¬ 
solute  sense  of  the  signal  received  in  each  baud.  That  is,  even  though  in  low  noise 
the  bauds  during  which  a  1  was  transmitted  can  be  distinguished  from  those  during 
which  a  0  was  transmitted,  it  is  impossible  to  determine  whii..i  ol  I’ne&c  iw  ..  muupi  ..f 
bauds  actually  corrv-'sponds  lo  the  1  signal.  In  most  SC  PSK  receivers,  this  mark- 
space  ambiguity  takes  the  form  of  iwo  fairly  stable  average  phase  values  of  the  derived 
reference,  separated  from  each  other  by  it  radians.  Even  if  the  correct  nTcrence 
sense  is  established  at  the  beginning  of  the  transmission,  noise  may  cause  loss  of 
synchronism  arid  eventual  reference  reversal  during  the  transmission,  inverting  the 
decoded  message.  Several  techniques  arc  available  for  dealing  with  this  problem, 
the  sim.plest  of  which  is  differential  data  encoding.  In  this  schenu,'  data  of  I  is  repre- 


284 


COMMUNICATIONS  AND  INFORMATION  PROCESSING 


sented  by  no  phase  change  from  the  signal  transmitted  in  the  previous  baud,  and  data 
of  0  by  a  phase  change  of  ir  radians.  Since  the  presence  or  absence  of  a  phase  trans¬ 
ition  between  bauds  can  be  detected  equally  well  using  a  reference  with  phase  near  9 
or  0  +  IT,  there  can  be  no  inversion  of  the  data  with  this  technique.  However,  in  a 
low  error  rate  system  where  adjacent  decisions  are  approximately  independent,  dif¬ 
ferential  encoding  almost  doubles  P(E)  over  that  given  in  Eq.  (1), 

Results  for  Various  SC  Systems 

Since  the  SC  systems  studied  are  difficult  to  analyze  exactly,  and  also  because 
they  are  basically  discrete,  Monte  Carlo  simulation  on  an  IBM  360/50  digital  computer 
was  found  to  be  a  useful  tool.  Differential  data  encoding  was  used  in  all  of  the  simu¬ 
lations.  The  systems  studied  include  Differential  (D)  PSK,  Decision  Feedback  (DF) 
PSK,  Squaring  (SQ)  PSK,  and  a  variation  of  SQ-PSK  called  Absolute  Value  (AB)  PSK. 

In  addition,  a  new  Maximum  Likelihood  (ML)  SC  system,  which  is  optimum  in  a  re¬ 
stricted  sense,  is  derived  and  simulated.  The  results  are  summarized  below;  details 
are  contained  in  reference  fl] . 

We  first  establish  a  performance  bound  for  differentially  e  icoded  SC  PSK  systems 
as  follows.  A  SC  system  is  operating  ideally  when  its  derived  reference  is  noiseless. 
Then  the  probability  p  of  incorrectly  identifying  the  sign  of  the  signal  received  in  each 
baud  is  given  by  Eq.  (1); 

p  =  erfc  ^R  . 

Since  the  reference  is  perfect,  successive  decisions  are  independent,  and  since  dif¬ 
ferential  encoding  is  used,  an  error  occurs  when  a  wrong  detection  is  followed  by  a 
correct  detection  or  vice  versa.  Therefore,  the  minimum  average  error  probability 
is  given  by 

P(E)  =  p(l  -  p)  +  (1  -  p)p  =  erfc  ^[r  (1  -  erfc  ^  ).  (3) 

We  now  consider  Differential  (D)  PSK  which  is  the  simplest  and  in  certain  ways, 

the  basic  SC  PSK  communication  system.  In  D-PSK,  the  signal  received  during  the 

previous  baud  serves  as  the  partially  coherent  reference  for  the  present  decision, 

2 

Analytical  results  are  available  for  various  error  probabilities  in  D-PSK; 

P(E)  =  2 

P(Ej^l/Ej)  =  -^  f  erfc^(^R  cost)’ 

2 

{l  +  cos  t  e  ^  f  1  I  erf(^  cos  t)]  }  dT 

P(Ej^2/Ej)  =  j  e-« 


(4) 
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The  D-PSK  system  was  simulate'’’  nn  the  digital  computer,  and  the  error  counts 
were  compared  to  the  analytical  results  abo*'e.  The  excellent  agreement  obtained  in¬ 
dicated  the  accuracy  of  the  simulation  technique.  In  addition,  it  was  proven  that  all  of 
the  other  SC  PSK  systems  studied  reduce  *^o  D-PSK  for  the  special  case  q  =  1.  Thus 
Eq.  (4)  provides  an  upper  bound  on  the  P(E)  of  any  of  these  systems  for  q  1.  The 
lower  and  upper  bounds  given  by  Eqs.  (3)  and  (4)  differ  by  approximately  1  dB.  in  SNR, 
so  we  expect  all  of  the  SC  PSK  systems  to  achieve  comparable  performance.  The  sim¬ 
ulation  results  support  this  conclusion. 

In  Decision  Feedback  (DF)  PSK,  combination  with  the  reference  of  the  signal  re¬ 
ceived  during  the  present  baud  is  delayed  until  a  decision  about  which  signal  was  trans¬ 
mitted  is  made.  This  decision  is  then  used  as  if  it  were  correct  to  modify  the  present 
signal  before  it  is  combined  with  the  reference.  Since  usually  P(E)  is  small,  the  large 
majority  of  received  signals  are  combined  in  the  correct  way.  The  error  counts  from 
the  DF-PSK  simulation  are  shown  for  three  values  of  q  in  Fig.  1,  along  with  the  bounds 
on  P(E)  derived  above.  It  is  clear  that  even  for  medium  values  of  q  the  system  is  op¬ 
erating  close  to  its  theoretical  limit,  Eq.  (3). 

Another  major  class  oi  SC  PSK  systems  uses  the  Phase  Doubling  (PD)  technique. 

th 

If  cTj  is  the  phase  error  due  to  noise  in  the  i  baud,  the  received  phase  is 
»i'.  =  9  +  ipj  or  9  +  -p.  +  ir , 

depending  on  the  modulation.  In  either  case,  the  phase  doubler  output  has  angle 
2>i;.  =  2(9  +  -p.), 

which  is  independent  of  the  data.  V!:'‘se  angles  from  q  bauds  are  combined  to  give  the 
phase 

9'  =  2(0  +  t'  ), 

where  r;'  represents  the  total  error  due  to  noise.  0'  is  then  halved  to  obtain  the  final 

,  A 

phase  estimate  9: 

0  =  9  +  rr'  . 

Two  details  of  this  technique  demand  further  attention.  First,  the  q  angles  2i|ij 
can  be  combined  in  many  ways.  Two  particular  methods  which  were  studied  are 
weighting  each  angle  as  the  square  of  the  signal  amplitude  in  the  corresponding  baud 
(SQ-PSK),  and  weighting  proportional  to  the  magnitude,  or  absolute  value,  of  the  sig¬ 
nal  amplitude  (AB-PSK). 

The  second  and  most  important  consideration  is  that  the’  procedure  of  halving 
the  phase  0'  is  analogous  to  taking  the  square  root  of  a  complex  number,  and  there¬ 
fore,  the  final  phase  estimate  6  has  two  possible  values  separated  by  it  radians.  A 
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Fig.  Z  Simulation  Results  for  SQ-PSK 


COMMUNICATIONS  AND  INFORMATION  PROCESSING 


0  5 

R  (dB)  - ^ 


Fig.  3  Simulation  Results  for  AB-PSK 
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Fig.  4  Simulation  Reaulta  for  ML-1‘SK 
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rule  must  be  established  for  choosing  one  of  these  tv/o  values.  A  satisfactory  rule  is 
to  choose  the  value  of  S  which  is  closest  to  the  S  derived  for  the  previous  decision. 

This  choice  gives  good  results  for  all  values  of  q,  and  can  be  shown  to  be  optimum  for 
q  *  1,  since  PD*PSK  is  equivalent  to  D-I^K  under  these  conditions. 

The  PD-PSK  systems  described  above  were  simulated  on  a  digital  computer. 

The  error  counts  for  SQ-PSK  are  shown  in  Fig.  Z,  and  for  AB-PSK  in  Fig.  3.  Little 
difference  is  discernible  between  these  results  and  those  for  DF>PSK  in  Fig.  1.  Pro- 
akis  et  al.  on  the  other  hand,  have  found  on  the  basis  of  a  similar  digital  computer 
simulation  that  DF-PSK  is  consistently  superior  to  SQ-PSK.  Apparently,  they  simu¬ 
lated  a  poor  SQ  system,  since  their  experimental  P(E)  for  'i  =  1  is  significantly  higher 
than  the  upper  bound,  Eq.  (4),  derived  above. 

The  final  system  investigated  is  called  Maximum  Likelihood  (ML)  PSK.  This 
system  was  derived  in  the  iollowing  way.  Assume  that  the  differ'  ntially  encoded  PSK 
signal,  Eq.  (2),  is  available,  but  past  decisions  made  by  the  receiver  are  not  remem¬ 
bered.  ML-PSK  is  the  receiver  which  attains  the  smallest  possible  P(E)  for  the  de¬ 
cision  about  the  latest  possible  (at  t  =  0)  phase  transition.  This  is  accomplished  by 
applying  a  maximum  a  posteriori  decision  rule  to  the  received  signal.  The  ML  re¬ 
ceiver  is  quite  complicated,  it  j  complexity  growing 'exponentially  with  q,  but  it  can  be 
implemented.  This  complexity  is  reflected  in  the  large  amount  of  computer  time  used 
in  the  simulation.  For  this  reason  only  two  values  of  q  were  used,  and  fewer  trials 
were  made  for  this  system  than  for  the  others.  The  error  counts  are  shown  in  Fig.  4. 
Even  for  the  relatively  small  q  =  5,  the  experimental  P(E)  is  nearly  equal  to  the 
theoretical  lower  bound.  Performance  is  consistently  superior  to  the  other  SC  systems 
ccnsidered,  but  is  not  good  enough  to  justify  the  receiver  complexity. 

In  summary,  the  simulation  results  show  that  the  popular  SC  PSK  systems  per¬ 
form  similarly.  The  theoretical  lower  bound  in  P(E)  for  a  differentially  encoded  SC 
PSK  system  is  approached  quite  closely  for  moderate  values  of  q.  Furthermore,  all  of 
the  syPtems  studied  reduce  to  Differential  PSK  for  the  special  case  q  =  1. 
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ERROR  CONTROL  ON  REAL  CHANNELS 
M,  Muntner  and  J.  K.  Wolf 

The  promise  of  significant  improvement  associated  with  the  use  of  error  control 
techniques  on  digital  communications  channels  has  been  based  upon  the  assumption 
that  errors  occur  independently.  Real  channels  (e.  g. ,  telephone  circuits,  troposcatter 
radio,  etc. ),  however,  do  not  exhibit  this  property  in  that  errors  occur  in  burets.  In 
this  research  the  performance  of  some  of  the  more  complicated  coding  techniques  are 
examined  by  using  a  model  that  is  representative  of  a  real  channel. 

This  model  describes  the  distribution  of  the  errors  in  time.  It  relies  upon  the 
concept  of  a  renewal  channel  (i.  e. ,  a  channel  in  which  the  occurrence  of  an  error  re¬ 
moves  all  memory  of  previous  errors).  The  error  model  consists  of  M  renewal  chan¬ 
nels.  At  time  t^,  one  of  the  channels  is  chosen  v/ith  probability  \^.  This  channel  gen¬ 
erates  the  error  sequences  up  till  time  t^-fT-1.  At  time  t^-fT  another  choice  of  channels 
is  made  and  this  channel  is  active  for  the  next  interval  T.  Furthermore,  the  channel 

selection  points  are  randomly  distributed  while  being  synchronous.  That  is,  Prob(t  =i) 

1  ° 

=  Y  for  i  =  0,  . . ,  ,  T-1. 

The  properties  of  this  model  are  such  that  if  T  is  large  but  finite,  the  error  sta¬ 
tistics  are  the  weighted  average  of  the  statistics  of  the  individual  renewal  channels. 

For  example,  if  pj(m,  n)  is  the  probability  of  m  errors  in  n  bits  on  the  i*^  renewal  chan¬ 
nel,  the  probability  of  m  errors  in  n  bits  for  the  channel  model  is 

M 

P(m,n)  =2  X.  P.  (m,n) 
i=l  ^  ^ 


The  model  has  the  following  properties:  stationarity,  ergodicity;  ability  to  match  error 
distributions  recorded  on  different  types  of  channelr;  ease  of  selection  of  model  para¬ 
meters;  and  simplification  of  code  evaluations. 


Parameter  selection  and  the  m.rtching  of  recorded  statistics  are  somewhat  tied 
together.  Consider  the  telephone  error  statistics  recorded  by  Townsend  and  Watts. 

If  one  plots  ”l^,  it  is  seen  in  Fig.  1  that  the  recorded  data  can  be  approximated  by 

c:^) 


the  sum  of  exponentials  (i.  e. ,  straight  lines  on  semilog  paper).  Furthermore,  as  r  is 

P(Tn  n  ) 

varied,  the  recorded  ^  '  2'  can  be  approximated  by  a  parallel  set  of  lines.  Renewal 


P  (m  n) 

channels  with  these  straight  line  r  *  '  can  be  found  and  the  modclicd  restults  are 

n  V 

shown  in  Fig.  2.  The  slope  and  separation  between  parallel  lines  uniquely  determine 
the  parameters  of  the  respective  renewal  channel. 
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Matching  recorded  data  is  rot  an  end  in  itsrif  and  any  model  must  be  able  to  pre¬ 
dict  future  experiments.  Along  this  line,  the  results  of  Weldon's  test  of  an  interleaved 
burst  correction  code  are  examined.  In  these  tests,  a  code  with  the  capability  of  cor¬ 
recting  a  burst  of  length  three  or  less  in  a  block  of  15  bits  is  interleaved  t  times  re¬ 
sulting  in  a  word  15t  bits  long.  This  code  can  correct  all  bursts  of  length  3t  or  less 
and  several  other  error  patterns.  Using  the  probability  of  a  burst  of  length  greater 
than  3t  as  an  upper  bound  to  the  probability  of  a  coding  failure  in  the  word  of  lengtn  15t, 
the  following  results  are  obtained: 

t  Weldon' s  Data  Upper  Euund 

73  4.  8x10’^  6xlC"^ 

200  8.  7x10'®  2.  IxlO'** 

Having  demonstrated  the  ability  of  the  model  to  predict  the  performance  of  a  tested 
coding  scheme,  several  techniques  are  examined  using  the  model  parameters  (renewal 
channels)  representing  the  switched  telephone  network  (i.  e.  ,  Townsend  Watts  data). 

1.  Interleaving 

The  blocked  bits  from  the  data  source  are  rearranged  (by  some  delay  and  storage 
device)  and  put  onto  the  line  so  that  of  two  originally  adjacent  bits  in  a  blrck,  the  second 
is  the  t*^  bit  transmitted  following  the  first.  The  number  t  is  called  the  interleaving 
constant.  When  t  =  1  there  is  no  real  interleaving.  By  means  of  the  model,  it  is  shown 
that  as  t  inrreases,  the  probability  of  m  errors  in  n  interleaved  bits  approaches  what 
would  have  been  obtained  with  a  binary  symmetric  channel  of  the  same  average  bit 
error  rate. 

2.  Detect  and  Delayed  Retransmit  Codes 

When  return  paths  are  available  for  error  control  purposes,  an  error  detection 
and  retransmission  scheme  can  be  used.  Upon  detection  of  an  error  in  a  block  of  n 
bits,  the  same  n  bit  block  is  retransmitted.  However,  if  the  retransmisr-ion  were  de¬ 
layed  (i.  e.  ,  transmit  nothing)  then  perhaps  the  burst  of  errors  would  terminate  and 
the  retransmitted  block  would  have  a  better  chance  of  being  error  free.  This  technique 
is  examined  on  the  basis  of  the  probability  of  an  undetected  error  atnd  the  throughput. 

It  is  shown  that  as  the  delay  is  increased,  up  to  200  bits  for  a  Bose-Chaudhuri  (31,  21) 
code,  the  probability  of  an  undetected  error  decreased  with  little  loss  in  throughput  and 
that  lengthening  the  delay  decreases  the  throughput  with  little  improvement  in  the  unde¬ 
tected  error  rate. 

3.  Concatenated  Codes 

There  has  been  considerable  interest  in  concatenated  codes.  A  concatenated 
code  is  one  in  which  the  symbols  in  a  Reed  Solomon  code  of  alphabet  size  q  =  2*^,  are 
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encoded  into  an  (n,  k)  binary  code.  There  are  several  options  for  the  decoding  of  both 
types  of  codes.  The  three  types  considered  are  ;  1)  the  binary  crde  detects  errors 
and  the  Reed  Solomon  code  considers  symbols  with  detectf;d  error  as  erasures  and  fills 
them  in;  2)  the  binary  code  corrects  errors  and  the  Reed  Solomon  code  corrects  sym¬ 
bol  errors;  and  3)  the  binary  code  corrects  up  to  A  errors  and  detects  error  patterns 
at  a  distance  greater  than  A  from  any  code  word  and  the  Reed  Solomon  code  fills  in 
erased  symbols.  Several  binary  codes  and  Reed  Solomon  codes  are  considered  with 
the  probability  of  a  decoding  failure  of  the  Reed  Solomon  code  being  used  as  a  criterion. 
One  of  the  results  is  that  increasing  redundancy  in  the  Reed  Solomon  code  beyond  some 
amotint  often  yields  no  decrease  in  the  probability  of  a  decoding  failure. 

Air  Force  Office  of  Scientific  Research 

AF  49(638)-1600  M.  Muntner  and  J.  K.  Wolf 

HIGH  SPEED  BINARY  DATA  TRANSMISSION  OVER  THE  ADDITIVE,  BAND-LIMITED 
GAUSSIAN  CHANNEL 

L.  Schiff  and  J.  K.  Wolf 

The  transmission  of  the  linear  sum  of  m  bi-phase  modulated  signals  in  a  time 
interval  T  was  considered  for  an  additive  Gaussian  white  noise  channel  of  bandwidth  W. 
Previous  analyses  consider  the  case  where  m  <  n  s  2WT.  In  this  study,  the  proba¬ 
bility  of  error  was  derived  for  the  case  where  m  >  n.  This  is  a  situation  which  arises 
when  the  channel  bandwidth  is  insufficient  to  support  the  data  rate. 

Two  distinct  problems  were  considered.  In  the  first,  termed  uncoded  transmis¬ 
sion,  all  m  signals  are  independently  bi-phase  modulated.  It  was  shown,  for  this  case, 
that  if  the  channel  signal-to-noise  ratio  increases  linearly  with  n,  the  error  probability 
can  be  made  to  go  to  zero  approximately  exponentially  in  n  for  any  value  of  m/  n. 

In  the  second  problem,  termed  coded  transmission,  only  k  <  m  of  the  signals  are 
independently  modulated,  (The  remaining  (m  -  k)  signals  carry  redundant  information). 
Using  a  sub-optimum  receiver,  it  was  shown  that  for  a  fixed  channel  signal-to-noise 
ratio  the  error  probability  goes  to  zero  exponentially  in  n  if  k/ n  is  less  than  some 

.f. 

number  C  ,  For  high  signal  to  noise  ration,  C  is  greater  than  1,  a  situation  which 
could  not  occur  if  m  <  n. 
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A  FEEDBACK  COMMUNICATION  SCHEME  BASED  ON  THE  KIEFER -WOLFOWITZ 
PROCEDURE 

R.  W.  Muise,  R.  R.  Boorstyn,  and  J,  K.  Wolf 

A  feedback  communication  scheme  has  been  studied  by  Kailath  and  Schalkwijk^'  ^ 
which  is  based  on  the  Robbins -Monro  stochastic  approximation  technique.  They  assumed 
that  the  channel  consisted  of  a  noiseless  feedback  link  and  an  additive  white  Gaussian 
noise  forward  link.  The  analysis  was  treated  in  two  parts,  first  with  no  bandwidth  con¬ 
straint  on  the  signals  and  second  with  a  finite  bandwidth  constraint  on  the  signals.  This 
study  considered  a  feedback  communication  scheme  subject  to  the  same  assumptions  and 

3 

constraints  but  based  on  the  Kiefer-Wolfowitz  stochas  tic  approximation  technique.  It 
was  found  that  the  {jerformance  achieved  with  this  scheme  is  the  same  as  that  achieved 
with  the  Schalkwijk-Kailath  scheme  for  no  b.andwidth  constraint.  However,  when  a  finite 
bandwidth  constraint  is  imposed  on  the  signals,  the  Schalkwijk-Kailath  scheme  was  found 
to  perform  better,  with  the  difference  in  performance  becoming  arbitrarily  small  as  the 
bandwidtn  is  allowed  to  increase  without  limit. 

The  two  feedback  schemes  were  then  compared  with  the  best  known  (simplex  sig¬ 
nals)  one-way  scheme  and  were  found  to  have  better  performance  than  the  one-way 
scheme. 
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SOME  RESULTS  FOR  ADDITIVE  NOISE  CHANNELS  WITH  NOISELESS  INFORMATION 
FEEDBACK 

T.  W.  Eddy  and  J.  K.  Wolf 

This  study  considered  some  new  results  for  two  distinct  aspects  of  the  additive 
noise  channel  with  noiseless  information  f  eedback.  First,  the  performance  capabilities 
of  channels  with  additive  colo.ed  noise  in  the  forward  channel  were  examined.  Next,  a 
sequential  coding  scheme  was  proposed  for  the  additive  white  noise  channel  and  its  per¬ 
formance  analyzed  and  compared  to  the  performance  of  the  Schalkwijk  coding  proce¬ 
dures.  The  coding  procedures  analyzed  in  both  cases  employed  the  basic  ideas  of  the 
1  2 

Schalkwijk  ’  coding  schemes. 


296 


COMMUNICATIONS  AND  INFORMATION  PROCESSING 


Investigation  of  the  wideband  channel  with  additive  colored  noise  leads  to  an  ex~ 
pression  for  the  channel  capacity.  In  particular,  it  was  proved  constructively  that  the 
capacity  is  given  by 


u 

where  fhe  average  transmitted  power  and  )  is  the  spectral  density  of  the 

additive  noise  in  the  forward  channel.  With  this  result  it  follows  that  the  capacity  of  the 
channel  with  noiseless  feedback  can,  in  some  situations,  be  larger  than  the  capacity  of 
the  corresponding  channel  without  feedback. 

In  the  case  of  the  bandlimited  channel  with  additive  colored  noise  it  was  shown  that 
error-free  transmission  is  possible  provided  the  rate  R  satisfies 


10 

and  the  signal -to -noise,  ratio  is  small.  On  the  ether  hand,  when  the  signal-to-noise  ratio 
is  large,  it  was  shown  that  error-free  transmission  is  possible  provided 


where 


2irW 

f  S  (to  )  d(o 

n  n 


and  W  is  the  channel  bandwidth  in  Hz.  The  capacity  of  the  bandlimited  channel  with 
noiseless  feedb.ack  was  found  only  in  the  limit  as  the  signal-to-noise  ratio  goes  to  zero 
in  which  case 


0  <  u  <  ZrW. 


From  this  result  it  follows  that  for  small  signal-to-noise  ratios  the  capacity  of  the  chan¬ 
nel  with  noiseless  feedback  can,  in  some  cases,  be  larger  than  the  capacity  of  the  cor¬ 
responding  channel  without  feedback. 


These  results  extend  the  known  results  for  additive  white  noise  channels  (for  which 
it  is  also  known  that  the  channel  capacity  is  not  increased  by  noiseless  feedback)  to  chan¬ 
nels  with  additive  colored  noise. 


Finally,  a  sequential  coding  procedure  using  information  feedback  was  proposed 
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and  analyzed.  Performance  curves  for  wideband  and  bandlimited  channels  were  pre¬ 
sented  and  the  asymptotic  probability  of  error  was  determined.  For  the  wideband  chan- 


T{C-R) 


/  T(C-R)  --4- 

I  ^  e 


where  T  is  the  average  time  per  n.esaage,  R  »  fn  M/T,  C  is  the  channel  capacity  and 
V  =  0.  5772156649.  ..  is  Euler's  constant.  Similarly,  for  the  bandlimited  channel 


4 


T(C-R)  -  I 


ji;  I  jr  ^  ) 

Corresponding  results  for  the  Schalkwijk  coding  procedures  are 


/  T(C-R)  -11- 

■yJZn  N3  e 


While  the  error  performance  is  improved  by  using  sequential  information  feedback, 
the  sequantial  results  are  valid  only  if  an  infinite  buffer  is  used.  The  effect  of  a  finite 
buffer  is  also  examined.  It  was  shown  (for  a  particular  algorithm)  that  the  finite  buffer 
introduces  an  additional  probability  of  error  which  decreases  as  1 /.^^^where  B  is  the 
maximum  number  of  messages  that  can  be  stored  in  the  buffer.  This  result  illustrates 
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the  significant  role  played  by  the  buffer  in  the  sequential  coding  procedure. 
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EXTENSIONS  OF  A  RECURSIVE  APPROACH  TO  SIGNAL  DETECTION 
R.  R.  Boor styn  and  R.  L.  PickhoUz 

In  a  recent  paper^  Pickholtz  and  Boorst^-n  described  a  recursive  approach  to  sig¬ 
nal  detection.  The  scheme  was  based  on  the  following.  The  received  signal  was  con¬ 
verted  into  a  vector  Markov  process  which  was  then  sampled.  The  recursive  structure 
of  the  digital  processor  followed  readily.  Of  concern  here  are  two  aspects  of  this  prob¬ 
lem.  First,  in  order  to  form  a  vector  Markov  process  derivatives  of  the  incoming 
signal  are  usually  required.  Investigations  have  been  conducted  into  replacing  these 
differentation  operations  with  approximating  digital  operations,  such  as  differences. 
These  studies,  including  simulation  results,  indicate  that  it  is  possible  to  replace  de¬ 
rivatives  with  differences  without  adversely  affecting  performance.  Details  will  ap¬ 
pear  in  the  next  report. 

Secondly,  the  previous  paper  considered  a  special  type  of  noise  -  that  generated 
by  a  linear  differential  equation  driven  by  white  noise.  A  more  general  noise  descrip¬ 
tion  would  include  numerator  dynamics.  Work  has  been  initiated  extending  the  recur¬ 
sive  approach  in  this  direction. 

The  essential  part  of  the  recursive  receiver  is  to  convert  the  incoming  signal 
plus  noise  tr(t)  =  s(t)  +  y(t)]  into  a  vector  Markcv  process  in  such  a  manner  that  infor¬ 
mation  is  not  destroyed.  If  this  is  done  by  a  linear  processor,  then  the  output  of  this 
device  is  £  (t)  =^(t)  +  £(t)  where  the  noise  component  J][(t)  is  to  be  Markov.  Further¬ 
more  we  insist  that  r(t)  be  recoverable  from  £(t).  Because  of  the  linearity  we  need 
only  consider  the  noise  term.  In  the  original  '.vork_2_(t)  consisted  of  the  derivatives  of 
y(t)  as  w'ell  as  y(t)  itself  and  satisfied  both  of  the  above  requirements. 

We  now  consider  y{t)  to  be  generated  by  the  following  differential  equation 

,nn-l  ,k  n-1  ,£ 

dt  k=0  dt^  £=0  dt 
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where  w(t)  is  white  Gaussian  noise.  It  is  possible  to  find  a  state  vector  x{t)  for  this 
system  such  that  the  first  component  Xj(t)  =  y{t).  This  vector  is  the  solution  of 

X  (t)  =  A(t)  X  (t)  +  b(t)  w(t) 

y  (t)  =  c^  x(t) 

where  c  = 


Although  x{t)is  Markov  it  cannot  be  obtained  from  y(t)  alone  -  either  w(t)  or  x(tQ)  is 
needed  in  addition  (neither  are  available).  We  consider  next  the  best  mean-square 
estimate  of  x(t)  given  the  input  y(s),  s  <  t.  Thus 

x(t)  =  E[x(t)|y(s),  s  <  t]. 

Since  Xj(t)  =  y(t),  y(t)  can  be  recovered  from  x{t)  -  it  is  reversible.  Furthermore, 
because  of  the  Gaussian  assumption  x(t)  is  obtained  by  a  linear  operation  on  y(t).  Fi¬ 
nally  we  shall  show  that  ^(t)  is  Markov  and  thus  letting  ^{t)  =  x(t)  satisfies  our  re¬ 
quirements. 

Prooft  For  some  fixed  T  let  £(t)  =  E  [x(T)/y(s),  s<t].  £(t)  is  a  Martingale. 
x(t)  can  be  written  in  terms  of  the  state  transition  matrix  $(t,  u)  as 

T 

x(T)  =  $(T,t)x(t)+  f  f  (T,  u)  b(u)  w(u)  du. 

'  t 

A  T 

Then  £(t)  =  §(T,t)  x(t)  +  f  $(T,u)yu)  E  [w(u)ly(s),  s<t]  du. 

‘t  " 

But  the  last  term  is  zero  since  w(t)  is  white  and  u  >  t.  Thus  z(t)  =  *(T,  t)  ^(t)  or 
x(t)  =  $"^T,  t)  z(t).  To  show  Mavkcvity,  consider 

E  [x(t)|x(r),  r  £  s]  =  E  [$(t)|z(r),  r  <  s] 

=  (T,  t)  E  [z(t)|£(r),  r  <  s]  =  (T,  t)  ^(s) 

because  z{t)  is  a  Martingale. 

Next  E  Lx(t)|£(s)]  =  E  lx(t)|z(s)]  =  ^’^T-O  E  Nt)|z{s)]  =  $’^T,t)  z(s). 

Thus,  E  [x(t)|${r),  r  ^  s]  =  E  [x(t)|x(s)],  and  x(t)  since  Gaussian  is  Markov. 

The  recursive  receiver  will  now  consist  of  a  device  that  estimates  x(t)  given 
y(t)  (this  will  actually  operate  on  r(t)  to  yield  £(t))  -  some  form  of  a  Kalman  filter. 

The  remainder  of  the  receiver  will  parallel  the  original  work.  This  study  is  continuing. 
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Figure  1 

A  second  extension  is  to  feedback  communications.  The  proposed  s  heme  is 
shown  in  Fig.  1. 

The  received  data  is  r(t)  =  o(t)  s.(t)  +  n(t ).  An  estimate  for  the  tran.  mitted  sig¬ 
nal  is 

A(t)  s,(t)  +  s^(t) 

= - ATtTTT 

where  A(t)  is  the  likelihood  ratio.  Letting  g(t)  =  Q-(t)  s(t)  we  have 

e(t)  =lnA(t)=  2  f  du  +  initial  condition  terms^ 

■^o  o' 

The  signa’-to-noise  ratio  Y(i)  i^  similarly  given  by 

=  J  *{L[g(u)]_}  ^  initial  condition  terms, 

o  o' 

In  terms  of  the  latter,  e(t)  is  normal  with  mean  2y(t)  and  variance  4Y(t).  The 
problem  is  to  find  g(t)  to  maximize  Y(t)  subject  to  a  constraint  on  the  transmitted 

energy 

t( 


\  =  4  f 


0 


du. 


... 

A  typical  constraint  might  be  — ^ =  P,  a  constant.  This  work  is  continuing 

and  is  in  turn  easily  extendable. 
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SIGNAL-ZERO-CROSSINGS  AS  AN  INFORMATION  CARRIER 
A.  L.  Fawe  and  R.  R.  Boorstyn 

The  purpose  of  this  research  was  to  investigate  the  representation  of  bandlimited 
signals  by  means  of  a  distribution  of  points  along  the  time  axis  and  the  advantages  which 
arise  from  such  a  representation. 

The  research  takes  its  root  in  a  well-known  phenomenon,  namely  clipped  speech 
intelligibility.  Hard  limiting  of  speech  retains  only  the  zero-crossings  as  an  informa¬ 
tion  carrier  which  shows  that  these  are  sufficient  for  a  specific  receiver:  the  ear,  and 
a  specific  type  of  signal:  speech.  An  interesting  observation  is  the  increase  of  intel¬ 
ligibility  when  speech  is  differentiated  before  clipping;  it  is  easy  to  see  that  differentia¬ 
tion  increases  the  zero-crossing  density  (the  number  of  zero-crossings  per  second) 
which  tends  to  prove  that  the  quantity  of  information  is  indeed  related  in  some  way  to  the 
zero-crossing  density.  From  the  communication  point  of  view  the  interest  in  a  repre¬ 
sentation  of  bandlimited  signals  by  a  zero-crossing  distribution  follows  from  the  lower 
signal-to-noise  ratio  required  for  a  given  intelligibility  with  clipped  speech  (when  com¬ 
pared  to  normal  speech). 

For  the  class  of  signals  which  have  a  bandlimited  Fourier  transform  we  find  that 
a  subclass  is  completely  defined  by  the  zero-crossings.  Moreover  any  signal  in  the 
class  can  be  mapped  into  a  signal  in  ♦'he  subclass.  Finally  the  output  signal-to-noise 
ratio  of  a  communication  system  which  uses  the  subclass  for  transmission  exhibits  a 
very  interesting  property. 

A.  Condition  for  a  Bandlimited  Signal  to  be  Uniquely  Defined  by  its  Zero-Crossings 

Theorem  1.  Let  x(t)  be  a  signal  whose  Fourier  transform  X(i.j  )  exists  and  vanishes 
outside  the  interval  (-12,  +12).  If  the  real  and  imaginary  parts  of  X{u  )  are  iniegrable  func¬ 
tions  the  number  of  zeros,  n(T),  of 

-1 

X  (9)  =  (<1it)  I  X(u.  )  exp(ju0i  dui 
-12 

(whore  0  =  t  +  jx)  such  that  lo  J  <  T  (0.  the  location  of  the  i-th  zero)  tends  to  4WT  when 
T  tends  to  infinity,  more  precisely 
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{x^(6)  will  be  culled  the  signal  associated  with  x(t))^. 

From  this  theorem  we  diaw  the  following  conclusions: 

i)  as  T-^oo  the  number  of  zeros  (complex  and  real)  of  the  associated  signal  tends 
to  the  same  iln»it  as  the  number  of  independent  parameters  required  to  describe  the  sig¬ 
nal  x{t)  truncated  to  the  interval  (-T,  ^T); 

li)  a  handtimited  signal  is  completely  defined  by  its  zero-crossings  if  all  zeros 
of  the  associated  signal  arc  real.  Then 

00  . 

x(t)  »  x(0)  n  (1  -  f-) 
iM  1 


Since  our  purpose  is  to  use  a  computer  to  recover  the  signal  from  its  zero-cross¬ 
ings  we  require  two  properties: 

i)  all  zeros  of  x^(0)  must  be  real  (and  therefore  the  zero-crossing  density 

ii)  they  must  be  uniformly  distributed  in  the  following  sense;  it  is  possible  to  find 
a  division  of  the  time  axis  in  interval  1/2W  wide  such  that  there  is  one  and  only  one  zero¬ 
crossing  in  each. 

Since  a  computer  can  process  a  finite  number  of  zero-crossings  at  the  same  time 
we  are  lead  to  the  recovery  of  the  signal  in  an  interval  from  the  zeros  which  belong  to 
it  (with  a  resulting  error).  Property  (ii)  insures  uniform  performance  of  the  recovery 
scheme  in  successive  intervals.  A  signal  with  properties  (i)  and  (ii)  will  be  called  opti¬ 
mum. 


The  scheme  for  recovery  of  ar  optimum  signal  does  not  follow  from  the  last  equa¬ 
tion  by  dropping  the  factors  corresponding  to  the  zero-crossings  outside  ihr  interval  of 
interest.  Actually  such  a  scheme  would  lead  to  very  poor  results.  Th^  scheme  we  use 
starts  from  a  representation  lil:o  a  Fourier  series: 


n  -  ^  N 

x(t)  "  1  c  expfjnu  t)  |t|<  T 

n*-N  "  ° 


where  ’’’  *  thi-n  the  2Nth-ord.er  equati  on 

2N 


0  *  ^ 


2N-  I 


gives  the  2N  zero-crossings,  and  since  we  can  also  write  the  second  member  a* 

2N 

n  (r.  -  z.)  where  z.  -  exp(jw  t.l  .and  f  is  the  location  of  the  i-th  zero  we  derive  a  set 
1  ‘  ‘  ‘ 

of  relations  between  the  unknown  c^._^/c^.  and  the  known  /...  Finallv  we  re(juire  that 
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the  signal  x(t)  and  its  approximation  x(t)  have  the  same  energy  in  (-T, +T); 

+N  +T 

V  |c^  =  (2T)‘*/  x^(t)dt 
n=-N  "  -T 

We  have  investigated  several  optimum  signals  with  this  technique;  the  results  are  given 
by  Figs.  1,  3  and  4.  It  can  be  seen  that  the  recovered  signal  is  a  close  approximation 
of  the  original  even  for  a  rnf'derate  number  of  zero-crossings.  Figure  I  shows  that  the 
approximatu  n  improve p  as  the  length  of  the  interval  considered  increases  which  is  con¬ 
sistent  with  theorem  1  (but  the  tiansmission  delay  increases  accordingly).  Insight  into 
the  reasons  for  the  success  of  the  method  can  be  gained  by  a  comparison  of  the  Fourier 
coefficients  for  the  expansion  of  sinflt/t  truncated  and  the  coefficients  calculated  from 
the  zero-crossings  (Table  1):  for  an  interval  2.T  equal  to  6  times  the  distance  between 
successive  zeros  the  difference  is  at ’most  10%.  Therefore  we  are  close  to  the  truncated 
Fourier  series  which  is  known  as  the  optimum  mean  square  fitting  of  a  function  in  a 
given  interval. 


Recovery  of  siii^.t/Ut  Jir  ;  T  '  3/»lW  (N  "  3) 

-  signal;  ...  approximation. 

.Signal -to -me an- squared- error  ratio:  <10.  4  dB. 


Fig.  1 
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x<j/2W)  Xj  0 

where  x^It)  is  the  optimum  signal  associated  with  x{t).  It  is  easily  seen  that  the  position 
of  tile  reversed  samples  is  given  by  the  location  of  the  zero-corssings  of  a  bandlimited 
signal  ('«nth  the  same  bandwidth  W)  obtained  by  sending  a  pulse  at  j/^W  through  an  ideal 
low-pass  filter.  Thus  the  reversible  mapping  requires  an  additional  transmission  band¬ 
width  equal  to  W. 

C.  Output  Signal-to- Noise  Ratio  of  a  Communication  System  Based  on  These 
Principles 

We  first  consider  the  case  of  an  optinmim  signal.  We  shall  assume  that  the  inter¬ 
val  is  wide  enough  to  neglect  the  error  introduced  by  the  recovery  itself.  Then 

x(t)  =  x(t)  =  y  c^expfjnt.;^!} 
n“-  -  N 


We  shall  also  assume  ♦hat  the  zerc  -  crossings  are  merely  transmitted  by  the  clipped 
version  of  x(t)  and  that  the  channel  r!oes  not  distort  this  waveform  (note  however  that  in 
order  to  compute  a  channel  signal-to-  noise  ratio  we  use  the  assumption  that  the  rectang¬ 
ular  wave  occupies  a  bandwidth  equ?\  to  5W  which  actually  takes  account  of  the  most  im¬ 
portant  frequencies).  The  output  signal-to-noise  ratio  can  be  written  as 
+T 

/ 


x(t)^dt 


(SNR)^  = 


-T 


(x(t)-x  (t))  dt 
n 


where  signal  recovered  from  the  zero-crossings  displaced  by  the  channel 

noise.  Assuming  the  received  rectangular  wave  plus  noise  is  :irst  clipped  (which  elim¬ 
inates  a  large  amount  of  noise)  the  signal-to-noise  ratio  turns  out  to  be 


(SNR)^?  (1  -  p)’^ 


When  the  channel  noise  is  stationary,  zero-mean,  Gaussiar,  additive  and  independent 
of  the  signal  o  is  given  by 


where  y  is  the  channel  signal-to-noise  ratio.  This  result  corresponds  to  curve  I  on 
Fig.  5.  Rice's  result^  for  FM  (bandwidth  equal  to  5W)  is  given  by  curve  3. 

In  the  general  case  the  output  signal-to-noii:e  ratio  can  be  found  in  a  similar  way. 
The  receiver  samples  the  signal  whose  zero-  crossings  (in  a  noise-free  situation)  gives 


(SNR)i  dB 

Fig,  5  Signal  to  noise  ratio  at  the  receiver  output 
vs.  signaJ-to-noise  ratio  at  the  input. 

1:  zero'crossings  technique,  optimum  signals. 

2:  zero-crossings  technique,  general  bandlimited  signals. 

3:  FM  without  modulation  (channel  bandwidth:  5W). 

4:  Theoretical  limit  (channel  bandwidth:  5W). 

In  1  and  2  the  rectangulai  wave  carrying  the 
zero-crossings  is  assumed  undistorted  by  the 

channel  for  the  calculation  of  (SNR)  . 

o 

ihe  location  at  which  the  sign  of  the  samples  of  the  recovered  .optimum  signal  must  be 
changed  to  get  the  original  signal;  because  of  the  channel  noise  we  are  lead  to  a  decision 
problem.  The  output  signal-to-noise  ratio  due  to  this  type  of  noise  (wrong  sample  sign 
at  the  receiver  output  due  to  detection  errors)  is  given  by  4P^,  where  P  is  the  prob¬ 
ability  of  error  in  the  decision  process.  The  total  signal-to-noise  ratio  is  given  by 

(SNR)^‘*  =4P^  +  tr^  (! -p)^ 

since  the  two  noise  contributions  are  independent.  This  result  corresponds  to  curve  2, 
Fig.  5. 

D.  Conclusions 

In  the  class  of  bandlimited  signals  a  subclass  exists  with  the  remarkable  property 
that  its  members  are  completely  defined  by  the  zero-crossings.  Among  these  signals 
the  so-called  optimum  are  well  defined  at  each  instant  of  time  by  the  zero-crossings  in 
the  close  neighborhood. 


nal. 


A  general  bandlimited  signal  can  be  mapped  in  a  'imple  way  into  an  optimum  sig- 
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The  transmission  of  a  bandlimited  signal  by  the  zero-crossings  of  the  associated 
optimum  signal  leads  to  an  output  signal-to-noise  ratio  which  increases  sharply  with  the 
carrier  signal-to-noise  ratio.  The  curve  has  an  exponential  character  which  is  inter- 

4 

esting  to  compare  with  the  theoretical  result  found  by  Goblick  on  the  highest  signal-to- 
noise  ratio  that  a  communication  scheme  can  achieve  (for  a  bandwidth  equal  to  5W  this 
result  is  given  by  curve  4,  Fig.  5). 
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INVESTIGATION  OF  A  CLASS  OF  NONLINEAR  COMMUNICATION  SYSTEMS 
A.  L.  Fawe  and  R.  R.  Boorst^m 

We  have  started  a  study  of  communication  systems  in  which  ideal  clipping  plays 
a  central  role.  This  research  is  motivated  by  the  results  described  in  our  first  report. 

A  convenient  representation  of  the  nonlinear  part  of  the  system  is  given  by 


^  jwx(t)  , 

n  1 

^  -OD 


where  x(t)  and  y(t)  are  the  clipper  input  and  output  respectively.  This  follows  easily 
from  the  pair  of  Fourier  transform 

sgn(t)^^ 

Some  care  is  required  in  the  use  of  this  relationship  because  of  the  pole  of  the  integrand 
at  the  origin.  But  we  are  interested  in  output  correlation  and  input-output  crosscor rela¬ 
tion  only;  we  have  shown  the  following  relation 


D(R^(i,,ty)  =  -  ^  / 


+  00 


-00 


I 

L 

cji^  0  1 

dw 
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+  CO 

"  -CO 

where  (uj,  W2*^j*^2^  characteristic  function  of  the  input  process  and  D  is  some 

differential  operator  over  the  time  variable  tj  and  t^  chosen  in  such  a  way  that  the  poles 
at  G).  =  0  disappear.  The  appropriate  operator  is  in  general  obvious;  an  integration  over 
time  leads  to  the  function  itself.  As  an  example  one  finds  very  easily  with  this  technique 
the  well-known  arc-sine  law  for  a  clipper  with  a  Gaussian  stationary  input. 

A.  Recovery  of  a  Bandlimited  Signal  Subject  to  Clipping 

Before  undertaking  the  investigation  of  any  commanication  system  of  the  kind  de¬ 
fined  above  it  is  important  to  show  that  after  filtering  of  the  clipper  output  we  get  a  good 
approximation  of  the  signal  itself  and  that  by  increasing  by  some  means  the  zero-crossing 
rate  at  the  clipper  input  we  are  able  to  make  the  error  as  small  as  we  wish.  We  choose 
the  mean- square-error  to  measure  the  discrepancy  between  the  output  of  the  fUter  and 
the  signal;  this  leads  to  the  choice  of  a  Wiener  filter  to  follow  the  clipper.  We  assume 
the  .signal  x(t)  Gaussian;  then  among  the  possible  ways  to  increase  the  zero-crossing 
rate  two  are  mathematically  tractable  because  the  Gaussian  property  is  conserved: 
adjition  of  a  narrow-band  Gaussian  process  about  the  frequency  V*  or  multiple-differ¬ 
entiation  of  the  signal.  We  define  the  quantity  a  as 

E{(x-z)^} 

where  x(t)  is  the  signal  to  be  transmitted  and  z(t)  is  the  output  of  the  Wiener  filter. 

For  the  addition  of  a  narrow-band  Gaussian  process,  s(t),  we  found  the  following 

result 


-1 

a 


=  1  - 


2(1  +  y) 


1 


/  cos  (ut)  sin 
0 


■  sin  (t)  ^  V  sinfcyt) 

t _ fft 

1  +  Y 


cos  (t) 


du 


where 


V  Z  ’ 


(7 


X 


^  :  .1  =  Ztt  w 


and  2c,>^  is  the  bandwidth  of  the  narrow-band  process.  In  this  result  x(t)  and  s(t)  are 
assumed  to  have  a  flat  power  spectrum  in  the  region  where  it  exists.  The  zero-cross 
ing  rate  associated  with  the  combined  input  process  is  given  by 
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-  1 

2W  3(1 

The  quantity  \  ^  =  \/2W,  which  is  at  most  1,  will  be  called  the  normalized  zero-cross¬ 
ing  rate. 


When  the  signal  is  differentiated  n  times  before  clipping  the  quantity  a  is  given 
by 


-1  ,  l)jT  f  ^  2n 

a  =  1 - J  u 

oo  _  j 

1  cos(ut)  sin 

^1  2 

(2n-^-l)  )  V  ''cos(vt)dv 

dt 

0 

0 

0 

and  the  normalized  zero-crossing  rate  at  the  clipper  input  is 
\ 


2n+  1 
‘  n  ^  2n  +  3 


When  in  these  two  results  we  let  -y  and  n  respectively  go  to  zero  we  get  the  common  re¬ 
sult 


°°  -1 
f  cos  (tit)  sin 

0 


sin(t) 

t 


The  value  of  lOlogjQ(a)  is  7.  3  dB  in  this  case.  The  following  table  of  the  zero-cross¬ 
ing  rates  shows  that  even  with  a  moderate  number  of  differentiations  or  amount  of  nar¬ 
row-band  process  power  a  small  mean-squared- error  will  be  achieved.  We  are  now 
investigating  the  behavior  of  the  two  previous  integrals  as  a  function  of  the  parameters 
’  and  n. 


y(dB) 

-00 

0 

3 

6 

9 

12 

\ 

n 

.  578 

,817 

.882 

.  931 

.  963 

.  982 

y  (dB) 

~oo 

0 

3 

8 

\ 

n 

.  578 

.885 

.  975 

.  994 

n 

0 

1 

2 

3 

4 

5 

\ 

n 

,  578 

.. 

.  775 

.815 

.  883 

.  905 

.  920 

Table  1.  Zero-crossing  rate  as  a  function  of  the  ratio  of  the 
signal  power  to  narrow-band  process  power  (first 
line:  addition  of  a  Gaussian  process;  second  line: 
addition  of  a  sine  wave  procv-'ss),  or  of  the  number 
of  differentiations  (third  line). 

The  second  line  of  the  Table  I  gives  the  zero -crossing  rate  when  a  sine  wave 
process  A  sin(2iT  W  t  +  0 )  (A  constant  and  0  random  variable  with  uniform  distribution 
is  (0,  2it  ))  is  added  to  the  rignal^: 
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\  =  N  e‘"l  (f3)  :  I  (^.o) 

o  o  e  '  ft 

•where  I  is  the  modified  Bessel  function  of  the  first  kind,  N  is  the  zero-crossinc  rate 
o  o  '’ 

of  the  Gaussian  process  x(t)  alone 

N  =  - 
o  ir 

and 


The  calculation  of  a  is  more  difficult  in  this  case  and  -we  •were  unable  to  complete  it 
up  to  now.  However  the  table  shows  that  this  technique  increases  very  rapidly  the 
zero-crossing  rate  and  seems  to  be  the  most  powerful  linear  one. 

In  Ref.  Z  we  have  shown  that  any  bandlimited  random  process  can  be  mapped  on 
a  process  with  a  zero-crossing  rate  equal  to  2W  (by  a  nonlinear  transformation).  This 
technique  is  difficult  to  handle  mathematically,  and  to  be  reversible  would  require  an 
additional  bandwidth  equal  to  W. 

A  last  result  for  this  section  is  the  value  of  a,  for  a  signal  .x(t)  with  flat  power 
spectrum,  when  the  filter  after  the  clipper  is  an  ideal  lowpass  filter: 

a  =  7,  Z  dB 


Although  the  ideal  filter  is  unrealizable  like  the  Wiener  filter  (which  leads  to  a  =  7.  3  dB) 
this  result  shows  that  some  simple  structure  may  be  worth  to  be  investigated. 

B.  Communication  Systems  with  Clipping 

We  have  just  undertaken  this  part  of  the  work  and  therefore  we  cannot  quote  many 
results. 

We  have  shown^'  that  when  a  random  rectangular  Wave  taking  symmetrical  values 
with  same  probability  (as  above,  such  a  wave  is  intended  to  carry  zero-crossings  re¬ 
lated  to  the  signal  to  be  sent)  is  contaminated  by  a  zero-mean,  additive  Gaussian  noise 
independent  of  the  signal,  and  then  clipped  the  crosscorrelation  between  the  random 
square  wave  y(t)  and  the  clipjier  output  y(t)  is 


R 
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where  y  is  the  channel  signal-to-noise  ratio.  This  result,  which  we  have  already  quoted 
above,  leads  to 

a‘^  =  4Q  (J7)  [l  -  Q  (Jy)] 
which  for  high  carrier-to-noise  ratio  becomes 


and  for  small  carrier-to-noise  ratio 


When  the  signal  y(t)  results  from  a  bandlimited  Gaussian  process  applied  to  a 

clipper,  then  contaminated  by  the  same  type  of  noise,  and  finally  applied  to  a  second 

clipper  we  have  found  that  the  crosscorrelation  function  between  the  Gaussian  process, 

x(t),  and  y(t)  is  given  by  the  same  formula  as  R^a  except  for  a  factor  -^/rr . 
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FM  NOISE 

D.  T.  Hess  and  D.  Yavur, 

Ihis  report  generalizes  the  work  done  by  Rice^  in  approximating  the  noise  out¬ 
put  of  an  F’M  discriminator,  (FMD). 

Rice^  has  shown  that  the  output  noise  of  a  FMD  may  be  approximated  by  the  sum 
of  two  uncorrelated  noise  componenist  a  parabolic  spectrum  gaussian  noise  term  and 
a  Poisson  shot  noise  term  consisting  of  impulses  of  area  2tt  .  In  this  repori  the  noise 
is  considered  as  a  sum  of  a  gaussian  term  plus  a  shot  noise  term  that  are  in  general 
correlated.  The  shot  noise  term  becomes  Poisson  for  large  input  carrier  to  noise 
ratios  (CNR), 

It  is  assumed  that  the  input  to  the  FMD  is  an  unmodulated  carrier  plus  symmetri¬ 
cal  bandpass  gaussian  noise  centered  on  the  carrier.  Thus  the  input  may  be  represented 
a  s 


COMMUNICATIONS  AND  INFORMATION  PROCESSING 


313 


A  cos  w  t  +  n(t)  = 
o 


A  cos  w  t  +  x(t)  cos  w  t  -  y(t)  sin  oo  t  =  'J(A  +  x)^  +  y^  cos  [w  t  +  ^i(t)  ]  (1) 


i//(t)  =  tan 


A  +x(t) 


where  A  is  the  carrier  amplitude,  to  the  carrier  frequency  and  x(t)  and  >/(t)  are  the 
low  pass  equivalents  of  the  noise  n{t).  The  output  of  the  FMD  is  i)j{t), 

4.(t)=  tan-’ 

This  output  is  approximated  by  z(t), 

4i(t)  z(t)  =  g(t)  +  p(t)  =  +  p(t)  (3) 

where  g(t)  =  is  the  familiar  output  noise  for  large  CNR  and  p(t)  is  the  click 

process.  The  two  terms,  p{t)  and  g(t),  are  i;:  general  correlated. 

The  click  process  is  formed  in  the  following  manner}  when  x(t)  is  less  than  -A 
and  y(t)  approaches  zero  with  y(t)  negative  (positive)  p(t)  will  have  a  positive  (negative) 
impulse  of  area  Ztt  .  The  result?  may  be  easily  extended  to  waveshapes  other  than  im¬ 
pulses.  The  click  process  may  be  expressed  as, 

p(t)  =  -2n  y(t)  u  [-A  -x(t)  ]  6  [y(t)  ]  (4) 

where  u(x)  is  the  unit  step  function  and  6(x)  the  unit  impulse  function. 

The  autocorrelation  of  the  output  noise  is  given  by 

R  (t)  =  E I  z(t  +  t)  z(t)  {  =  — ^  R  - .  (t)  +  R  (t)  +  R  (t)  +  R  (t)  (5) 

zz'  '  ^2  yy'  gp'  pg'  '  pp'  ' 

The  first  term  is  the  parabolic  spectrum  gaussian  noise  term,  the  second  and 
third  terms  are  the  cross-coreelation  terms  and  the  last  term  is  the  autocorrelation 
of  the  spike  process.  The  cross  correlation  term  has  the  form 

y  “  i 

^  E  lg(t  +  t)  p(t)  }  =  Rp^  (-T)  =  E  -  xf-  2Tr  y^  u(-A  -  Xj)6(yj)  (  (6) 

where  the  expectation  is  over  t  and  the  subscripts  1  and  2  refer  to  time  instants  t  and 

(t  +  t).  By  evaluating  the  appropriate  integrals  R  (t)  is  found  to  be, 

gp 


R  (t)  = 
gp 


erfc  (3 


p"  ^  -V  p  (t) 
rlr 


P  (■'■)  = 

XX 


R  (t) 

■vv  '  ' 


PNTn 


N  =  R  (o) 

XX 


where 
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From  Eq.(7)is  seen  that  the  gaussian  noise  and  the  click  noise  decouple  as  a 
complementary  error  function  of  (3,  the  decoupling  is  strongly  effected  by  the  input 
filter  shape  due  to  the  term  t  however,  the  two  components  are  indeed  uncorre> 

lated  for  large  CNR  as  is  generally  assumed. 

The  autocorrelation  of  the  click  process  is  given  by, 

Rpp(T)  =  4ir  ^  E  I  yj  6(yj)  u  (-x^  -A)  y^  6(y2)  u  (-x,  -  A)  |  (8) 

The  corresponding  integrals  can  be  evaluated  after  rather  lengthly  manipulations  and 
the  autocorrelation  takes  the  form 


Rpp(T)  =  Ztt  y  erfc  (3  6(t) 
-  Ztt  I  •-  erfc^  P 


where 


R"  (o) 
R  (o) 

XX 


, p” 
_  1  -n  * 


radius  of  gyration  of  the  band  pass 
filter  in  rps 


P  A  P^(t) 


(0  (x)  = 


u 

-  2 


®  (x)  ^ 


For  large  CNR  only  the  first  term  in  Eq.  (9)  is  significant,  and  it  should  be  noted 
that  this  is  the  flat  spectrum  Poisson  shot  noise  term. 

The  pov/  'f  spectrum  of  the  click  process,  ),  may  be  obtained  by  taking  the 

Fourier  transform  of  R__{'’'^  numerically.  In  Fig,  1  the  normalized  power  spectrum 
is  given  for  a  gaussian  shaped  filter.  The  correlation  between  the  clicks  produces  a  dip 
in  the  power  spectrum  around  the  origin  and  hence  the  click  power  at  the  output  is 
reduced. 

By  comparing  S  (o)  with  the  exact  power  spectrum  of  the  noise  output  of  the 
FMD  as  given  by  Rice^we  see  that  for  w  =  0  they  are  identical  for  ^  CNR  (note  that 
for  0)  =  0  3  (o)  =  S  (o)  since  S  (o)  =  S  (o)  =  0  ), 

2sz'  pp'  pg'  '  gg'  ' 

The  analysis  presented  is  an  extension  and  elaWration  of  the  FM  noise  problem 
as  studied  by  Rice'.  The  decomposition  of  the  FM  noise  into  two  components  provided 
an  understanding  of  the  FM  threshcld  phenomenon.  The  analysis  presented  in  this  re¬ 
port  elaborates,  extends  and  justifies  the  generally  used  method  of  FM  noise  decom¬ 
position. 
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AN  OUTPUT  SIGNAL- TO-NOISE  RATIO  EQUATION  FOR  THE  FIRST  AND  SECOND- 
ORDER  PHASE -LOCKED  LOOP 

D.  T.  Hess  and  R.  J.  Schulman 

In  this  report,  an  equation  is  derived  which  predicts  the  output  signal-to-noise 
ratio  (SNR)  with  no  modulation,  for  the  first-order  phase-locked  loop  (PLL),  and 
with  a  small  modification  it  also  holds  for  the  second-order  PLL,  when  the  system  IF 
filter  is  rectangular  and  the  output  low-pass  ‘’’Iter  frequency  characteristic  is  known. 

This  equation  has  been  experimentally  verified  for  a  variety  of  different  system  con¬ 
ditions. 

Derivation 

The  initial  approach  to  this  problem  is  th.  same  as  that  taken  by  M.  Schwartz^  in  his 
derivation  of  a  SNR  equation  for  the  discriminator.  Since  a  no  modulation  analysis  is 
being  performed,  a  fictHious  output  SNR  is  defined  as  the  ratio  of  mean- squared  signal 
out,  with  the  noise  set  equal  to  zero,  to  the  mean-squared  noise  with  no  signal  present. 

The  argument  is  employed  that  the  spectral  density  of  the  total  noise  at  the  PLL 
output  is  the  sum  of  the  spectrum  obtained  in  the  high  carrier-to-noise  case  (Gaussian 
component)  plus  the  spectrum  due  to  noise  clicks.  Therefore,  for  a  symmetric  IF  fil¬ 
ter  the  output  noise  power  spectrum  of  the  PLL  is  given  by 


Cout^^^)  ~  Gj(u)  +  C2(w)  ( 1 

where  G2(u,)  is  the  power  spectrum  of  the  Gaussian  component,  and 

C2(w)  is  the  power  spectrum  of  the  click  component.  When  the  input  of  the  PLL 
is  given  by 

ei^(t)  B  (A+x)co8u„t  -  y  »»nw„t  (2 

whore  x  and  y  arc  indepondont  Gaussian  random  variables,  it  has  been  sho^vn^  that 

Gj(u))  B  N/2BA^  ^  (3 

where  N  is  the  input  noise  power,  and  2B  is  the  IF  filter  b.indwldth,  and  th.ai 

G2((.>)  *8it  ^  N^  (4 
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where  N_^  is  the  total  expected  number  of  positive  clicks  per  second.  (N_|^  =  N_  for  an 
unmodulated  carrier. )  Therefore 

Cout(w)  “  N/2BA^  +  8w  ^  N^  (5) 

If  there  is  an  ideal  low-pass  filter  (LPF)  following  the  PLL  which  cuts  off  at  ftr. 
the  output  noise  power  is  given  by 

f  m 
o 

However,  the  LPF  of  the  typical  demodulation  system  is  not  ideal.  To  get  around  this 
situation,  we  define  f>^Q  equivalent  bandwidths  of  ideal  filters  where 

fm  oc 

/  ;F(o)|2rdf=  /  lF(f)l2f2df  (7) 


6  ■>  1 

fo  lF(o)r  df=  /„  |F(^)r  ^  (8) 

aiid  F(f)  is  the  actual  LPF  transfer  function.  The  noise  power  is  therefore 

ff  2 

No  -  2/3  - g;^  +  l6w  fm^  (9) 

where  y  -  A^/2N  is  the  carrier-to-noise  ratio. 

If  the  modulating  signal  is  assumed  to  be  of  the  form 

4,  =  Aui  cos  w^T  (10) 

and  it  is  attenuated  by  the  output  LPF  by  C^,  the  mean-squared  output  signal  is  given  by 

Sp  *  2ir^  (df)2  Cj  (11) 

An  expression  for  N^  for  the  PLL  has  been  derived  by  Hess^  for  the  first-order 
PLL.  Hie  result  for  a  rectangular  IF  filter  is 

N_^={B/2Vl)erfc  V^[l+i2^^]  (12) 

00  2 

where  erfc  Y  ■  (2/V7  )/  e  dx,  and  f,  is  the  closed-loop  bandwidth  of  the  PLL. 

Y 

B.  Schwartz  has  ehown^  that  the  uso  of  an  equivalent  first-order  PLL  bandwidth  f 

L.eq 

itt  Hess*  equation,  allows  one  to  predict  1^^  lor  the  second-order  loop,  where  the  loop 

filter  for  the  second-order  loop  is  shown  in  Fig.  1.  The  dcterminatioi.  of  f.  is  done 

Leq 
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H(t  )«(8//l&) 


•  <fa 


a* 


I 

(R|  +  R2)C 


I 

R|C 


Fig.  1  Loop  Filter  for  Second-Order  PLL 


by  means  of  a  simple  graphical  construction  using  the  second-order  parameters.  There¬ 
fore,  the  output  SNR  for  the  first  and  second-order  PLL  with  a  rectangular  IF  filter, 
using  the  appropriate  value  of  f^,  is  given  by 


3  (Af/fm^)^  Y  (B/fm^^)  Gj 
^  °  1  +  (24/*/3)  (fm  /  fm^)  (B/fn.  Y®rfc 

S  (j  It 


(13) 


where  signal  deviation,  y  =  input  CNR,  B  =  half  the  IF  filter  BW,  fm  ®  equiva- 

G 

lent  BW  of  output  LPF  for  Gaussian  noise,  fm  =  equivalent  BW  of  output  LPF  for 

8 

click  noise,  G^  =  output  LPF  signal  attenuation,  and  f =  appropriate  closed-loop  BW 
of  PLL.  ' 

Experimental  Results 

As  verification  that  the  output  SNR  equation  holds  for  the  first-order  PLL,  curves 
were  obtained  experimentally  and  theoretically  for  various  values  of  closed-loop  BW 
and  output  LPF  bandwidth  as  shown  in  Figs.  2  and  3.  It  can  be  seen  from  these  curves 
that  agreement  between  theory  and  experimental  results  is  good  in  all  cases. 

To  test  the  equation  lor  the  second-order  PLL,  an  equivalent  closed-loop  band¬ 
width  had  to  be  determined  lor  each  setting  of  f.  and  for  each  loop  tilter,  using  the 

3  ^ 

rules  given  by  Schwartz  .  The  theoretical  and  experimental  data  is  shown  in  Figs.  4 
and  5.  Again,  agreement  is  good,  which  indicates  the  validity  of  the  derived  equation. 

Conclusion 


An  equation  that  predicts  the  ou‘put  SNR  tor  the  first  and  second-order  PLL  with¬ 
out  modulation,  has  been  derived.  Its  validity  has  been  examined  for  various  system 
conditions  and  it  has  been  shown  to  hold  for  all  cases  tested. 
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Fig.  2  Output  SNR  Vi  Input  CNR  tor  «  Fir  ♦  Order  Pha«e. Locked  Loop 


OUTPUT 
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Fig.  3  Output  SNR  vg  Input  CNR  for  a  Flrat  Order  Phase* Locked  lA)op 


OUTPUT  SNR 
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Fig,  4  Output  SNR  vs  Input  CNR  foi  a  Second^Order  Phass- Locked  Loop 


OUTPUT  SNR 
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£j^  “  7.5  KHz 


r*  INPUT  CNR-dB 


Fig.  5  Output  SNR  v«  Input  CKR  for  «  Sccond>Crder  Phave- Locked  Loop 
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OPTIMIZING  SECOND-ORDER  PHASE-LoCKED  LOOP  (PLL)  PERFORMANCE  WITH 
MODULATION 

D,  T.  Hess  and  R.  J.  Schu.man 

In  this  report,  a  purely  experimental  investigation  into  the  behavior  of  the  first 
and  second-order  PLL  with  modulation  is  described:  Curves  of  output  signal-to-noise 
ratio  (SNR)  vs.  input  carrier-to-noise  ratio  (CNR)  for  the  PLL  and  limiter-discrim¬ 
inator  were  obtained  by  varying  the  numerous  parameters  of  the  system.  This  study 
culminates  in  the  determination  of  a  "rule  of  thumb"  for  choosing  an  optimum  loop  filter 
H(s)  -  j  (t~T~^)  and  hold-in  range  (the  maximum  static  frsnuency  deviation  of  the  inpv 
signal  from  the  carrier  frequency  before  the  loop  loses  lock)  for  the  second-order  PLL 
when  the  modulating  signal  fills  the  entire  IF  filter  bandwidth  of  the  system  (full-devia¬ 
tion  signal). 

General  Study 


WONAC 

Fig.  1  System  For  Taking  SMR  Measaremonts  (with  modulation) 

To  make  the  SNR  measurements  with  modulation,  the  system  of  Fig.  i  was  used. 
The  signal  and  noise  were  kept  or.  simultaneously,  while  measuring  the  output  value  of 
either  parameter.  For  the  data  taken  for  this  report,  a  full- deviation  signal  was  used, 
i.  e. ,  a  signal  wi»h  deviation  Af  given  by  af  -  3B/(!  +  il)  where  2B  is  the  IF  bandwidth 
and  ^  is  the  r  adulation  index.  Besides  the  many  curves  obtained  for  the  PLL,  some 
data  were  taken  for  the  limiter-discriminator  to  use  for  comparison.  These  data  were 
taken  by  replacing  the  PLL  by  a  455kHs  limiter  and  a  CR  discriminator  (model  1 142-A) 
in  the  system  of  Fig.  I. 

Specifically  the  output  SNR  was  measured,  with  the  input  CNR  fixed  at  6dB  and  0 
fixed  at  2.  as  the  hold  in  range  f j ,  He  pole  of  the  loop  filter  a,  and  the  aero  of  the  loop 
filter  if  II  were  independently  varied.  It  «as  observed  empiric  ally  that  the  output  SNR 
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pMoed  through  a  maxitnam  ai  each  of  the  parameter ■>  £j^,  o,  and  fi  were  varied.  Con- 

■equently  by  aequentially  adj’xatlng  the  parametera  the  optimum  output  SNR  waa  obtained 

for  0  ■  2.  With  the  aignal  deviation  Af  >  2kHz,  with  the  modulating  aignal  frequency 

f  •  1  kH  a,  and  with  a  rectangular  IF  filter  with  bandwidth  >  6kl^  z  the  empirically 
m 

determined  optimum  valuea  were  found  to  be 


tf  1.  5kHz 
fj^a  12.5kHz 
fi/cra.  6 


rig.  2  Output  SNR  V*.  Input  ONR  lor  a  Second - 
Order  Phaee«L(Kked  Loop 
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Figure  2  compares  t^ie  optimum  second  order  PLL  with  the  optimum  loop  filter  oifer  the 
discriminator.  It  should  be  noted  that  with  full  d^viatlot.»  lit^e  improvement  in  thres¬ 
hold  is  obtained  with  the  PLL. 

Using  the  above  set  of  optimum  parameters  and  the  knowledge  acquired  from 
taking  data  presented  in  this  report,  one  may  set  fbrth  a  "rule  of  thumb"  for  choosing 
an  optimum  hold-in  ranue  and  second-order  PLL  lor  a  full- deviation  signal.  The  "rule 
of  thumb"  is  as  follows: 


^L  opt  ^  ^  ^  rectangular  filter  baudwidth) 

a  .  »  1.  5  X  f 
opt  m 

(.■■/'lop,  =  *  ‘ 

To  test  this  rule,  experimental  data  were  taken  for  two  other  cases  0-5  and  p' «  6). 
The  systems  were  set  up  using  the  above  rule,  and  then,  SNR's  were  measured  for  varia¬ 
tions  of  the  parameters,  to  show  the  PLL  was  indeed  optimally  adjusted.  In  both  cases 
the  rule  proved  to  be  correct. 

Conclusion 


A  study  has  been  made  of  the  first  and  second-order  PLL  behavior,  with  modula¬ 
tion,  as  a  function  of  various  system  parameters.  A  "rule  of  thumb"  has  been  proposed 
for  choosing  the  hold-in  range,  pole  position,  and  zero-to-pole  ratio,  which  would  result 
in  optimum  performance  of  the  second-order  PLL  when  used  with  a  full- deviation  signal. 
This  rule  has  been  tested  and  shown  to  give  satisfactory  restilts;  however  even  with  the 
PLL  optimized  little  SNR  improvement  over  the  discriminator  was  obtained. 
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OUTPUT  SIGNAL- TO-NOl.^1  RATIO  OF  AN  FM  OlSCRSillNATOR  WITH  NON-ZDSAL 
UMITINC 

D.  L.  Schilling  a:  i  J.  Refi 

The  effect  of  abrupt-limiting  on  the  output  of  a  frequency  discriminator  has  been 
treated  thoroughly  by  Middleton,  This  paper  consider*  the  case  of  snio^th  bandpass 
limitiag  f  ain  for  the  simple  differentiator  and  for  the  balanced  discriminator.  The 
error  fUi»etion  is  used  ar  a  model  lor  the  smooth  limiter.  The  idel.liiets  of  the  limiter 
is  related  in  the  quantity  •a*  -  the  limiting  hardness.  The  analysis  reveals  that  for 
s  balanced  discriminator,  'he  output  sigt  al'.to-nolse  ratio  can  be  made  largely  immune 
to  changes  in  •»»•,  Htnvever,  for  the  unbalanced  di&crim  natnr.  the  signal -to- nolae  is 
not  twiy  ajF^reciabljr  •»*“  dependent,  but  also  a  function  u"  carrier  frenuency. 


m 


a 
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L  The  Unbalanced  Discriminator 
Noise  Analysis: 


0 


Fig.  1  The  Unbalanced  Limiter-Discriminator 


Fig,  Z  A  Smooth  Limiter 


An  unbalanced  discriminator  ic  shown  in  F'ig.  1.  It  consists  of  a  limiter,  differ¬ 
entiator  and  entrelups  detector.  The  smooth  limHer  is  shown  in  Fig.  Z. 


The  output  signal-to-noise  ratio  of  this  device  is 

3(P  ♦  1) 


% 


.  , 

1  +  m  s  "  + 

Zr.U  ,2 


(4  P  +  3) 


(1) 


«m'*'lF  J  .  4]  2 

where  p  is  the  m'«dulation  index,  f  the  m.ixitnum  modulation  frequency,  n,_  '  2tp*^n 
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^m’  measurea  at  the  IF,  and  ^^/A  is  the  relative  hardness  of  the 

limiter  (see  Fig.  2). 

II.  Balanced  Discriminator 


I 


A  model  tor  the  bal,.rced  discriminator  is  shown  in  Fig.  3.  The  output  SNR  of 
this  device  is 


Con  lueion; 


3(p  +  1)  p"’(C/N) 


.  2f  ^  +  4B__  f  ^  -  3B.„^  f  +  2B.„^) 

1  +  J - y  - - 2-1 

^  ’^If  -  ‘•I 


(2) 


Examination  of  Eqs,  (1)  and  (2)  reveals  that  the  output  signal-to-noise  ratio  is 
freruency  dependent  for  the  unbalanced  discriminator  and  is  frequency  independent  for 
the  balanced  discriminator. 


Equations  (1 )  and  (2)  were  evaluated  for  some  representative  numbers 


f  =  953  Hz  f  =  lOOKHz 

m  o 

Rjp  =  21KHz  (C/N),  =  20db 

p  =  10 

As  went  from  0  tf)  1,  the  SNR  for  the  unbalanced  discriminHtcr  was  degraded 
by  40db.  However,  the  performance  of  the  balanced  discriminator  vvrs  degraded  by  only 
Idb. 


'<rrn'JT?7-KS¥t:,%*sVvr.r>^>ii- ;  ,^j*:3i^»!W  ?  •" 
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From  this  analvsis,  the  simple  differentiator  is  r.een  to  be  largely  dependent  on 
the  quality  of  the  limiter,  whereas  the  balanced  discriminator  suppresses  this  effect. 
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QUANTIZED  SECOND  ORDER  FREQUENCY  LOCKED  LOOP 
D.  T.  Hess  and  X,  K.  Clarke 

« 

Several  previcus  papers  have  presented  the  basic  concepts  of  the  threshold  ex¬ 
tending  FM  receiver  known  as  the  Frequency  Locked  Loop  (FLL).  In  this  section 
several  significant  modifications  to  the  basic  FLL  are  reported.  Specifically  the  modi¬ 
fications  entail  the  optimization  of  the  loop  filter  and  the  quantization  of  the  amplitude 
channel.  The  paper  presents  intuitive  arguments  explaining  the  improvements  expected 
with  these  modifications. 

Finally,  and  most  important,  experimental  data  are  presented.  These  data  in¬ 
dicate  that  even  with  full  deviation  sinusoidal  modulation,  the  FLL  extends  the  FM 
noise  threshold  significantly  over  the  discriminator.  In  addition,  when  used  to  demodu¬ 
late  binary  signals  transmitted  by  Frequency  Shift  Faying  the  FLL  yields  an  output 
probability  of  error  that  is  within  1.  4dB  of  that  achieved  ith  a  matched  filter  having 
the  same  input  r  oise  spectral  density.  The  comparison  with  the  matched  filter  was 
made  with  modulation  indices  in  the  vicinity  of  2  and  for  error  rates  between  lO”^  and 


I.  Introduction 

In  a  previous  paper  the  F-equ'incy  Locked  l  oop  (FLL)  FM  Demodulator^  is  intro¬ 
duced  and  is  shown  to  be  capable  of  extending  the  FM  noise  threshold.  This  extension 
is  achieved  by  using  the  envelope  information  of  the  incoming  noise  corrupted  FM  car¬ 
rier  to  directly  control  the  loop  gain  and  in  turn  the  bandwidth  of  a  feedback  loop  through 
which  the  demodulated  FM  information  is  passed;  thus  il  the  envelope  takes  on  a  small 
value  (relative  to  its  averaj’e  value)  the  information  is  passed  through  a  very  narrow 
bandwidth  and  effectively  "held".  Since  the  FM  noise  threshold  is  characterized  by 
the  occurrence  of  gross  fr-iquenc”  di  8*ur’'anr'?8  or  rlicks^,  and  since,  near  threshold, 
these  clicks  are  almost  always  accompanied  by  low  envelope  levels^  on  the  incoming 
noise  corrupted  FM  signal,  the  holding  property  of  the  FLL  eliminates  the  majority  of 
the  clicks  from  its  output  and  thus  extends  the  noise  threshold. 

The  first  order  analog  FI.L  previously  descrihed  nas  several  shortcomings. 

First,  the  "holding"  operation,  which  occurs  far  more  frequently  than  the  frequency 
clicks  occur,  introduces  an  additional  outpui  noise  component  plus  a  sig  ..»!  supprrs- 
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I; 

I 


sion  effect^  both  of  which  detract  from  the  possible  threshOid  improvement.  Secondly, 
envelope  variations  for  input  carrier  to  noise  ratios  above  threshold  cause  the  FLLto 
have  an  above  threshold  output  signal  to  noise  ratio  slightly  lower  than  the  discriminator. 

In  this  paper  intuitive  arguments  are  presented  to  show  that  these  shortcomings 
may  be  partially  overcome  by  quantizing  the  envelope  information  before  applying  it  to 
the  feedback  loop  and  by  utilizing  a  properly  designed  second  order  filter  within  the 
feedback  loop.  In  addition,  experimental  data  are  presented  which  indicate  that  the 
intuitive  approach  to  optimization  is  indeed  valid. 


^(*i' 


LOk  F4SSL00P 
Filter 


Fig.  1  Block  Diagram  of  the  Baseband  Frequency  Locked  Loop 
II.  Envelope  Quantization 

The  block  diagram  of  the  FLL  with  quantization  is  shown  in  Fig.  1.  Here  the 
input  signal  is  assumed  to  be  in  the  completely  general  form  of  a  carrier  centered  at 
modulated  by  an  envelope  a(t)  and  a  phase  '®(t).  The  envelope  a(t)  arises  when  the 
FM  carrier  is  corrupted  by  additive  narrowband  noise  centered  at  whereas  '®(t)  con¬ 
sists  of  the  desired  phase  modulation  plus  perturbations  from  the  narrowband  noise. 

The  quantizer  consists  of  a  monoitable  multivibrator  which  reduces  its  output  q(t)  to 
zero  for  a  fixed  duration  t^^  every  time  the  envelope  a(t)  drops  below  the  level  cA,  where 


Fig.  2  Relationship  Between  the  Input  Amplitude,  a(t)  and  the  Ouantizur 

CXitput,  q(t) 
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A  is  the  FM  carrier  amplitude,  (With  no  noise  present  a(t)  =  A. )  Figure  Z  indicates 
the  relationship  between  the  quartizer  output  q(t)  and  a(t). 

If  the  output  of  the  FLL  is  designated  as  ^t)  and  the  impulse  response  of  the  loop 
filter  is  given  by  h^(t),  then  the  defining  equation  for  the  loop  takes  the  form 

•(t)  =  q(t)l«(t)  -•(!)]*  h^(t)  (1) 

The  advantage  of  quantization  in  the  FLL  is  now  apparent.  If  the  input  carrier  to  noise 

ratio  is  high,  a(t)  almost  always  remains  above  cA  and  q(t)  =  A  (a  constant).  Thus 

•  .  ^ 

4(t)  is  just  a  filtered  form  of  '9(t).  If  in  addition,  an  eqvalizing  filter  is  incorporated 
after  the  loop,  as  shown  in  Fig.  1,  the  filtering  effect  of  the  loop  may  be  exactly  com- 

ft  • 

pensated,  and  thus  the  equalized  loop  output  9(t)  and  the  discriminator  output  'i9(t)  are 
identical  (within  a  scale  factor)  above  threshold.  Below  threshold  a(t)  does  indeed  drop 
below  tA  during  the  occurrence  of  many  clicks  in  ^(t),  thereby  opening  the  loop  and  com- 
pletely  decoupling  '®(t)  from  the  output. 

The  quantizer  depends  strongly  on  two  parameters,  t  (the  quantization  level)  and 
t^  (the  holding  time),  for  its  correct  operation.  Both  of  these  parameters  have  an 
optimiun  value  which  yields  the  best  threshold  improvement.  Intuitively  we  observe 
that  if  e  is  very  small,  very  few  holds  in  the  loop  occur  and  thus  very  few  clicks  are 
removed  at  the  loop  output.  On  the  other  h?r.d,  i:  e  is  large  the  number  of  holds  be¬ 
comes  large  which  permits  almost  all  of  the  clicks  to  be  removedj  however,  since  the 
number  of  holds  far  exceeds  the  number  of  clicks  (a(t)  drops  below  eA  many  times 

ft 

when  a  click  does  not  occur)  r.oise  induced  by  holding  ^^(t)  exceeds  the  RMS  value  of 
the  click  noise  removed.  For  some  intermediate  value  of  e  a  sufficient  number  of 
clicks  are  removed  while  the  noise  due  to  holding  still  remains  sufficiently  svnall  such 
that  an  optimum  is  achieved.  This  optimum  is  found  experimentally  to  cox-respond  to 
rWO.  2  and  in  reasonably  broad. 

It  is  interesting  to  observe  the  structure  of  the  output  noise  as  f  is  increased 
empirically  from  zero.  Initially  if  operation  of  the  FLL  is  below  threshold,  the  output 
contains  the  same  impulsive  click  noise  as  the  discriminator.  As  r  is  increased  a 
number  of  the  clicks  are  removed  or  greatly  reduced  in  area  without  much  adrlitional 
noise  appearing.  Finally,  as  t  is  increased  still  further,  almost  all  of  the  clicks  dis¬ 
appear  and  the  "Gaussian  like"  holding  noise  begins  to  greatly  increase.  In  effect, 
varying  r  provides  a  means  of  not  only  reducing  the  total  RMS  noise  below  threshold 
but  also  converting  a  click  noise  into  "Gaussian  like"  noise.  This  conversion  is  highly 
desirable  when  video  or  digital  information  is  transmitted  via  FM.  Figure  3  shows  the 
variation  in  the  noise  structure  for  several  different  values  of  r. 

It  IS  also  apparent  that  if  the  holding  time  t^  is  too  small,  the  holding  is  nut  ac¬ 
complished  for  the  entire  duration  of  the  click  in  '>(t)  and  only  a  small  portion  of  the 
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Fig.  3  Variation  of  Noise  Structure  with  e  and  a  Baseband  FLL  Input  Carrier - 
to-Noise  6dB.  Peak-to-Peak  "  Square"  IF  Bandwidth  33kHz. 

Af  =  15.5kHz,  f  =  IkHz  t  =  Z5  fx  nee,  I'^odulation  Notched  Out 
by  More  than  SO’^b.  Bastfend  Filter  Widened  to  3kHz  to  Show 
Individual  clicks.  lOOmV/  cm  Vertical,  50ms/  cm  Horizontal. 

click  area  is  removed  from  the  FLL  output.  On  the  other  hand,  if  t^  is  too  large,  the 
holding  noise  again  begins  to  more  man  compensate  for  the  click  noise  removed.  Ex¬ 
perimentally  it  has  been  found  that  the  optimum  t^  is  approximately  1/  2 
where  is  the  RMS  noise  bandwidth  (in  Hertz)  of  the  input  narrowband  noise. 

Again  this  optimum  appears  experimentally  to  be  rather  broad  such  that  a  very  precise 
setting  of  t^  is  not  required. 

If  one  observes  the  FLL  output  for  a  fixed  value  of  r  as  t^  is  increased  from  zero, 
one  notices  first  that  nrany  of  the  output  cliiks  become  reduced  in  area  as  a  portion  of 
the  input  click  is  removed.  As  t^  is  increased  further  many  of  the  input  clicks  disap¬ 
pear  completely,  and  finally  as  is  increased  still  further  a  large  amount  of  "  Gaussian 
like"  holding  noii  e  appears  in  the  output.  Since  in  general  t  and  are  correlated,  their 
optimum  values  mi.st  bo  obtained  simultaneously.  This  is  indeeti  how  they  were  obtained 
empirically. 

111.  Loop  Filter  Optimization 

The  choice  of  an  optimum  loop  filter  is  based  upon  throe  basic  consiflerations; 

1)  The  filter  must  provide  a  good  estimate  of  the  signal  compooenl  of  if>(t)  (or 
•(t)  )  during  a  hold,  i.  e. ,  when  q(t)  -  0. 

2)  The  filter  must  produce  i  v.ell  lu-liavcd  tr.uisii-nt  \.<.hen  i((t)  returns  from  0 


3)  The  filtt*r  must  proviile  an  absolutely  stable  chjsed  loop  response. 


Clearly  requirements  1  and  2  insure  that  ilu  bolding  noise  is  minimi/ied  while  require¬ 
ment  3  is  essential  for  any  feedback  system. 
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From  requirement  1  it  la  apparent  that  the  loop  filter  (whose  impulse  response 
is  given  by  h^(t)  have  as  many  poles  at  the  origin  as  possible.  This  is  the  case 

since  each  additional  pole  permits  the  filter  output  to  estimate  the  desired  output  signal 
with  one  more  degree  of  precision  when  the  input  is  reduced  to  zero  by  q(t)  dropping  to 
zero.  Specifically  if  q(t)  drops  to  zero  at  t  =  t|  and  h^(t)  contains  n  poles  at  the  origin, 
for  tj  <  t  <  tj  t^  *(t)  is  given  by 

«(tj)(t-t,)2 

•(t)  =  «(t,)  +  «  (tjMt  -  tj)  +  - - - 


«^{ti){t  -t,)“'^ 

(n  -  1)! 


t,  <  t  <  t,  +  t 
1  1  o 


(2) 


As  n«>*oo,  9(t)  would  be  approximated  exactly  during  a  hold  (equation  2  would  become 
the  Taylor  series  for  #(t)  and  no  holding  noise  would  exist.  Requirement  3,  however, 
limits  the  number  of  poles  to  2,  since  3  poles  at  the  origin  in  a  feedback  loop  would 
produce  at  best  conditional  instability.  With  two  poles  at  the  origin  for  h^(t),  *(t)  is 
approximated  by  its  value  and  slope  at  t  =  t^  during  a  hold  as  shown  in  Fig.  4.  Clearly 


a  ntuch  poorer  approximation  to  ^(t)  during  a  hold  would  result  if  h  ft)  contained  a 
single  pole  at  the  origin;  specifically  ♦(t)  would  remain  constant  during  t!io  hold  there¬ 
by  increasing  the  holding  noise. 

Requirement  3  also  specifies  the  aeros  of  h^(t).  In  order  to  keep  the  closed  loop 
p>ole8  from  approaching  too  close  to  the  imaginary  axis,  h^(t)  must  have  a  negative 
real  axis  zero.  Consequently,  the  pole  zero  pattern  for  h^(t)  must  take  a  form  similar 
to  t'lat  shown  in  Fig.  S.  The  figure  alto  indicates  the  locus  of  the  poles  of  the  closed 
loop  FLI.,  with  no  holding,  as  the  loop  gain  (or  equivalently  A^)  is  increased.  In  oidir 
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^ZERO  2  POLES 
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LOCUS  OF  CLOSED  LOOP  POLES 
WITH  INCREASING  A. 


Fig.  5  Pole -Zero  Pattern  for  ^^^(t) 


to  meet  requirement  2,  a  sufficiently  large  value  of  A^  must  be  chosen  to  keep  the  im¬ 
aginary  part  of  the  closed  loop  poles  above  the  passbai.d  of  the  final  baseband  filter. 

At  the  end  of  each  hold  a  transient  results  which  has  a  strong  frequency  component  at 
a  value  equal  to  the  distance  of  the  poles  from  the  real  ^xis.  If  (his  frequency  com¬ 
ponent  is  not  passed  by  the  baseband  filter,  the  basic  holding  noise  is  due  to  the  in¬ 
exact  estimate  of  i(t)  during  a  hold. 


On  the  other  hand,  A^  should  not  be  chosen  any  larger  than  that  value  which  just 
keeps  the  imaginary  part  of  the  closed  loop  poles  above  the  baseband  bandwidth.  A 
larger  value  of  A^  would  increase  the  closed  loop  bandwidth  of  the  FLL  and  thereby 
permit  a  larger  noise  component  in  *(t).  Such  an  additional  noise  component  is  highly 
undesirable  since  when  a  hold  occurs,  the  additional  noise  plus  the  desired  signal  com- 
ponent  of  #(t)  is  estirmted,  and  the  output  noise  is  greatly  enhanced.  This  is  particu¬ 
larly  true  of  the  high  frequency  noise,  which  when  held  generates  low  frequency  noise 
components  wluch  reach  the  output  of  the  baseband  filter.  Consequently,  the  closed 
loop  poles  should  bo  placed  just  slightly  above  the  passband  at  the  baseband  filter  and 
the  equalization  filter  should  be  designed  to  exactly  compensate  for  the  closed  loop 
poli-s  over  the  entire  baseband. 

In  the  FLL  which  has  been  constructed,  the  imaginary  part  of  the  closed  loop 
poles  is  1.55  kHz,  whereas-  the  basi  tn<l  filter  has  h  -3dn  bandwitith  of  I  kHz  and  falls 
off  at  24  dB  per  octave  in  the  stop  band.  In  addition,  the  zero  of  h^(t)  is  at  6.  7  kHz. 

The  equalization  filter  has  a  pair  of  complex  conjugate  reros  which  lie  at  the  same 
position  as  the  closed  loop  polos. 


A  subsequent  section  of  this  report  presents  a  theoreiicai  derivation  of  SNR  vs, 
CNR  curves  with  <  as  a  parameter.  Yet  another  sei  lion  presents  a  comparison  of  a 
theoretically  derived  expression  for  probability  of  error  in  digital  FSK  transmission 
with  measured  results.  At  this  point  ve  present  a  quick  siM-.unary  of  experimental 
data  to  provide  a  framework  for  these  subsequent  sections. 
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Fig.  6  Digital  Errora  in  FSK  for  a  Discriminator  and  a  Frequency 

Locked  Loop 
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MATCHED  FILTER 


Fig.  7  Probability  of  Error  vs.  Carrier  to  Noise  Ratio 

IV.  Experimental  Results 

Experimental  results  are  shown  for  bcth  the  case  of  binary  frequency  shift  keying 
(FSK)  and  for  the  case  of  sinusoidal  analog  modulation. 

Figures  6  and  7  show  comparative  results  for  *:hc  detection  of  errors  in  a  ^  s  2, 
noisy  binary  FSK  signal  detected  boty  by  a  discriminator  and  by  a  discriminator  plus 
a  base  band  frequency  locked  loop. 

Figure  7  plots  curves  of  probability  of  error  vs.  the  input  carrier-to-noise  ratio 
(CNR)  in  dB.  These  curves  are  for  a  discriminator,  for  a  FLI,  circuit  and  for  the 
theoretical  matched  filter,  '.'ho  theoretical  curve  for  the  tliscriminator  was  derived  by 

4 

Schilling,  etal.  At  a  CNh  of  3dF  the  error  rate  from  the  FLI.  is  down  by  a  factor  of 
more  than  100  from  the  discriminator  ».\.'<e.  From  mother  viewpoint,  if  the  error  rate 
is  held  constant  at  1/10  bits  then  the  Input  CNR  required  by  the  FI.L  is  2.  2dR  less 
than  that  requited  by  the  discriminator  .»nd  only  1.  4dn  more  than  that  required  by  the 
matched  filter. 
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Fig.  8  Output  SNR  vs.  Input  CNR  for  2nd  Order  FLJ^  and  for  a  Discriminator 

with  Modulation 

Figure  8  plots  comparative  curves  of  the  ouptut  signal -to -noise  ratio  (SNR)  in  dB 
vs.  the  input  CNR  for  the  p  =  M  5  case.  These  curves  are  actual  measured  curves 
with  full  sinusoidal  deviationi  that  is,  with  a  peak  deviation  of  14.  5  kHz  in  a  square 
IF  of  peak-to-peak  bandwidth  of  33  kHz.  One  should  note  that  for  an  input  CNR  of  6dB 
the  FLL  has  an  output  .SNR  that  is  7.  3dB  ^.bove  the  discriminator.  Since  Fig.  3  is  for 
a  CNR  of  6dP  through  the  same  filter  (Af  in  Fig.  3  is  IS.  5  kHz  while  Af  is  1 4.  'i  kHz 
in  Fig.  8)  one  can  see  fron'.  **ig.  3  that  not  only  is  the  noise  7.  3dD  loss  5t  the  FLL 
output  but  the  noise  ttructure  is  beth  somewhat  different  and,  through  the  control  of 
t  is  adjustable  to  best  suit  a  particuU^r  system. 

V. 

The  quantised,  second  order  ftcouency  locked  loop  has  been  shown  to  offer  sub¬ 
stantial  advantages  over  an  ordinary  discriminator  both  in  the  detection  of  FSK  and  in 
obtaining  higher  SNR'  s  in  the  analog  modulation  case. 

Nationel  Aeronautics  and  Spare  Administration  D.  T.  Hess  and  K.  K.  Clarke 
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FM  THRESHOLD  EXTENSION  PERFORMANCE  OF  THE  QUANTIZED  FREQUENCY 
LOCKED  I, OOP 

N.  Unkauf,  K.K.  Clarke,  and  D.T.  Hess 
I.  Introduction 

The  noise  and  signal  output  of  the  FM  discriminator  in  the  threshold  region, 

0  (t),  may  be  represented  as 


=  e^(t)  4  n^(t)  4  n^(t) 


(1) 


where  e^(t)  is  the  desired  modulation  signal;  n^(t)  is  the  gaussian  noise;  and  n^(t)  is 


the  noise  created  by  clicks  .  The  noise  and  signal  output  of  the  Qxiantised  Frequency 
Tx)cked  Loop  (QFLL)  in  the  th  'eshold  region,  <}>  (t),  is; 


(2) 


where  e^(t)  and  n^(t)  are  the  same  as  for  the  FM  discriminator;  n^(t,  f)  is  the  noise 
due  to  clicks  not  recognired  and  suppressed  by  the  QFLL;  and  nj^(t.r)  is  due  to  the 
signal  and  Gaussiar,  noise  distortion  caused  by  holds  (including  the  "  false"  holds  in¬ 
tended  for  click  suppression)^.  To  the  eJrtent  that  n^(t,i)  4  for  the  QFLL  arc 

less  than  n^(t)  for  the  FM  diseviminator,  an  improvoiuont  in  output  signal  to  noise  ratio 
will  result.  * 

To  illustrate  the  signal  to  noise  ratio  improvement  obtainable  with  the  second 
order,  baseband  version,  QFLl^  the  iheoretlra;  and  expe  rimental  resells  of  Unkauf^ 
are  presented.  In  this  derivation  it  is  assumed  that  the  loop  filter  has  the  response; 

ahH  th-Tt  thr  \prc><»quAUxAUon)  cIcacW  \  frAriMVi  function*  ^  r«*).  in  i;iv»'r  !jy: 

•• 


f4) 


R6Y 
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2,  Calculation  of  Signal  to  Noise  Ratio 

Consider  an  FM  system  with  rectangular  IF  filter  of  total  bandwidth,  B,  such  that 
B  =  2(P  +  !)f  ,  where  f  is  the  highf’St  modulating  requency,  p  “  is  the 

modulation  index,  and  Af  is  the  peak  frequency  deviation  of  the  FM  caTrier, ’^Consider 
also  maximum  d-iviation,  maximum  frequency  modulation  of  the  form; 

e  (t)  =  Aw  cos  oj  t  (5) 

m  m  '  ' 

For  the  system  parameters  given  and  a  rectangular  output  low -pass  filter  of  cut-off 
frequency  f^,  the  QFLL  output  noise  power  has  been  calculated  by  Unkauf, 


Fig.  I  Second  Order  Fl.L  llisturbance  Energy  ''crsus  j  with  I  .»■*  a 

'■  /  m 


P.a  ramete  r 
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The  power  corresponding  to  n  (t),  N  ,  is: 

8  R 


N  ■= 

g 


6 

rn 

3p 


(6) 


where  p  is  the  input  carrier  to  noise  ratio  and  6  is  the  modulation  induced,  noise  re¬ 
duction  factor;  6  ?  1  for  the  system  considered  and  large  P.  The  power  corresponding 


to  n^(t,  €),  N^  ,  is: 


N  =  8ir 
c 


f  n  (f,  p) 
m  c  ^ 


(7) 


where  n^(t,  p)  is  the  expected  number  of  clicks  per  second  '.he  FM  discriminator  out¬ 
put  which  are  not  recognizedby  the  QFLL  as  given  in  the  Appendix.  The  noise  power 
corresponding  to  nj^(t,  c)  N^,  is; 

=  8  r  2  f^  [njo.  p)  -  n^(..  p)J  +  2  f^ 


Nv 


m 


(8) 


2 


where  (1  -  /j )  is  the  average  percentage  of  click  area  suppressed  by  a  hold;  w  ^  is  the 
mean-square  disturbance  created  by  the  holding  mechanism  on  the  discriminator 
gaussian  noise  and  signal  components;  and  p)  is  the  expected  number  of  holding 

events  per  sec»  'vd.  These  constants  are  given  in  the  Appendix, 

Nj^  is  plotted  in  Fig.  1  for  small  p  =  5,  and  -  1  (where  t^  is  the  length  of 
the  holding  interval).  N.  displays  a  pronounced  minimum  in  the  region  1.  f>  <  (  )  <  3 

and  hence  specifies  the  second  order  QFLL  loop  filter  design,  Eqs.  (3)  and  (4). 

Since  the  other  QFLL  noise  terms  are  independent  of  w  ,  the  QFLL  also  displays  a 


maximum  output  signal  to  noise  ratio  in  the  region  “ 
zero  is  not  critical  so  long  as  it  is  sufficiently  large. 

The  signal  power  at  the  QFLL  outpul,  S  ,  is: 

•>  >  o 

_  _  ^  _  m 

®o  ~  2  ■  2 


2. 


The  position  of  the  loop 


m 


(9) 


and  the  total  QFLI.  output  signal  to  noise  ratio 


S  /  N  ,  is: 
o  o 


N 


N  +  N  +  N, 
g  c  h 


(10) 


This  expression  for  output  signal  to  noise  ratio  is  plotted  in  Fig.  2  lor  a  modulation 
index  of  ^  with  f  (tlu*  t  lick  deteciit>n  par.im«'ter)  as  a  p.irami'ter,  Nv*le  that  the  theoreti¬ 
cal  results  arc  really  only  valid  tor  p  >  4  dR  due  to  the  neglect  of  discriminator  signal 
suppression  and  the  initial  conditions  for  vali<lity  of  th-  noise  mofleU  Similar  curves 
for  modulation  indices  of  2  an<l  I**.  S  are  contained  in  Ref.  ?. 


The  operation  of  the  second  ortler  QFLL  is  clear  from  Fig.  2,  As 


<  increases 
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from  zero,  the  average  number  of  clicks  suppressed  by  the  QFLL  rapidly  increases 
and  the  QFLL  click  noise  decreases.  Also,  the  number  of  holding  events  (attempted 
click  suppression  events)  increases  rapidly  with  t  and  the  noise  due  to  holding  in¬ 
creases.  Thus,  the  QFLL  output  signal  to  noise  ratio  first  increases  with  click  noise 
reduction  and  later  decreases  again  due  to  holding  noise  production  as  f  is  increased. 

The  optimum  value  of  c  for  best  overall  signal  to  noise  ratio  improvement  is  approxi¬ 
mately  0.  2  which  is  experimentally  verifire.  In  a  future  paper,  this  trade-off  in  the 
nature  of  the  QFLL  output  noise  will  be  shown  to  be  of  great  value  in  the  demodulation 
of  digital  FM  signals. 

The  overall  threshold  extension  obtainable  (for  all  modulating  frequencies)  with 
the  QFLL  is  on  the  order  of  1.  5  dB  as  indicated  by  the  results  of  Fig.  2.  This  result 

4 

agrees  well  with  the  work  of  Malone  who  simulated  the  case  of  a  linear  interpolation 
during  a  clock  detection  and  erasure  event  on  the  digital  computer.  It  also  agrees  in 

5 

the  limit  with  the  work  of  Calandrino  and  Immovilli  who  considered  the  open-loop 
problem  of  detecting  and  processing  the  discriminator  clicks  to  achieve  threshold  ex¬ 
tension. 

Unkauf  showed  that  the  threshold  extension  of  the  QFLL  improves  with  increased 
carrier  frequency  deviation  and  modulating  frequency.  Hence,  the  spectrum,  of  the 
modulation  employed  with  the  QFLL  system  may  be  heavily  pre -emphasized  to  yield 
still  further  signal  to  noise  ratio  improvement  on  final  de -emphasis  filtering  of  the 
QFLL  output. 

As  a  further  comparison  of  the  second  order  QP'LL,  Fig,  3  compares  this  cir¬ 
cuit  with  a  second  order  Phase  Locked  I,oop  (PLL)  that  was  optimized  for  the  condition 
of  maximum  system  carrier  frequency  deviation.  This  comparison  was  made  for  the 
P  =  5  case  under  identical  experimental  conditions. 

The  PLL  curves  are  shown  dotted.  For  the  no  modulation  case  the  PLL  shows  a  max 
imum  improvement  of  I.  5  dD  at  an  input  CNR  of  7-8  dB.  With  the  peak  illowable  8inewav< 
deviation  the  PLL  is  not  experimentally  distinguishable  from  the  ordinary  discriminator. 
From  2-7  dB  input  CNR  the  FLL  shows  an  improven>ent  of  4  dB  or  more  over  the  ordinary 
discriminator.  Similar  results  have  been  obtained  for  betas  of  2  and  IS,  5, 


3.  Appendix 

The  following  constants  ant)  functions  have  been  contputed  by  Unkauf^  for  the  con¬ 
ditions  indicated  in  this  paper. 

The  expected  nuinber  of  clicks  p«’r  s**r-,nd  at  the  QFLL  output,  ,  ,>),  ..s; 


n^(<,  p) 


-r(l+»)‘ 


2Tr  (1  4 


e'-*^’  (ar(l-) 


(A-1) 
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Fin.  ^  SignAl  to  Noise  Ratio  Comparison  of  Second  Order  Uuanti/.cd  Fl.I.  and 
Second  Order  PLL 


EXPECTED  NUMBER  OF  EVENTS  PER  SECOND 
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/9*5.0,  B|f*I2.0KH2  Squort,  Af*  5.0 KHz 
SINE  WAVE  MODULATION 
Aw  sin 

.HOLDS  PER  SECOND 
AT  FLL  OUTPUT 
(THEORETICAL) 


.EXPERIMENTAL 


\\  \ 


SlV  V 


I  \  '  %  V 

\  \o  \ 

\  \  ^ 

lP'  \o  \  \ 

w  \  \ 

\p  \  '  ' 


<•0.4 


€•0.3 


<•0.2 


CLICKS  PER  SECOND 
AT  FLL  OUTPUT 
(THEORETICAL) 


\  \  \ 


CNR-CdB 

Fig.  4  Expcctfd  Numbor  of  and  Iloldn  at  Ou.T;ili/.id  FI.l.  (Output  Vitsur 

^  and  ) 


344 


COMMUNICATIONS  AND  INFORMATION  PROCESSING 


where  y  is  the  radius  of  gyration  of  the  IF  filter  and 


a  = 


Y  2y 

The  expected  number  of  holds  per  second,  p)»  is: 


iL(c.p)=  H(a^)  p  2  (a^)  da^ 

0  a 

2  2 
where  p  £  probability  density  of  a  and 

a 


(A-2) 


'  n=  1  o 


H(q‘‘)  =  ^  e 
JtT 


where 


e^(t) 

m'  .  ,  .  a 

'g and  X  s  2cp  and  y  = 


-y 


(A-3) 


These  results  are  plotted  in  Fig.  4  for  the  full  deviation  sine  wave  modulation  assumed. 
The  expected  value  of  p  is  determined  experimentally; 


(A -4) 


And  the  mean-square  holding  disturbance,  tt^  ,  is  approximated  by: 


,  *<•  6  db<  sC(w ) 

D  =  17  i 


■CD  W 


^  A  f2  4 

,  .  2  /  2  .  o  .  2«  .  o  .  ,  2.2 

1  *  4w  /  U)  +  .  +  >  T  ,  +  CU!  t 

o  4  4  2 

U>  Ul 

4  2° 

cf  »  iZ  2w  ^  ^  2,2  ^  4,.  ^  ,  \ 

►  [cos  w  tojf— - T"*'*'  ^o-^  “7  ■  M 

Vo  o  .  °  / 

-  ^  sin  jl  w  t 
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PROBABILITY  OF  ERROR  ANALYSIS  FOP  THE  FLL  DIGITAL  DEMODULATOR 
M.  Unkauf,  K.K.  Clarke,  and  D.  T.  Hess 

Schilling  and  Hoffman^  showed  that  the  errors  incurred  in  the  discriminator  de¬ 
modulation  of  binary  FM  signals  corrupted  by  noise  i  ould  be  treated  as  errors  due  to 
clicks  and  errors  due  to  Gaussian  noise.  Thus,  the  probability  of  error  in  demodu¬ 
lation,  P  ,  is: 
e 

p  =  p  +  p  (1 ) 

e  eg  ec  '  ' 

where  P  is  the  probability  of  error  due  to  the  Gaussian  noise  and  P  is  the  proba- 
eg  '  ec 

bility  of  error  due  to  Tick  noise.  Since  the  FLL  suppresses  clicks,  it  can  reduce  the 
errors  due  to  clicks.  However,  as  seen  in  the  previous  section,  the  FLL  introduces 
an  extra  holding  noise  which  may  introduce  errors.  Thus  the  probability  of  error  for 
the  FLL  is 


P  =  P  +  P  (0  +  P  c  («) 
e  eg  ec  '  eh  '  ' 


(2) 


where  P^^  (f)  is  the  probability  n(  error  caused  by  clicks  which  wore  not  recognized 
by  the  FLL  and  P^j^  («)  is  the  probability  of  error  caused  by  the  holding  noise  due  to 
"false"  holds. 


Consider  a  binary  FM  system  .is  shown  in  the  block  <iiagram  of  Fig.  I.  The  bi¬ 
nary  information  is  premodulation  tiltered  such  that  for  .i  maximujn  information  rate, 
1010  test  sequence,  only  the  irsf  harmonic  of  the  information  is  FM  modvilatrd  and 

transmitted.  The  IF  liller  is  rectangular  of  total  bandwidth  B  =  2(0  +  l)f  ,  where  f 

m  ns 

»  !/T  and  T  18  the  jicriod  of  a  bit.  Mie  ressillatst  mo*lvilation  has  the  lormt 


C  (t)  =  A  .  cos  *  t 
m  m 

The  output  low-pasc  filter  .s  .approximately  Gaussian  a  ith 


(3) 


3  dM  tut -off  frequency 
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Fig.  1  Digital  FM  System  Block  Diagram 


For  the  above  system  parameters,  Schilling  and  Hoffman  showed  that  the  proba¬ 
bility  of  error  due  to  Gaussian  noise,  P  ,  isi 

eg 


P  Sf  arfc 
eg  2 


(4) 


where 


f^(p)  =  erf  (0.  937  lp+1])  -  0.  945  (p+1)  e'®*  (p+1)^ 


and 


foO)  ^  1  for  large  p. 

Unkauf^  showed  that  the  probability  of  error  due  to  FLL  clicks. 


P  ^(«)  • 


p/e  Y(2ir)jo.  734  <  p<  4.24 


-.-(1+0  p<  0.734 


where 


y(9) 


P/w  e 

0.  755  P<4.2^.  n/2e 

0  p>4.24n/2« 


(5) 
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(It  ihould  be  noted  that  clicks  can  cause  errors  only  in  the  region  p  <  4.  24).  Also, 
the  probability  of  error  due  to  holds,  («),  is* 


p.waf 

®h  ^ 


|[P^ 


48P  ^ 


sin  {  f  Y  h  ) 


+  erfc  (^) 


(6) 


v^ere  ^  given  in  the  preceding  article. 

fhe  matched  filter  detector  probability  of  error  for  the  systtsm  described  above 
and  for  the  lOlO  sequence  is: 


^eMF  displays  a  pronounced  minimum  near  p  =  2  s'  experimental  results  were  obtained 
for  this  condition. 

For  p  =  2,  the  total  probability  of  error  is  shown  in  Fig.  2  for  th^discriminator, 
the  FLL,  and  the  matched  filter.  The  FLL  parameters  are  Bt^  =  0.6.  --  =  1.  5,  and 
«  =  0.  3.  It  is  evident  that  the  FLL  represents  a  2.  2  dB  improvement  (a  decrease  in 
error  probability  by  more  than  100  for  p  =  9  dB)  over  the  discriminator  and  comes  to 
within  1.  8  dB  of  the  matched  filter  result.  The  experimental  results  for  «  =  0.  3  agree 
well  with  the  theoretical  results.  It  should  be  noted  that  a  further  improvement  in  sys¬ 
tem  performance  can  be  gained  by  optimising  the  low-pass  filter  bandwidth.  This  ad- 
■justment  results  in  a  further  0.4  dB  improvement  n  the  FLL  performance. 

Caution  must  be  exercised  when  employing  the  above  theoretical  results  for  i 
greater  than  0.  3  due  to  the  effect  of  interference  between  adjacent  holds.  The  value 
of  «  employed  for  the  FLL  in  Fig.  2  was  the  experimentally  determined  optimum.  The 
errors  due  to  clicks  decrease  with  increasing  *  while  those  due  to  holds  increase.  When 
the  expected  number  of  clicks  and  holding  errors  are  equal,  the  overall  error  rate  is 
lowest  and  this  occurs  for  «  Sf  0.  3  in  the  experimental  system. 

The  FLL  as  indicated  m  Fig.  2  would  require  3.  3  dB  more  signal  to  noise  ratio 
to  perform  as  well  as  the  matched  filter  for  coherent  PSK  (assuming  constant  energy 
per  bit).  By  way  of  c  omparison,  a  differentisl  detection  scheme  for  binary  FM  using 
a  product  demodulator  \v.^.b  shown  by  Anderson,  Benett,  Davey,  and  Salr4  »o  require 
4.8  dP  more  signal  to  noise  ratio  for  this  same  performance.  Thus,  the  FI. I-  FM 
demodulator  should  prove  to  be  of  significant  advantage  in  the  demodulation  of  digital 
FM  signals  due  to  its  excellent  error  rate  characteristics  and  its  inherent  simplicity 
of  construction. 
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THRESHOLD  EXTENSION  BY  MEANS  OF  SPIKE  DETECTION  AND  CANCELLATION 
D.  L.  Schilling  and  E.  Hoffman 

FM  signals,  when  received  in  noisy  media,  are  susceptible  to  a  sudden  deterior¬ 
ation  of  receiver  output  SNR,  compared  to  input  CNR,  called  "threshold".  The  onset 
of  threshold  was  determined  by  Rice  to  be  caused  by  clicks. 

Extension  of  threshold  may  be  accomplished  by  three  distinct  approaches  and 
combinations  thereof; 

U  Reception  by  means  of  devices  which  do  not  reproduce  all  input  clicks  at  their 
output  ("  '’Ivvi  litt  r'-.iinary  FMD).  Examples  of  such  devices  are  the  PLL  and 
FMFB. 

2)  Reception  by  means  of  devices  which  suppress  input  clicks  (such  as  the  FLL). 

3)  Reception  through  any  FM  demodulator,  and  detection  of  the  presence  of  a 
spike  followed  by  canc**llation. 

The  present  study  concerns  itself  with; 

1)  The  theoretical  number  of  spikes  which  must  be  detected  and  cancelled  as  a 
function  of  threshold  ext-'nsion. 

2)  The  effect  of  ifnp»'rfect  cancellation  (i.  e.  ,  the  effect  of  producing  doublets). 

3)  Experitnc'iital  results  on  the  number  of  spikes  which  .nre  i  orrcctly  detected 
using  various  circuitry  schemes. 

•I)  The  iTiaximum  threshold  .-xtension  .>s  predicted  t)y  infor»nation  theory,  and 
a  comp.iriS'  ri  to  the  number  «•!  sptkes  detettcfl. 

5)  The  ra'.ise  and  location  of  ihreshol<l  when  spikes  are  delected  .»n«i  >  «>rrected. 

Results  to  Date; 

This  interitn  report  covers  parts  (1  )  and  (3)  of  the  study.  I  he  FMD  was  .ised  as 


jirticcssrs  .ire  indoppnHrnt. 
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(9) 


Since  em(t)  >  0  when  Aw  >  0  and  sin  w^t  >  0 

or  Aw  <0  and  sin  w  t  <  0 

m 


The  output  signal  to  noise  ratio  S  /N  at  the  low  pass  filter  is  expressed  in  terms  of 
N+i 


1  +  24  BjpV  N  +/7^ 


(10) 


Choosing  =  3a  to  contain  99.7%  of  the  Gaussian  modulation  in  the  IF  Bandwidth, 
Ir  w 

and  nothing  that 


2  (T 

p  =  E  {p}  = 

^^mean  i  H 

c 

Equation  10  becomes 

s  5.  6  3  ^  V 

C  _  _  iti  j 

^o  1  +  58.  5/3  \e'^ 
m  * 


(11) 


(12) 


Threshold  in  the  FMD,  therefore,  occ’irs  (see  Fig.  1)  at 
P  ^  Y  =  1-  7  X  10"^ 


(13) 


Click  Elimination 

Combining  Eqs,  (10)  and  (11),  one  obtains  (see  Fig.  2)  an  expression  for  at 
threshold 


28.  3 


N 


(H) 


The  result  of  Eq.  (14)  and  the  FMD  spikes  of  Eq.  (9)  arc  plotted  on  Fig,  2. 

One  therefore  obtains,  i  ombining  Figs.  1  and  2,  a  result  showing  the  percentage 
of  the  clicks  which  must  be  detected  as  a  function  of  threshold  improvement  if  all  de¬ 
tected  V  licks  are  cancelled  perfectly.  These  results  are  plotted  in  Fig.  3. 

Experimental  Results 


Experimental  results  for  ih>'  spikes  detected  vere  obtained  using  the  block  dia¬ 
gram  of  Fig,  4.  A  PEL  having  wide  bandwidth  such  that  its  spike  response  approaches 
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Fiij.  1  Gaussian  Modulation,  B.„  ®  3(r  ;  P  =  (■?—) 

*  IF  u)  mean  'fc'mean 

that  of  the  FMD  was  used. 

Channel  A  of  the  storage  scope  showed  the  time  of  occurrence  of  all  spikes.  Its 
input  was  the  PLL  Output  less  the  modulation,  leaving  the  output  noise  only. 

Channel  B  ahw.  the  filtered  output  of  the  PLL.  Based  on  the  display  of  Chan¬ 
nel  B  on  the  storage  scope,  .i  predicition  was  made  "by  eye"  as  to  where  and  when  a 
spike  occurred,  A  comparison  with  Channel  A  yielded  ihc  number  of  spikes  caught 
correctly,  added  extraneously,  or  missed.  The  %  spikes  detected  experimentally 
were  determined  byi 

j  »  k  j  spikes  caught  -  spikes  added 
^  e  ec.e  -  caught  >  spikes  missed 


Spike  Detection  -  ’’Visual' 
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AND 

GATE 


Fig.  5  Elementary,  2-Level  Spike  Detector  Circuit 

Results  are  plotted  on  Fig.  4.  The  intersection  with  the  curves  showing  the  %  spikes 
required  to  extend  threshold  yields  the  threshold  extension  obtainable  by  cancelling 
FMD  spikes. 

A  scheme  by  which  the  "eye"  detection  technique  is  performed  electronically 
was  built  and  is  shown  in  Fig.  5.  Results  with  the  two  level  techniques  show  that  only 
half  of  the  spikes  detected  by  "eye"  are  detected  automatically  using  this  scheme. 

With  the  addition  of  more  levels,  the  "eye"  detection  percentage  is  approachable. 

Conclusions 

The  extension  of  threshold  by  detection  and  cancellation  of  spikes  may  be  ac¬ 
complished  to  the  extent  shown  in  Fig.  3.  The  theoretical  curves  shown  actually  ap¬ 
ply  to  any  device  whose  output  spike  percentage  is  less  than  that  of  the  FMD.  The 
technique  of  detection  by  "eye"  yields  a  possible  improvement  of  6db  at  (3  =  5  and  9 
db  at  (3  =  2.6,  assuming  that  all  detected  spikes  are  cancelled  perfectly  ;\nd  ’.hat 
thresliold  occurrence  is  due  to  spikes  only. 

Further  stxidies  are  presently  being  performed  on  automatic  detection  of  spikes, 
cancellation  of  spikes,  the  actual  measurement  of  output  SNR,  the  threshold  limit  due 
to  information  theory  and  the  cause  of  thresholds  other  than  spikes. 
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EQUIVALENCE  OF  FM  THRESHOLD  EXTENSION  RECEIVERS 
D.  T.  Hess 

I.  Introduction 

12  3  4 

It  is  well  known  *  ’  ’  that  the  FM  noise  threshold  may  be  extended  by  employ¬ 
ing  a  properly  designed  phase  locked  loop  (PLL)  or  a  frequency  demodulator  with  feed¬ 
back  (FMFB)  to  demodulate  the  noise  corrupted  FM  signal.  It  has  recently  been  demon- 

5 

strated  that  the  frequency  locked  loop  (FLL)  is  also  capable  of  threshold  extension. 

In  this  report  it  shall  be  demonstrated  that  the  defining  equations  for  the  PLL  and  FLL 
are  limiting  forms  of  the  defining  equations  for  the  FMFBi  hence  rather  than  having 
three  distinct  devices  capable  of  threshold  extension,  we  have  only  one  basic  device 
(FMFB)  from  which  the  other  two  devices  (PLL  and  FLL)  are  derivable.  In  particular 
it  is  shown  that  as  the  bandwidth  of  the  internal  IF  filter  of  the  FMFB  is  reduced  to 
zero  the  FMFB  and  the  PLL  have  the  same  defining  equations.  Conversely,  as  the 
bandwidth  is  increased  without  bound  the  equations  for  the  FMFB  and  FLL  are  identical. 

An  interesting  aspect  of  this  equivalence  is  that  a  better  physical  understanding  of 
the  threshold  extension  mechanism  of  the  FMFB  may  be  obtained.  Although  some  physi¬ 
cal  insight  into  the  PLL  and  FLL  has  been  gained,  very  little  exists  for  the  FMFB. 

In  a  previous  paper^  it  has  demonstrated  that  the  PLL  improves  the  FM  noise  threshold 

7 

by  not  tracking  (or  "  losing  lock"  during)  many  of  the  noise  "  clicks"  that  would  nor- 

g 

mally  appear  at  the  output  of  the  limiter -discriminator.  In  addition,  it  has  been  shown 
that  the  FLL  improves  the  FM  noise  threshold  by  a  "  holding"  mechanism  that  reduces 
the  strength  of  many  of  the  noise  "  clicks"  .  Consequently,  since  an  FMFB  lies  come- 
where  between  the  FLL  and  the  PLL  if  its  internal  IF  filter  bandwidth  is  neither  zero 
nor  infinity  the  FMFB  should  achieve  threshold  extension  by  "  losing  lock"  during  some 
noise  "  clicks"  reducing  the  strength  of  others. 

9 

This  phenomenon  was  indeed  observed  by  Cassara.  He  compared  the  outputs  of 
an  FMFB  and  a  limiter-discriminator  which  were  excited  by  the  same  unmodulated 
FM  carrier  plus  narrow  band  noise  (both  centered  about  the  same  frequency  oj^)  and 
noted  that  some  of  the  noise  "  clicks"  existing  at  the  output  of  the  limiter -discriminator 
di<l  not  exist  at  all  at  the  output  of  the  FMFB,  while  other  noise  "  clicks"  were  reduced 
in  strength  or  area.  With  an  unmo<luIated  carrier,  no  noise  "  click"  appeared  at  the 
atput  of  the  FMFB  which  did  not  appear  at  the  output  of  the  limiter -discriminator. 

ConBec,v.cntly  demonstrating  the  equivalence  of  the  defining  equatit'ns  of  the  three 
devices  yields  a  starting  point  for  the  understanding  of  the  FMFB.  To  begin  the  analysis 
the  defining  equations  for  the  FLL  and  PLL  are  developed.  The  equation  for  the  FMFB 
is  then  developed  as  a  function  of  its  internal  IF  filter,  whose  bandwidth  is  first  in¬ 
creased  without  bound  and  then  reduced  to  zero.  Convergence  of  the  FMFB  equal  on  to 
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Fig.  1  Block  Diagram  of  Frequency  Locked  Loop 


that  of  the  FLL  and  PLL  is  thus  demonstrated. 

11.  Frequency  Locked  Loop  Equation 

The  block  diagram  of  the  baseband  version  of  the  FLL  is  shown  in  Fig.  1,  Here 

the  input  is  assumed  to  be  in  the  completely  general  form  of  a  carrier  centered  at 

modulated  by  an  amplitude  a{t)  and  a  phase  'Itt).  The  amplitude  term  a(t)  arises 

when  the  FM  carrier  is  added  to  narrowband  noise-  centered  about  u  ,  whereas  'l'(t) 

c 

consists  of  the  desired  FM  modulation  plus  perturbations  from  the  narrowband  noise. 
Without  loss  of  generality,  the  constants  associated  with  the  limiter -discriminator  and 
amplitude  demodulator  are  taken  as  unity,  and  the  entire  loop  constant  b/ 2a  is  asso¬ 
ciated  with  the  loop  filter  whose  impulse  response  is  h^(t).  The  form  of  B/  2a  for  the 
loop  constant  is  chosen  such  that  the  equivalence  between  the  FMFB  and  the  FLL  is 
more  evident. 


If  the  output  of  the  loop  is  defined  as  ’oft),  then  by  proceeding  around  the  loop 
one  quickly  obtains  the  defining  equation  for  the  FLL  to  be 


0 


It,  .  j[-2g-&-]  [»(t(  -;>(,)]  j«h^it, 


(1) 


whore  •’*  denotes  convolution. 


The  block  diagram,  of  Fig.  1  provides  some  insight  into  the  threshold  extending 
mechanism  of  the  I'LL.  Clearly  if  a(t)  is  small  the  closed  loop  bandwidth  of  the  loop 
flecroases  and  the  output  i.'’(t)  is  permitted  small  variations  (especially  if  the  low  pass 
loop  filter  has  a  pole  close  to  the  origin  which  it  should  have).  Howevt^r  as  is  known, 
when  a  noise  "  click"  occurs  in  ’i'(t),  which  is  a  step  of  ^  2n  in  'l'(t),  a(t)  has  a  high 
probability  of  lying  very  <  losc  to  zero:  thus  c'(t)  is  "  heltl"  during  the  occurrence  of  a 
"  click"  which  re.>iults  in  the  "click"  being  suppros.sed  at  the  output. 

Ill,  Ph.isc  Ix)cketi  Loon  Equation 

The  block  diagram  of  the  PL  1.  i*  shown  in  Fig.  2.  Hero  the  same  input  signal  is 
a.ssumcil  a.s  for  the  FLL  and  the  output  signal  is  similarly  defined  a.s  i.’’(t).  In  adflition 
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Fig.  2  Block  Diagram  of  Phase  Locked  Loop 


without  loss  of  generality  the  constant  of  the  voltage  controlled  oscillator  VCO  is  taken 
as  unity  and  the  entire  loop  constant  B  is  associated  with  the  output  amplitude  of  the 
VCO.  Here  again  one  proceeds  around  the  loop,  recognizes  that  the  loop  filter  rejects 
the  second  harmonic  terms  (in  the  vicinity  of  2^^)  appearing  at  the  multiplier  output, 
and  writes  the  defining  equation  fot  the  loop  in  the  form 


In  this  loop  as  in  the  FLL  the  closed  loop  bandwidth  is  controlled  by  a(t).  Here  however, 
during  a  "  click"  in  'if(t)  and  a  step  of  +  2ir  in  ’*'(t),  small  values  of  a(t)  prevent  <p  (t) 
or  0{t)  from  changing  rapidly.  Therefore  as  'J'ft)  varies  by  +  2it  sin[>I'(t)  -  t'’(t)]  passes 
through  an  entire  cycle  and  returns  to  its  starting  point,  thc.^by  leaving  the  initial  con¬ 
ditions  of  the  PLL  unchanged  from  those  immediately  preceding  Lie  "  click"  .  Thus 
the  loop  "loses  lock"  for  a  cycle  and  no  "  click"  appears  at  the  output.  Only  those 
steps  in  3l(t)  during  which  a(t)  is  reasonably  large  produce  output  "  clicks"  since  the 
PLL  is  then  able  to  track  the  steps  in  ^'(t). 

IV.  Frequency  Demodulator  with  Feedback  Equation 

The  block  diagram  of  the  FMFB  is  shown  in  Fig.  3.  Here  again  the  input  signal 
is  identical  with  the  one  applied  to  the  F'LL  and  PLL  and  the  output  signal  is  again  de¬ 
fined  as  <^(t).  Again  the  constants  of  the  VCO  and  the  discriminator  are  chosen  as  unity. 
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Fig.  3  Block  Diagram  of  Frequency  Demoflulator  with  F'eodback 
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The  IF  filter  is  assumed  to  be  a  single-pole  filter  (for  stability)  whose  transfer  function 
is  given  by 

s  +  2as  +  w  2 

where  to  ^  is  the  difference  between  the  output  frequency  w  |  of  the  "  free  running”  VCO 
and  the  input  frequency  a  is  the  distance  of  the  poles  of  Hjp(s)  from  the  imaginary 
axis  in  the  complex  s  plane,  and  is  the  Eaplace  Transform  operator. 

The  discriminator  in  the  loop  has  no  limiter  and  has  the  property  that  if  its  input 
S|(t)  is  given  by 

Sj(t)  =  5(t)  cos  (oj  ^t  +  ^(t)  ]  (4) 

its  output  S2(t)  is  given  by 

S2(t)  =  S(t)  V(t)  (5) 

A  little  thought  readily  shows  that  such  a  description  is  valid  for  any  conventional  dis¬ 
criminator  not  preceded  by  a  limiter  for  which  w  ^  *  |^|  »  5(t)/  6(t).  In  general  the 
complete  equation  for  co(t)  for  the  FMFB  may  be  readily  written  down  from  the  block 
diagram  of  Fig,  3;  however  its  form  is  so  complex  that  little  or  no  insight  can  be 
gained  from  it.  Consequently  in  the  following  paragraphs  only  the  two  desired  limiting 
forms  of  the  FMFB  are  considered.  First  the  bandwidth  of  HjpCs)  is  permitted  to  be¬ 
come  large  and  then  it  is  permitted  to  approach  zero. 


er.  FMFB  Approaches  FLL 


As  the  bandwidth  of  the  loop  IF  filter  becomes  large  compared  with  the  band  of 
frequencies  occupied  by 

cos  [w  ^t  +  4*(t)  -c'’{t)  J 

the  filter  output  is  an  attenuated,  but  untlistorted,  version  of  its  input  which  is  given  by 

S,(t)  =  (~)  cos  [w^t  +  4ft)  -c'Ht)  )  )  (6) 

where  (1/ o)  is  the  transfer  function  of  the  IF  filter  in  its  paas-banfl.  Consec|uently  the 
output  of  the  fliscriminator  is  given  by 

S  (t)  =  I’yKt)  -;o(t)  1  (7) 


from  which  the  defining  equation  for  the  FMFB  is  readily  obtained  in  the  form 


C’ft)  '  S^dl^h^d)  =  (*0)  -c^t)  1  ^'h^ft) 
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Clearly  Eqa.  (1)  and  (8)  are  identicali  hence  the  equivalence  between  the  defining  equa¬ 
tions  of  the  FMF3  and  FLL  in  this  case  is  demonstrated. 

It  should  be  noted  that  Eq,  (8)  is  strictly  valid  only-  if  the  internal  loop  bandwidth 
increases  without  bound,  t  in  practice  however,  since  the  input  sipnal  to  the  FMFB  has 
already  been  band -limited  by  some  external  RF  filter  and  since  the  multiplication  of 
the  input  signal  by  the  VCO  output  increases  this  band  of  frequencies  by  at  most  a  factor 
of  2  or  3  in  the  vicinity  of  w  the  bandwidth  of  the  internal  IF  filter  need  be  no  more 
than  twice  as  large  as  the  bandwidth  of  the  external  RF  filter  to  have  the  FMFB  and 
the  FLL  perform  in  the  same  fashion. 

Small  Bandwidth  for  Loop  IF  Filter.  FMFB  Approaches  PLL 

As  the  bandwidth  of  the  loop  IF  filter  becomes  small  compared  with  the  band  of 
frequencies  occupied  by 

cos[cj2*+  ^'(t)  -  (/?(t)  ]  ' 

the  filter  output  is  a  strongly  distorted  version  of  its  input.  Some  idea  of  the  nature  of 
this  distortion  is  obtained  by  expanding  the  filter  output  in  the  form 

Sj(t)  =  |[  ][cos(’I'  (t)  -  dKt)  ]  cos  -  sin  (’i'(t)  -  /^t)]  sin  w  2  ij 

“[  ~  cos  (4'(t)  -  dKt)  ]|*h^(t)j  cosui^t 

"[  sin  [^(t)  -  ('-{tl  ]|*h^(t)  j  sin  w  (9) 

where  h,  (t)  is  the  impulse  response  of  the  iow-pass  equivalent  filter  of  the  narrow -band 
t-<  2  2 

IF  filter.  In  particular  ii  H,„(s)  =  2s/  s  +  2as  -f  w  ,  then 

Ir  ^ 


=^|h,  lel  i  • 


Equation  (9)  may  be  rearr.ingcfl  still  farther  yii-ld 

Sj{t)  =  IC  -f  c(t)  I  cos  w  -,t  -  Id  +  <l(t)  1  sin  u  ,t  (11) 

where  C  and  D  are  the  average  or  <lc  valu<!s  of  the  respective  i Dofficients  of  the 

cos  u  ,t  and  sin  w  ,t  terms  in  Eq.  (9),  an<i  c{t)  anu  d(t)  are  tlie  respective  values  of  the 

w 

coefficients  less  thei;  veraue  values.  U  the  ItE  fitter  preceding  the  loop  is  syn^metric 
about  w  ^  and  if  wr^  0.  it  is  apparent  from  symm  try  considerations  that  -({)  ^  0 
and  a{t)  sin  f'i'(l)  -  i'(t )  1  -  0}  hence  i)  •-  0.  On  the  other  hand,  ('  is  clearly  not  equal 
to  r.emi  consequently  Eq.  (II)  may  be  further  rearranged  to  yield 


I  As  the  U  bandwidth  is  increase!;  it  is  assumeu  that  the  ocl  of  b;'nd  signals  at  the 
multiplier  output,  cenlcre!!  at  c  ^  4  w  j,  are  still  rejected. 
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Sj(t)  =V[C  +  c(t)]^  +  [d(t)]^  coa  [u)2t  +  tan"*  c '+ c’ tf  ^ 


from  which  follows 

S^(t)=  [c  +  c(tl,l  (13, 

-J[C  +  c(t)]^  +  [dCtil^ 

It  is  apparent  at  this  point  that  as  the  bandwidth  of  the  IF  filter  (2a)  approaches 
zero  c(t)  nnd  d(t)  become  vanishingly  small  compared  with  C  (more  and  more  of  the  ac 
component  is  filtered  while  the  dc  component  remains  unchanged)  and  Eq,  (13)  reduces 
to  the  limiting  form 


S2(t)  =  d(t)  =  ®  flin  [>&(t)  -  (/^(t)  ]  j*hj^(t)  ] 


In  addition,  as  a  -♦0,  H  (s)— •!/ s  which  is  a  pure  integrator;  hence  convolution  with 
h^  (t)  in  Eq.  (14)  corresponds  to  integration  wnich  cancels  with  the  differentiation  opera- 
tion  to  yield 

S2(t)  =  sin['I'(t)  -iPit)  ]  (15) 


and  finally 


^t)  =  S,(t)*h„(t)  =  j  sin  [4-(t)  -  ,p(t)  ] \*  h jt) 


Clearly  Eqs.  (16)  and  (2)  are  identical;  hence  the  equivalen-'e  between  the  defining 
equations  of  the  FMFB  and  the  PLL  in  this  case  is  demonstrated. 

Although  loop  IF  bandwidth  must  theoretically  reach  zero  to  have  the  FMFB 

Q 

function  as  a  PLL,  it  has  been  found  experimentally  that  for  IF  baniiwidths  less  than 
1/  10  of  the  external  RF  filter  bandwidth  the  FMFB  functions,  with  respect  to  a  noise- 
corrupted  input  carrier,  in  essentially  the  same  fashion  as  the  PLL. 

Several  inti-rosting  observations  may  be  mafle  at  this  point.  First,  the  FMFB 
may  have  an  arbitr.irily  narrow  loop  IF  filter  bandwidth  and  still  suciessfully  deniofiu- 
late  an  input  FM  signal.  I  his  if  quite  obvious  since  the  PLL  is  capable  of  performing 
such  .1  demo<iulation.  Previously  it  was  believed  by  riany  writers*'  ^  that  the  loop  IF 
filter  must  have  a  bandwidth  at  least  equal  to  twice  the  frei(uen».y  range  occupied  by  the 
modulation  infort»>ation. 


Secondly,  with  a  sufficiently  narrt»w  loop  IF  filter  h.andwifith  the  FMFB  has  all 
t)f  the  "loss  of  lock"  problems  possessed  bv  the  PI.L.  ('onseqtjent  ly,  large  deviations 
of  the  input  carrier  in  the  presence  ol  noise  are  i  .ajwblo  of  throwing  the  FMFB  "out 
of  lock"  with  thi-  result  of  ,«  large  number  of  »ig«i.«l  ir.du..c-d  "cUiks".  On  the  other 
hand,  frr  wide  loop  IF  bandwidths  the  I'MFB  can  never  "lose  l«ick*.  Thjs  is  obvious 
since  the  FI.L  (which  the  F'NfFB  appioathes,  cf.  Fig.  I)  has  n<'  V  .'O  cod  therefore  no 


362 


COMMUNICATIONS  AND  INFORMATION  PROCESSING 


mechanism  bv  which  to  lose  lock.  Perhaps  some  intermediate  value  of  loop  IF  band¬ 
width  combines  the  best  features  of  the  PIjL  and  FLL,  This  might  be  true  since  the 
FMFB  ic  more  widely  used  commercially  than  the  PLJ-i. 

V,  Conclusion 

In  this  report  it  has  been  demonstrated  that  the  defining  equations  of  the  FMFB 
degenerate  into  the  equations  for  the  FLL  and  PLL  as  the  loop  IF  filter  bandwidth  of 
the  FMFB  approaches  infinity  or  zero  respectively.  Consequently  a  possibility  of 
further  physical  understanding  of  the  FMFB  may  be  obtained  by  approaching  its  opera¬ 
tion  from  the  limits  of  FLL  operation  on  one  end  and  PLL  operation  on  the  other.  More 
significant,  however,  is  the  realization  that  the  three  basic  threshold  extension  re¬ 
ceivers  are  equivalent  with  respect  to  their  defining  equations  to  the  single  device,  the 
FMFB. 
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THE  EFFECT  OF  A  FIRST  ORDER,  OPEN  LOOP  HOLDING  CIRCUIT  UPON  FM 
■'SPIKJS"  IN  A  VIDEO  SIGNAL 

K.  K.  Clarke  and  F.R.  Ergul 

The  PTB  experimental  TV  system  was  used  with  a  PIB  FM  system  to  study  single 
frame  video  transmission  via  a  noisy  FM  channel  operating  at  or  below  threshold.  A 
simple  first  order,  open  loop  holding  circuit  was  then  added  to  the  receiver  output  in 
an  attempt  to  improve  reception  by  suppressing  some  of  the  below  threshold  FM  "spikes". 

The  details  of  basic  equipment  set-up  are  reported  in  Ref.  1.  A  video  signal  was 
used  to  modulate  a  wideband,  essentially  distortionless  FM  generator.  This  FM  signal 
at  4  MHz  was  added  to  wideband  noise  centered  at  4  MHz  and  applied  to  a  PIB  FM  re¬ 
ceiver.  The  receiver  selectivity  was  determined  primarily  by  a  single  high  Q  adjust¬ 
able  bandwidth  tuned  circuit. 

The  receiver  output  was  then  filtered,  amplified  and  reproduced  upon  a  suitable 
synchronized  video  receiver.  Single  frame  operation  was  utilized  to  show  distortion 
per  frame  rather  than  distortion  integrated  over  several  frames  as  is  normally  ob¬ 
served  by  the  human  eye.  Figure  1  indicates  the  effects  of  below  threshold  FM  trans¬ 
mission  upon  video  material. 

Initial  distortion  is  largely  of  a  "spike"  or  "click"  type  leading  to  the  character¬ 
istic  white  spots  in  black  material  and  black  spots  in  white  material.  An  approach  to 
the  reduction  of  this  distortion  is  indicated  below.  (In  the  sections  of  the  report  deal¬ 
ing  with  +he  Frequency  Locked  Loop,  it  is  demonstrated  that  feedback  loop  operators 
are  always  superior  in  theory  to  open  loop  operators  for  distortion  reduction  of  the 
type  studied  here.  This  section  illustrates  what  can  be  accomplished  with  open  loop 
systems  as  well  as  indicating  some  of  the  variables  in  such  systems.  ) 

Assume  that  the  video  signal  is  sampled  regularly  at  times  t^  and  represented  by 
the  sot  (x^).  If  N  past  samples  arc  available,  then  the  next  sample  x^^j  can  be  predicted 
using  a  suitable  proi  odure.  Then,  using  the  amplitude  data  provided  by  an  envelope 
detector,  one  can  perform  a  test  and  determine  the  probability  of  spike  occurrence 
during  (i+1)  the  sampling  interval.  If  tht;  test  reveals  that  a  spike  may  have  occured, 
then  one  uses  the  estimate  x^_^j  instead  of  the  next  sample.  The  procedure  has  the 
potentiality  of  eliminating  most  of  the  spikes.  Not  all  spikes  will  be  removed  because 
of  the  finite  uncertainty  in  spike  detection.  Actually  there  will  be  many  "false  alarms" 
between  b.vo  spike  occorrenccs  and  therefore  an  additional  distortion  will  be  introduced. 
llo^vev^‘r,  the  video  signal  is  highly  cor  related  and  the  rins  error  due  to  the  estimation 
procedure  as  well  as  due  to  replacing  by  may  tie  reasonaiily  small. 

A  simple  sub-optimiim  system^  can  be  obtainetl  if  the  predic  tor  is  replaced  by  a 
sample  and  hohl  circuit  (actually  it  is  a  zero-order  predictor)  and  the  spike  drte'  tor 
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is  replaced  by  an  amplitude  comparator  that  causes  the  video  signal  to  be  held  at  its 
sampled  value  whenever  the  envelope  of  the  RF  signal  drops  below  a  certain  percentage 
eA  of  its  "normal"  amplitude  A.  If  timing  is  accurate  enough,  then  spikes  that  occur 
during  a  hold  period  will  be  largely  eliminated  from  the  video  output.  The  upper  bound 
of  the  rms  error  for  the  described  scheme  can  be  expressed  as; 


2 

c 

rms 


2  R^^(O)  [1  -  R^^{a)/R^(0)]  P{r<  *  } 


where  n  R^(t)  is  the  autocorrelation  function  of  video  signal,  a  is  a  constant  delay  term 
and  P  {r<  *  }  is  the  probability  of  the  normalized  envelope  of  carrier  being  less  than 
the  normalized  threshold  level  e. 

To  demonstrate  the  feasibility  of  such  a  system,  an  amplitude  detector  feeding  an 
amplitude  comparator  that  fired  a  monostable  multivibrator  was  added  to  a  PIR  FM  re¬ 
ceiver.  The  monostablc  multivibrator  fired  whenever  the  envelope  of  the  noisy  FM  sig¬ 
nal  fell  below  tA  whore  A  was  the  normal  carrier  level.  The  output  pulse  of  the  mono¬ 
stable  circuit  operated  a  sample  and  hold  circuit  to  maintain  the  FM  detector  video  out¬ 
put  at  its  initial  value  during  the  duv.dion  of  the  monostable  pulse. 

The  variables  of  the  system  include  the  level  setting  e,  the  m.onostable  pulse  width, 
lythc  base  band  filtering  in  the  amplitude  and  frequency  demodulator  channels  and  the  dis¬ 
tribution  of  this  filtering,  and  any  additional  delays  introduced  between  the  two  channels . 

For  optimum  spike  removal,  the  monostable  pulse  should  be  as  wide  as  the  major¬ 
ity  of  the  spike  and  centered  upon  it.  Thus,  the  optimum  pulse  width  is  a  function  of 
the  IF  bandwidth  and  of  the  modulation.  Widening  the  pulse  width  beyond  the  minimum 
required  value  will  increase  the  signal  detail  supp-ession  caused  both  during  spike  re¬ 
moval  and  durhi^  .h.lse  hold  cases. 

For  c  =  0  no  spike  removal  occurs.  As  c  increases  then  near  threshold  nearly 
all  spikes  should  bo  removed.  Belov.  IhreshoM  a  higher  percentage  of  the  spikes  are 
accompanied  by  largt'r  amplitudes  and  c  must  Ij.-  increased.  Or  tlie  other  hand,  in¬ 
creasing  f  leads  to  more  false  holds  and  to  excessive  signal  suppression. 

i'igxtre  2  indicates  the  effect  of  varying  c  with  t^^  =  60  usee  and  a  pre-sample  and 
hcdil  filter  consisting  of  two  poles  each  at  30  kHz. 

While  >  im-'  spike  redviction  is  accomplished,  the  picture  quality  reduction  is  un- 
;u  c eptalile. 

Following  the  work  n-ported  tn  the  sections  on  the  Frequency  I.oekiul  hoop  it  is 
I'xpecte'l  that  substantial  improvement  could  lie  obtained  by  a  -  ombination  of; 

(a)  Widening  .uid  ))eaking  tln>  pre-hol<!inu  filtiT  to  narrow  tlu-  click  width  without 
introchicing  excessive  high  frequency  noise.  (Stich  noisi  niav  introduce  new 
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CNR  =  5db 

IF  Bandwidth:  70  kHz. 
Deviation:  5  kHz/ Volt. 
Video:  3.  5  frame/Second. 
No  Spike  Elimination. 
€-0 


CNR  =  5db 

IF  Bandwidth:  70  kHz. 
Deviation:  5  kHz/ Volt. 
Video:  3.5  frame/second, 
e  =  0.  2 


Fin. 


Spike  Kliniination  As  A  Function  of  Quantization  Level,  e  . 
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"spikes”  when  "held"  .  ) 

(!A  Narrowing  the  post  holding  filter  and  using  it  to  equalize  the  overall  trans¬ 
mission  during  non-holding  periods. 

(c)  Narrowing  the  monostable  pulse  width  to  correspond  to  (a). 

(d)  Introducing  proper  channel  delays  so  that  the  pulse  and  the  output  spike  occur 
simultaneously. 

It  remains  to  be  seen  whether  the  post  holding  transient  will  allow  adequate  equal¬ 
ization  without  excessive  ringing.  It  also  remains  to  be  determined  whether  the  results 

of  such  a  system  are  sufficiently  good  to  argue  for  its  use  instead  of  a  more  complicated, 

2 

but  allegedly  superior  system,  such  as  a  second  order  quantized  frequency  locked  loop  . 
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SLOW-SCAN  TV  SYSTEM  RESULTS 
K.  K.  Clarke  and  F.  R.  Ergul 

The  video  portion  of  the  PIB  experimental  television  system  consists  of  a  versi- 
tile  flying  spot  scanner  and  receiver.  These  units  are  coupled  with  other  laboratory 
designed  RF  transmitters  and  receivers  to  provide  a  wide  range  of  video  transmission 
facilities. 

The  raster  generator  horizontal  sweep  operates  at  110  times  the  frequency  of  the 
vertical  sweep.  However,  10%  of  the  time  is  consumed  by  retrace  periods  and  hence, 
the  basic  raster  is  100  lines.  The  frame  rate  is  easily  adjustable  from  0.  1  to  10  frames 
per  second.  Output  video  bandwidths  of  approximately  1  kHz  to  50  kHz  result  from  these 
frame  rates. 

Ihc  raster  generator  contains  facilities  for  single  frame  or  single  line  operation 
(line  on  or  line  deleted).  It  also  has  the  capabilities  of  producing  a  raster  delayed  nr 
advanced  by  any  di-sired  portion  t)f  a  line.  This  cauability  allows  one  to  (  ompenaate 
for  channel  delays  of  up  to  10  mil lisecontls. 

kigure  1  indicates  the  basic  video  spectrum  profhuetl  by  the  blanking  pulses  alone 

ilie  afldition  of  pi'  t\ire  m.aterial  broadens  and  blurs  tlu'  high  Frequency  terms  but 
has  little  I'ffect  upon  »!ie  first  several  peaks  in  the  horizontal  irequency  spectrum. 

Figure  2  indicates  the  .  hanges  caused  in  the  spectrutt\  by  the  slide  ol  Fig.  3.  I'igure 


Spectrum  of  BlariKing  Pulses  Alone,  Frame  Rate  7.  5  Frames/ sec.  Measured  with  Uuantech  304  with  0-“^  kl-lz 
180  Second  Sweep  Time,  16  Hz  Bandwidth,  0.  1  sec.  time  Constant,  300  mV  Scale,  Video  Output  4V  P<;ak-Pea 
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Slide 


Video  Spectrum 

Minimum  F’^ame  Rate,  3.  5 
frame/  sec. 

Markers;  25  kHz,  2.  SVp-p 
Sinewave. 

Horizontal  Sweep  5  sec/  cm. 


Probability 
density  function 

Vertical  Scale:  0.  I  V/ cm. 
Markers;  15  and  25  Volts 
Horizontal  Sweep;  5  sec.  /  cm. 


Fig.  3 


Three  Different  Viewpoints  of  Video  Data 
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Fig,  4  FM  Spectrum  from  Picture  of  Slide  Shown  in  Fig,  3.  3.  5  Frames/  sec. 
Modulation  Sensitivity.  30  kHz/ '’olt.  1 1  v  pp  vvleo  Signal.  Linear 
Vertical.  50  kHz/  cm  llorizontal 

3  also  shows  an  overall  video  .spectrum  as  measured  >.vith  the  probability  density  of 
the  video  output  as  measured  with  ,i  PIU  probability  density  analyzer.  The  relatively 
flat  probability  density  would  be  expected  to  lead  to  a  relatively  flat  FM  spectrum  if 
the  video  is  used  to  frequency  modulate  an  FM  generator  with  a  beta  of  5  or  more. 
Figure  4  indicates  such  an  F\i  spectrum  using  a  4  MHz  Pin  FM  generator  with  more 
than  1  MHz  deviation  and  motlul.ation  frequency  capabilities. 

These  results  arc  typical  of  data  lor  •>  number  of  different  slides  as  reported  in 
Rcl.  1.  In  all  cases,  a  base  band  video  spectrun>  .and  proliabihty  density  measurement 
served  to  allow  a  reasonable  prediction  of  F.M  sp<-  trvnn  shape  .md  bandwidth. 
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Other  material  reported  in  Ref.  1  and  not  reproduced  here  includes  the  effects  of 
high  and  low  pass  filtering  upon  picture  detail. 
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COMPARATIVE  TV  TRANSMISSIONS;  SECOND  ORDER  QUANTIZED  FREQUENCY 
LOCKED  LOOP  vs.  LIMITER  DISCRIMINATOR 

D.  T.  Hess  and  K.  K.  Clarke 

In  or  'er  to  investigate  the  effect  of  the  "spike"  reduction  properties  of  the  second 
order  quantized  frequency  locked  loop  (Fl.L)  in  video  transmission  a  comparative  test 
was  run  with  a  modified  version  o;  the  PIB  TV  system  as  the  video  source.  For  the 
purposes  of  this  test  the  normal  slide  input  was  replaced  by  a  bar  pattern  synchronized 
to  the  raster  generator.  The  composite  video  output  was  used  to  frequency  modulate 
a  FM  generator.  The  raster  generator  was  operated  in  a  single  frame  manner  at  a 
0.  2  frame/second  rate.  The  modulating  amplitude  was  adjusted  so  that  the  modulated 
signal  occupied  11  kHz  centered  at  dSS  kHz.  This  FM  signal  was  mixed  with  filtered 
white  noise  and  applied  to  the  FM  receiver  under  test.  The  IF  noise  filter  was  a 
12  kHz  pp  bandwidth  "square"  filter  [nine  pole]  centered  at  455  kHz. 

The  FM  receiver  output  was  passed  through  a  1  kHz  base  band  filter  and  presented 
on  a  PIB  video  monitor. 

Single  frame  outputs  were  recorded  on  film.  Figures  1  and  2  indicate  comparative 
results  for  the  second  order,  quartized  frequency. locked  loop,  and  a  woji  adjustcu 
limiter  discriminator  combination. 

The  conditioi.s  for  th<‘  FLL  were  holding  pulse  width,  t  TOusec  and  normalized 
holding  level,  .  =  0.  2.S,  I'he  fe»  d.bick  loop  zero  w.as  at  6.7  kllz  while  the  closed  loop 
poles  were  at  1.55  kl!/.  (as  a  comparison,  the  optimum  conditions  for  minitnizing 
digital  error  rates  in  a  t'-2,  6  kHz  IF  system  were  found  in  Ref.  2  to  be  i  »  0.  30  an<i 

Usec^  Hence,  as  expected,  the  "optinuMn"  pulse  width  for  spike  "suppression" 
in  video  is  wider  than  it  would  be  in  the  digiul  erri>r  case.  (For  the  present  ex.au\ple 
TOuaei  .a,ii  compared  to  the  extr«poi.«teri  of  40  uerc  lor  the  digit.al  case.  ) 

fine  would  expect  to  In-  Larger  for  a  given  I  since  the  amount  tf  spike  reduction 
necessary  to  cause  the  apike  »•>  he  unnotii  ed  in  a  picture  is  larger  than  the  amount  of 
reduction  necessary  to  orevept  an  err  -r  in  the  digital  sllti.ation.  F  .r  .•>  given  t  a 
wider  t  ^  gives  i  belter  spike  suppres sjon  when  a  spike  occurs.  Of  i  nurse,  the  wider 
pulse  also  gives  more  s£en,sl  suppr e s sion  on  false  holds  hence  the  wider  should  hw 
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a)  Discriminator 


b)  Frequency  Locked  Loop 

Fig.  1  Spike  Noise  in  a  Video  Bar  1  .ittern  Transmitted  Via  a  Noisy  FM  Channel. 
Comparison  uf  Frequency  Locked  Loop  and  Discriminator  for  6  dB 
Carrier  to  Noise  Ratio.  l2kH7.  pp  Square  IF.  IkHz  Baseband  Filter. 

coupled  with  a  small  «.  The  con  ers-‘>n  of  lar«e  spike  noise  into  small  spike  noise  and 
a  gausiian>liVr  term  as  .  »s  increast-d  as  illustrated  in  an  accontpanying  article.  With 
digital  transmission  lt»e  small  spikes  are  unlikely  to  cause  errors,  however  in  video 
they  tr.ay  be  visible.  [  I  he  visibility  of  .i  spike  is  of  course  a  function  of  oscilloscope 
intensity  and  of  the  gamma  of  the  film.  ) 


Comparison  of  the  two  figure.^  c’.e.irlv  indicates  .a  .signif’ie.ant  reduction  in  the 
auniber  ai.d  intensity  ot  "spikes**  i:i  the  F  t.I,  c.s  .s>'.  I  tiefher  the  4  d  ft  F  LL  picture 
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a)  Discriminator 


b)  Frequency  Locked  Loop 


Fig,  2  Spike  Noise  in  a  Video  Car  Pattern  Transmitted  Via  a  Noisy  FM  Channel, 
Comparison  o(  Frequency  Locked  Loop  and  Discriminator  for  4  dp  Carrier 
to  Noise  Ratio.  1  Zkiiz  pp  Square  IF.  IkHz  Baseband  Filter. 

would  be  acceptable  in  places  where  the  4  dB  discriminator  picture  would  not,  is  an, 
as  yet,  unanswered  question. 

Furtner  studies  to  be  conducted  in  this  area  include  comparative  t» a  ismiasions 

with  phnse  locked  loc-p  and  FMFD  dcntodulaior s  as  well  as  the  stvid^  of  pre-emphasized 

> 

signals  upon  tho  various  circuits.  I  he  litcroture  '  t  ep'vrts  tU.-.t  FMFB  orcuits  cannov 
handle  preemphasir rd  roaterial  properly,  liow*  v('r,  the  FLL  operate*  in  a  completely 
satisfactory  manner  for  relatively  high  deviation,  and  relatively  High  r'.odulatin^j  fre- 
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quency  signals.  Hence,  further  overall  system  gains  may  be  achieved  by  utilizing 
pre-  and  post-filtering  circuits  of  this  type. 
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COMPARISON  OF  DATA  COMPRESSION  SCHEMES 
R.  Stroh  and  R.  R.  Boorstyn 

It  is  quite  apparent  that  if  signals  to  be  transmitted  were  stationary  and  perf¬ 
ectly  bandlimited,  there  would  be  no  data  compression  problem.  One  would  sample 
at  the  Nyquist  rate  and  transmit  these  samples,  or  coded  versions  of  them.  No  fur¬ 
ther  data  compression  would  be  possible.  Real  signals  do  not  behave  this  way,  how¬ 
ever.  They  arc  generally  not  bandlimited  and  their  statistics  are  either  not  known  or 
varying  in  a  non-stationary  manner.  How  does  one  then  perform  data  compression? 
One  good  engineering  technique  is  tc  first  oversample  to  some  extent  and  then  use 
various  types  of  predictive  techniques  to  reduce  the  redundancy.  Such  methods  are 
now  well  known  and  have  been  summarized  in  the  literature^ 

But  these  various  cut-and-try  procedures  offer  no  real  insight  into  the  problem 
of  data  compression.  In  an  attempt  to  analyze  these  various  schemes  and  others  that 
may  be  developed  we  have  chosen  to  pick  some  signal  models  that  deviate  from  the 
perfectly  bandlimited  one,  providing  some  complexity  of  structure  to  make  them  mean¬ 
ingful  yet  sufficiently  simple  to  enable  analysis  to  be  carried  out.  The  two  simplest 
models  reported  on  here  are  a  stationary  Gaussian  random  process,  and  a  discrete 
Nth  order  Markov  process.  For  both  classes  of  models  and  attempt  is  made  to  re'ate 
the  n  ean-squarod  reconstruction  error  to  sampling  interval  for  various  compressor 
schemes. 

( 1)  Gaussian  process  x(t).  Here  we  .assume  a  power  spectra!  density 


and  a’.tocorrelation  function 

R  (t)  =  e" 
x' 
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Assume  samples  are  taken  uniformly  every  T  sec.  Several  methods  of  reconstructing 
the  original  signal  have  been  compared.  These  include  various  sampling  techniques 
as  well  as  predictive  techniques. 

(a)  sin  x/x  reconstruction.  Here  the  transmitted  samples  are  passed  through 
a  lowpass  filter  with  bandwidth  B  =  1/2T.  It  is  then  found  that  the  mean-squared  re¬ 
construction  error  is  given  by 

7=  2(l-|tan"^^) 

(b)  pre-filtering  to  B  =  prior  to  sampling,  then  the  same  reconstruction 
method  as  above.  The  mean-squared  error  is  then  found  to  be  one-half  that  above. 


2  -1 

e  =  (1  -  —  tan  ”  i),  with  pra  filtering. 

IT  i 

2  ~2 

(c)  An  alternate  reconstruction  technique,  due  to  Tufts  ,  that  minimizes  e 


where  pre-filtering  is  not  used.  Ter  this  case 


e  =  cothT  -  Y 

(d)  A  finite  Karhunen-Loeve  representation  of  the  random  process  x(t).  Here 
the  representation  x(t)  is  given  by 

N 

x(t)  =  E  (t)  0  <  t  <  T 

n=  1  ~  o 

where  a  r  -  second  piece  of  x(t)  is  taken  and  the  Tj^ltl's  are  fixed  orthonormal  functions. 

The  N  discrete  numbers  a  are  the  numbers  to  be  transmitted  anrl  arc  random  variables. 

n 

The  orthogonal  (unctions  chosen  to  minimize  the  mean-squared  I'rror  power 


7^  =  -!•  E  (J  -  Mt)!^  dt} 

'  ■  0  _ 

The  resultant  expression  for  e  vs.  t/N  (tiiiu-  between  samples  for  tltis  technitiue)  is 
obtaine<la8  the  solution  of  t  ranscenthmtal  equ.ations,  and  is  shown  pltnted  in  I’ig.  1  for 
T  =  4  and  10  sec.  .Mso  plotted  for  lomparison  are  the  results  for  the  s.ampling  teih- 
niques  mentiunevl  a()oVi  . 

Note  that  for  this  particular  power  speetrtim  the  pre  -  f  i  lie  red ,  sin  xx  recon¬ 
struction  ti'chniquc  is  the  best  ot  the  itiur  shown,  but  is  .ery  i  losely  folio-  -d  bv  the 
Karhunen-  I.oe  ve  technique. 
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How  <10  these  techniques  compare  with  the  ad  hoc  compressive  schemes  that  are 
used  in  practice?  As  noted  earlier  these  are  in  general  hard  to  analyze,  but  Ehrman 
has  obtained  the  approximate  theoretical  mean  time  between  transmitted  samples  for 
three  common  techniques^  -  the  floating  aperture  zero-order  predictor,  the  zero- 
order  interpolator,  and  the  fan  (first  order)  interpolator,  assuming  a  Gaussian  Markov 
signal  source  as  done  here.  His  results,  \alid  only  for  small  sampling  intervals  on 
the  average,  and  adapted  to  the  example  taken  here,  are 


"7 

e 

“Z 

e 

~Z 

e 


=  0.6  E{T)  floating  aperture  predictor 
=  0.  33  E(T),  zero-order  predictor, 

=  0.  23  E(T),  fan  interpolator. 


In  all  three  cases,  E(T)  «  1,  the  half  aperture  widths  are  asstimed  small  compared 
to  the  standard  deviation  of  the  signal  process  (which  is  unity  here),  and  the  recon¬ 
struction  error  ie  assumed  uniformly  distributed  between  +  ^  x. 

As  a  comparison  with  the  sampling  and  Karhunen-Loeve  techniques  described 
above,  we  may  assume  T  and  t/N  «  I  in  the  equations  given  earlier.  It  is  then  found 
that 


T  2 
«  =  -7 


T  = 


s  inx 

0.  2u3  T,  sampling  with  pre-filtering  and  — reconstruction. 


e  =  0.  405  T,  sampling  without  pre-filtering  and  with  reconstruction, 

~2 

e  =  0.  33  T,  sampling  without  pre-filtering  and  using  luft's  optimum  reconstruc¬ 
tion. 


e  = 


•T  W  " 

ir 


Karhunen-Loeve  expansion. 


Note  'hat  sampling  a  ith  pre-filtering  and  the  Karhiincm- l.oeve  expansion  give  al¬ 
most  identical  results,  and  that  they  are  better  than  ilu  predictor  and  interpolators. 

It  must  also  he  jjointed  out  that  the  latter  techniques  require  the  transmission  of  timing 
infoririation,  sii  that  the  aclvantcge  of  sampling  is  i  ,  n  ^renter  than  infliiated  above. 

We  do  not  mean  to  imply,  Itowever,  that  the  .iperture  techniques  .tre  interior'  tlvre 
may  be  other  sign.ils  >>n  uhich  they  perfotm  better  than  saiT^pling.  The  .iflaptivitv  anil 
relative  simplicity  of  the  aperture  techniques  are  factors  in  tlu-ir  favor. 


(2)  Discrete  state  Markov  source.  An  N-state  Nlarkov  chain  has  tu-en  assumed, 
and  hotl.  :he  zero-order  predictor  anfi  the  zero-order  interpolator  have  lieen  considered, 
u  cases  Iwi  ve  been  analyzed!  first,  «  ith.  the  aperture  wifith  les.'i  than  the  spacing  hr-- 
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tween  adjacent  source  levels,  so  that  there  is  no  reconstruction  errorj  second,  with 
the  aperture  greater  than  the  source  level  spacing,  with  f  1  level  reconstruction  error 
allowed. 

The  compressibility  of  the  source  symbols,  as  measured  by  the  entropy  in  bits/ 
source  symbols,  is  then  found  for  the  zero-order  predictor  to  be  given  by 

"x  +  ^R 

^zop  =  •  l+ETn-)  bits/source 

where 

is  the  information  content  of  the  transmitted  sample  values, 
is  the  information  content  of  the  run  length  between  transmitted  samples, 
and  E(n)  is  the  average  run  length. 

Average  run  lengths  for  a  zero-order  predictor  with  no  allowable  error  operating 

4 

on  a  discrete  state  Markov  source  have  previously  been  computed  by  Stanley  and  Liu. 
Using  their  results,  and  assuming  as  an  example,  a  particular  15  state  Markov  chain 
possessing  a  uniform  stationary  disbribution,  and  characterized  by  a  relatively  large 
probability  of  remaining  in  the  same  state  or  going  to  an  adjacent  state,  the  source  en¬ 
tropy  is  calculated  to  be  2.73  bits/symbol. 

For  a  zero-order  predictor,  with  no  reconstruction  error,  we  also  find 
E(n)  =  1.  05  symbols 
II  =  Iog.,15  =  3.  9  bits 

X  '’2 

flj^  =  2,  04  bits 

H  =  2.91  bits/sourcc  symbol, 
zop  ' 

Ihus,  a  zero-order  predictor  used  ith  efficient  coding  can  achieve  a  transmission 
rate  fairly  v  lose  to  the  entropy  of  this  particular  si)urce. 

Ibis  inethfx!  has  been  extended  to  the  <  ast"  v^here  the  aperture  is  greater  than 
the  source  level  spacing.  I’or  example,  suppose  +  1  level  reconst  ructif)n  error  is  al¬ 
lowed.  The  probability  of  a  run  of  length  n  within  the  aperture  about  a  level  is  easily 
calcul.'tti-d.  Onci'  the  i  un  length  probabilities  have  been  imiiul  the  entropy  may  be 
i  omputi'd  as  above.  I.  h.is  also  been  shown  that  the  run  length  probabilities  for  a 
,'ero. order  iiderpolator  in.ty  be  written  in  terms  of  powers  of  sub  matrices  of  the 
M.irkc.v  transition  matrix,  i’or  the  example  -onsiderefl  above,  the  expected  run 
b*ngltis  toiiowing  itnf*  oi  the  interval**  st.ates  of  tne  soun  e  lor  the  /.ero-ordi*r  pri'flii  - 
tiir  and  interpolator  with  1  level  error  ate 
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E(n)^^p  =  2.  10  symbols, 

E(n)^^.  =  2,  62  symbols. 

While  the  work  described  above  has  barely  scratched  the  surface  of  the  problem, 
it  at  least  provides  a  little  insight  into  the  pcrforniance  of  the  simple  data  compres¬ 
sion  techniques. 

National  Aeronautics  and  Space  Administration 
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OPTIMAL  ADAPTIVE  CONTROL  FOR  DATA  COMPRESSION  SYSTEMS 
P,  Dosik  and  M.  Schwartz 

The  object  here  is  to  determine  an  optimal  controller  to  minimize  the  mean 
squared  error  between  discrete  input  data,  x^,  and  reconstructed  compressed  dis¬ 
crete  output  data,  y^^.  We  plan  to  evaluate  the  optimum  controller  solution  and  mini¬ 
mum  normalized  rms  error  for  several  data  models  and  compressor  algorithms.  The 
present  plan  is  to  use  a  uniformly  distributed  independent  data  model  and  the  uniformly 
distributed  first  order  Marl^ov  data  model.  The  compressor  algorithms  under  consid¬ 
eration  are  both  the  zero  and  first  order  predictors  and  interpolators.  Tables  or 
curves  will  be  obtained  from  computer  runs  and  will  list  the  compressor  aperture,  K, 
vs.  buffer  fill  or  state,  S,  and  the  minimum  normalized  rms  error  for  several  values 
of  the  following  parameters;  b,  the  number  of  input  amplitude  bits,  L,  the  buffer 
length,  and  C,  the  transmission  ratio.  With  these  data,  the  designer  will  be  able  to 
select  suitable  parameters  to  satisfy  his  data  compression  and  rms  error  requirements. 

As  a  check  on  the  optimal  controller  solution,  the  data  models  and  data  com¬ 
pression  system  using  the  corresponding  optimal  controller  solution  will  be  simulated 
on  a  computer  to  measure  the  actual  normalized  rms  error.  As  a  test  of  the  sensi¬ 
tivity  of  the  optimal  controller  solution  to  the  input  data  statistics,  the  first  order  Mar- 
kov  data  will  be  fed  into  systems  optimized  for  independent  data,  and  independent  data 
will  be  fed  into  systems  optimized  for  first  order  Markov  data.  Finally,  real  telem¬ 
etry  data  will  be  obtained,  if  possible,  and  fed  into  these  optimized  systems  to  deter¬ 
mine  the  practical  use  of  the  chosen  data  models. 
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Progress  thus  far  consists  of  the  following;  The  controller-buffer  system  has 
been  modeled  as  a  discrete  Markov  process  and  a  method  of  solvition  adopted  using  an 
iterative  dynamic  programming  algorithm  based  on  the  work  of  Howard’.  Once  the 
statistics  of  the  Input  process  x^,n=0,  1,...  and  the  compressor  algorithm  have  been 
specified,  an  optimum  controller  can  be  determined  using  this  technique. 


For  the  case  of  uniformly  distributed  independent  input  data  and  the  zero  order 
prediction  compressor  algorithm,  the  problem  of  determining  the  optimum  controller 
has  been  solved.  The  solution  is  in  an  iterative  form  and  is  best  computed  on  a  gen¬ 
eral  purpose  digital  computer  for  all  possible  values  of  interest  of  the  various  para¬ 
meters  noted  above.  The  iterative  solution  has  been  programmed  in  FORTRAN  on  a 
digital  computer  and  is  presently  being  debugged.  The  status  of  the  programming  is; 
writing  in  FORTRAN  completed;  program  cards  punched,  verified  and  listed;  diag¬ 
nostic  errors  are  being  eliminated  from  initial  compilations.  In  order  to  check  the 
program  results,  one  test  case  for  the  specific  values  of  b  =  l,  L  =  4,  and  C  =  2 
was  computed  by  hand  yielding  a  mean  squared  error,  e  =  l/26,  and  the  following 
controller  rules; 

S(Buffer  State)  K(Aperture) 


0 

1 

2 

3 


0 

0 

0 

1 


For  the  case  of  uniformly  distributed  first  order  Markov  input  data  and  the  zero 
order  prediction  compression  algorithm,  the  solution  of  the  problem  of  determining 
the  optimum  controller  is  presently  being  attempted.  The  complexity  of  the  mathe¬ 
matics  in  the  Markov  case  is  many  times  greater  than  that  of  the  independent  case. 
National  Aeronautics  and  Space  Administration 

NgR  33-006-040  P.  Dosik 

M.  Schwartz 
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INFORMATION  CONTENT  OF  TIME  SERIES  AND  PICTURES 
A.E.  Laemmel 

In  his  original  paper  on  communication  theory^  C.  E.  Shannon  defined  two 
sequences  of  entropy  functions,  F^  and  G^,  and  showed  they  approach  a  common  limit  H, 
which  can  then  be  called  the  information  per  symbol  of  the  time  series.  F  was  de¬ 
fined  as  the  conditional  entropy  of  an  clement  given  the  previous  n-1  elements,  and 
aG^  was  defined  as  the  total  entropy  of  a  block  of  n  successive  elements.  These  en- 


i.  >4 
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tropics  are  related  as  follows: 

F  =  n  -  (n-1)  G„  , 
n  n  n-i 


G 


n 


I 

n 


\ 

/ 

i=l 


F. 

1 


(1) 


(2) 


H  =  Lim  F  =  Lim  G 
n  n 


n  "• 

00 

n  "• 

00 

P  .  < 

F  . 

G  . 

<  G 

n+1  — 

n  ’ 

n+1 

H  <  F  <  G 
—  n  —  n 


(3) 

(4) 


In  the  diagrams  above,  the  dots  show  the  element  being  guessed  and  the  shaded  boxes 
show  the  elements  assumed  known.  This  work  is  concerned  with  possible  generaliza¬ 
tions  of  conditional  entropies  such  as  which  correspond  to  various  patterns  of 
known  elements  near  the  element  being:  guessed.  It  will  be  assumed  that  the  reader 
is  acquainted  with  the  basic  ideas  of  communication  theory  such  as  the  equivalence  of 
the  difficulty  of  guessing  or  predicting  a  message  and  the  difficulty  of  transmitting 
that  message,  and  how  the  entropy  function  measures  the  corresponding  "difficulty  of 
guessing,  "  "uncertainty,  "  or  "inform;  lion  content".  Note  that  if  the  elements  of  the 

time  series  ar<*  statistically  independent  F  =  F,,  and  therefore  that  F, -F  measures 

n  1  In 

the  statistical  dependence  or  correlation  between  elements.  Certain  generalizations 
of  the  sequences  F^  and  G^  will  be  d  scussed  here  in  one  and  two  dimensions  (time 
series  and  pictures). 


A  suitable  generalization  for  F^  is  the  conditional  ;  ntropy  of  an  elemen*^  |  e | 


given  (n-l)  known  elements  in  a  certain  pattern  near  the  element  being  guessed, 

and  for  G^  is  the  average  entropy  of  'he  total  block  of  n  elements.  It  is  assumed 
that  probabilities,  and  therefore  the  entropies,  tre  invariant  to  translations.  A  gen¬ 
eralization  of  the  sequence  of  blocks  of  greater  and  gre<itcr  length  in  one  dimension  is 
a  sequence  of  nested  blocks,  each  one  includiu,:  the  previous  one.  Such  a  sequence  is 
shown  in  Fig.  1.  For  this  example,  relations  such  as  Fiq .  (1)  and  Kn.  (<*)  are  not  true 
because  the  element  added  to  tlic  block  is  not  the  one  being  guessed,  iio-.vever,  it  is 
obvious  that  is  monotonic  non-inc  reasmg  l)ecause  each  increase  in  n.  add-;  anullu  r 

known  clement  to  those  .ilrcady  known.  If  the  nested  blocks  are  chosen  as  in  F  ig.  J 
the  relations  Fq.  (1)  and  Fq.  (i)  will  hold,  but  it  is  no  -onger  necess  -rily  true  that  F 

n. 

is  !»v>nc'(c'nic  non -inc  reusing.  Ke  turrmg  to  the  .  cquencc  of  n.cstcd  j-attc  r:.,  in  aiu.!! 
know!  elemcitts  are  added,  ni.any  diffe -ent  limits  are  possible  as  n  •  .  I  hr  rsmaninc 
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Fig,  1  Known  Elements  Added 


Fig.  2  Guessed  Elements  Added 
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of  the  limit  of  the  quantity  Dim  F  can  be  diagrammed  directly  as  an  clement  0 

n  —  00 

with  an  infinite  block  of  ^  as  shown  in  Fig.  3.  The  various  values  of  F^^  form  a 
partly  ordered  set,  and  this  could  be  made  into  a  lattice  by  adding  unions  and  inter¬ 
sections  of  known  elements.  The  following  questions  arise  in  connection  with  these 
generalized  F^  and  sequences: 

(i)  What  are  the  necessary  and  sufficient  conditions  on  a  sequence  of  nested 
blocks  in  order  that  F^  and  approach  limits  as  n  approacltes  infinity? 

(ii)  If  several  limits  arc  possible  for  the  same  time  series  or  picture,  which 
one  gives  the  information  content  and  what  is  the  significance  of  the  others? 

(iii)  How  should  the  block  sequence  be  chosen  to  make  F^  approach  its  limiting 
value  as  rapidly  as  possible? 

Complete  answers  to  these  questions  arc  not  available;  however,  some  prelimin¬ 
ary  results  will  be  sketched  here.  The  first  of  these  results  is  that  F^  (meaning  the 

limit  of  F  as  n  -*<»)  will  be  equal  to  H  (true  information  content  per  element)  if  it 
n 

corresponds  to  a  block  derived  from  a  regular  scanning  path.  The  latter  will  be  de¬ 
fined  as  follows:  In  one  dimension  number  the  elements  from  left  to  right  ,  .  .  -3,  -2, 

-1,  0 ,  1,  2,  3  ,  . .  A  sequence  of  numbers  can  be  thought  of  as  the  order  in  which  the 
various  elements  are  transmitted.  The  above  sequence  unaltered  is  the  ordinary 
metliod  of  scanning.  Another  scan  corresponds  to  the  sequence  ...  132547...  , 
the  transmitter  alternately  jumping  ahead  and  filling  in.  If  any  number  in  tliis  sequence 
is  made  to  correspond  to  ,  then  all  previous  numbers  correspond  to  ^  since 

they  have  already  been  transmitted  and  are  known  to  the  receiver.  This  results  in  two 
patterns  as  sliown  in  the  second  line  of  Fig.  4.  The  information  content  H  is  the  aver¬ 
age  of  tlie  entropies  J  and  K  corresponding  to  these  patterns.  Still  another  scan  in  one 
dimension  corresponds  to  the  sequence  ...  -3,  -1,  1,  3,  5 - -2,  0,  2,  4  ...  dia¬ 

grammed  as  the  interlaced  patterns  on  the  third  line  in  Fig,  4.  Again  H  is  the  average 

* 

of  I  and  L  .  The  five  entropies  mentioned  are  ordered  as  follows: 

L  <  H  <  J  <  I 

These  different  entropies  have  been  introduced  both  to  improve  practical  estimates  of 

the  information  content  and  to  study  the  efficienccs  of  various  finite  compression  codes 

in  reducing  redundancy.  In  connection  with  the  former,  consider  the  word  or  letter 

2 

guessing  game  of  Shannon  ,  and  note  that  since  i  ^  F^  it  follows  that 

"  i  7-  '■’l  *  Z  ^  • 

If  it  turns  out  that  it  is  easy  for  a  person  to  guess  a  word  in  a  sample  of  text  given  all 
previous  words,  t!ie  following  word,  the  tliird  following  word  .  .  ,  (pattern  L  of  Fig.  4', 
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H  ORDINARY  SCAN 


JUMP  AHEAD  AND  FILL  IN  SCAN  K 


mwmfmmzmv/Mm 


INTERLACED  SCAN 
H«-i(J  +  K)  «  ^(I  +L) 


I  I  I  I  I  I  1  I  I  I  I  I 


mmmmwmm 
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xy/wmw/MVM^mzt, 


I  I  I  {  I  I  I  I  I  I  I  I  I 


INTERLACED  SCAN 


wmw/MmMmM 
mmcmmmm 


^^mimymyA7/?yjWA 

zi7jmm 
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I  I  I  I  I  !  I  i  i  I  I  I  I 


A  simple  "SPACE  FILLING  CURVE  ' 

Fir.  •<  V.irioun  ScanniMR  P.iltri  .18 

tl-rn  -1  ‘u)w  uptirr  iumnd  uti  the  inform  }»c  r  word  of  th  it  t'  ;>c  ..f  text  would  he  obUin.  d. 

I  wo  of  the  m.4ti>  8v-.i.iniiig  p.iths  in  twe  dinu-nsions  .irt-  .ilso  ^hown  in  Kir.  4, 

The  v.ilur  .Old  '•ianificunce  of  the  enlropie-*  ^  o  r  re  s pond; n^- to  th-  <;!  .--r  •»>..  r 
Fig.  t  arc  ol  considerable  interest.  Models  e  m  e.  ■  ilv  he  v  onstructod  fur  ivhich  these 
entropies  are  «rro  in  one  and  two  dimensions,  and  Ihcv  »  r«-  Jirvi  r  gre.ite-  'han  the 
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information  content  H.  Models  can  also  be  constructed  in  which  C  or  M  measure  suit¬ 
ably  defined  "style"  or  "dirt"  informatioiv^ile  H  measures  the  total  information 
(style  or  dirt  information  plus  "meaning"  information).  Consider  the  transmission  by 
facsimile  of  a  typewritten  page  in  which  the  resolution  elements  are  blach  or  white. 

If  the  whole  page  is  known  except  for  one  resolution  element  it  seems  very  likely  that 
the  whole  meaning  can  be  exactly  guessed.  Therefore,  if  the  entropy  M  is  not  zero, 
it  must  be  a  measure  of  the  uncertainty  that  the  omitted  element  is  black  because  of 
dirt  or  white  because  of  a  typewritten  imperfection.  Whether  M  has  any  such  meaning 
in  practice  needs  to  be  investigated.  Suppose  now  that  nil  words  of  a  text  are  kiiown 
except  one.  Can  the  meaning  of  the  text  be  seen  even  though  there  may  be  some  uncer¬ 
tainty  as  to  whether,  for  example,  BIG  or  LARGE  was  used  by  the  author?  (It  is  quite 
possible  the  context  ..ould  rule  out  other  adjectives  such  as  SMALL  or  RED).  Models 
are  being  sought  to  test  these  and  other  related  concepts,  and  some  experimentation 
is  going  on  to  determine  the  numerical  values  of  the  entropies.  In  particular,  D. Fessler 
has  determined  some  of  the  entropies  of  Fig.  1  for  typewritten  pages. 

U,  S,  Army  Research  Office,  Durham  A.E.Laemmel 
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EXTREMAL  STATISTICS  IN  COMPUTER  SIMULATION  OF  DIGITAL  COMMUNICATION 
SYSTEMS 

M.  Schwartz  and  S.  Richman 

In  a  previous  report^  the  field  of  extremal  statistics  was  svimmarized  and  its  ex¬ 
tension  to  the  computer  simulation  of  low  error  digital  communication  syrtems  indicated. 

Briefly,  it  may  be  shown  that  asymptotically  many  of  the  most  common  profcability 
distributions  follow  a  simple  exponential  law  when  expanded  about  an  arbitrary  point  on 
il.eir  tails^.  This  exponential  is  a  function  of  two  parameters  which  depend  on  th«‘  un¬ 
derlying  statistical  distributions.  If  one  can  determine  those  two  parameters,  one  is  in 
a  position  to  measure  relatively  high  error  rates,  using  Monte  Carlo  simulation,  then 
extrapolate  to  the  desired  low  error  rate  region  using  the  exponential  approximation. 

In  t.ie  previous  report,  details  of  the  computer  estimation  of  the  two  parameters,  and 
Monte  Carlo  simulation  of  known  probability  density  functions,  were  described  and  re- 
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suits  presented.  It  was  indicated  that  the  use  of  extremal  statistics  resulted  in  a  saving 
of  at  least  one  order  of  magnitude  in  computation  time. 

The  previously  reported  work  has  now  been  extended  to  the  simulation  of  tv.  o  spe¬ 
cific  digital  feedback  cor  r.-  ication  systems.  In  both  cases  low  probabilities  of  error 
were  successfully  estimate^,  witli  the  desired  saving  of  at  least  a  factor  of  10  in  the 
processings 

One  of  the  two  systems  simulated  is  a  binary  signalling  system,  the  other  an  M- 
ary  PAM  type  system,  with  the  information  transmitted  as  one  of  M  possible  amplitude 
levels.  In  both  cases  white  gaussian  noise  is  assumed  added  during  forward  transmis¬ 
sion  (this  could  be  thermal  noise  introduced  at  the  receiving  antenna,  front  end  receiver 
noise,  or  a  combination  of  the  two  in  general).  The  feedback  path  is  assumed  error 
free.  Errors  in  signal  detection  due  to  the  noise  may  occur  and  it  is  desired  to  esti¬ 
mate  the  probability  of  error  in  both  systems. 

Both  systems  may  have  potential  usefulness  in  space-gro\ind  communications.  In 
both  cases  the  informatic/o  is  to  be  transmitted  from  space  to  earth.  The  forward  trans¬ 
mission  path  is  thus  limited  in  power.  It  is  assumed  a  feedback  path  from  ground  to 
vehicle  with  much  larger  power  capability  is  available,  so  that  the  effects  of  noise  may 
be  neglected  over  this  path.  (Further  computer  simulation  is  planned  to  investigate 
the  effect  of  noise  on  the  feedback  path,  as  well  as  other  signal  disturbances  such  as 
fading,  for  example).  Such  feedback  systems  hold  great  interest  in  the  statistical 
commrmications  field  currently  because  of  their  expected  high  performance  (low  prob¬ 
ability  of  error)  in  noise  with  a  minimum  of  coding  effort  required. 

The  binary  system  investigated  represents  the  application  of  sequential  decision 
theory  of  statistics^  to  statistical  communications.  The  operation  at  the  receiver  may 
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Fig.  1  Received  Signal  Space,  Binary  Feedback 

be  visualized  by  referring  to  Fig.  1.  Here  v  represents  a  received  sample  of  the 
composite  signal  plus  noise.  As  an  example,  if  one  binary  signal  has  a  received  am¬ 
plitude  of  M  volts,  while  the  other  is  -A  volts  (this  is  the  example  of  bipolar  signal¬ 
ing),  the  resultant  probability  density  functions  fj(v)  and  f2(v).  respectively,  appear  in 
Fig.  1. 
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In  normal  binary  •ignalling  one  would  declare  signal  1  received  if  the  received 
■ignal  plua  noise  sample  were  to  exceed  0,  and  signal  2  received  if  the  received  signal 
plus  noise  fell  below  zero.  For  small  signal-to-noise  ratios  (SNR),  as  normally  en¬ 
countered  in  deep  space-ground  communications,  the  resultant  probability  of  error 
would  be  intolerably  high.  To  improve  the  performance,  a  null  zone  of  width  +  a  about 
0  is  set  up.  If  the  composite  received  signal  falls  in  this  region  a  decision  is  deferred 
and  the  transmitter  asked,  via  the  feedback  path,  to  repeat  the  signal.  The  first  com¬ 
posite  signal  sample  is  then  stored  and  added  to  the  second  received  sample  after  trans¬ 
mitter  repetition.  The  two  combined  received  samples  are  then  tested  and  a  decision 
made  only  if  the  sum  exceeds  +a  or  fails  below  -a.  A  third  repeat  is  requested  if  the 
sum  again  falls  in  the  null  zone. 

This  procedure  is  rep  'ated  until  the  combined  received  samples  fall  outside  the 
null  zone.  (To  prevent  tha  system  from  cycling  indefinitely  or  for  too  long  a  time,  the 
number  of  transmissions  may  be  truncated  after  a  specified  interval  and  a  definite  de¬ 
cision  made. )  Such  a  sequential  procedure  with  a  statistically  variable  number  of 
transmissions  may  be  shown  to  asymptotically  provide  a  50%  decrease  in  average 
transmission  time  over  an  equivalent  system  without  feedback  with  a  fixed  number  of 
repeats  this  for  the  same  SNR  and  probability  or  error. 

Although  the  scheme  outlined  is  relatively  simple  to  describe,  the  analysis  ie 
quite  complex,  since  the  received  signals  summed  are  those  falling  in  the  null  zone 
only.  The  statistical  behavior  of  the  composite  random  variable  representing  the  sum 
of  such  received  signals  is  difficult  to  determine  and  ;.he  resultant  probability  of  error 
not  easily  found.  In  fact,  asymptotic  results  only  for  the  probability  of  error  are  avail¬ 
able;  those  for  small  SNR  and  a  large  average  number  of  transmissions,  or  those  for 
high  SNR  and  very  small  numbers  of  transmissions.  The  region  in  between  can  only 
be  estimated  by  extrapolation  or  by  bounding  techniques.  Computer  simulation  of  such 
a  system  is,  however,  simple  to  perform.  For  small  probabilities  of  error,  however, 
the  computer  time  involved  can  become  quite  large  so  that  extremal  statistics  is  an  ob¬ 
vious  answer. 

The  methods  of  extremal  statistics  were  therefore  used,  in  a  computer  simula¬ 
tion  of  this  system,  to  estimate  the  probability  or  error.  10,000  total  repeats  were 
used  in  each  simulation,  20  for  estiR\ating  the  two  constants  for  the  actual  determina¬ 
tion  of  the  probabilities.  Results  are  shown  in  Fig.  2,  Note  that  the  experimental 
(simulation)  points  follow  quite  closely  an  spproxintate  performance  line  obtained  by 
extrapolating  from  Wald's  asymptotic  results,  valid  for  large  numberc  of  transmis¬ 
sions  and  smalt  probabilities  or  error^.  I  he  curves  of  Fig.  2  are  fop  a  5NR  of  A 
reference  curve,  that  showing  the  performance  of  a  one-way  system  with  no  feedback 
and  a  fixed  number  of  repeats,  is  included.  Note  that  the  two  curves  differ  approxi- 
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Fig.  2  Computer  Simulation  of  Binary  Sequential  Decision  Feedback  System 


matcly  by  a  factor  of  twc  in  the  transmission  time,  as  would  be  exi)ected  from  Wald's 
asymptotic  results. 

The  second  feedback  communications  system  simulated,  for  which  extremal  sta¬ 
tistics  were  used  in  estimating  system  performance  {probability  of  error),  was  one 
first  suggested  and  analysed  by  J.  P,  Schalkwijk^' A  simplified  block  diagram  ap¬ 
pears  ir.  Fig.  3.  The  information  to  be  transmitted  consists  of  one  of  M  amplitudes, 
g  s  j  a  1,  g.  ..M  (the  amplitudes  arc  normalised  to  a  range  of  0-1  fox  convenience! 
T  seconds  are  available  for  transmission  and  it  ia  assumed  that  N  signal  transmissions, 
each  lasting  seconds,  are  made,  (Note  that  this  fixed  transmission  time  scheme  con¬ 
trasts  with  the  sequential  binary  scheme,  requiring  a  variable  transmission  time,  just 
discussed. } 
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Fig.  3  M-sry  Information  Feedback  System,  N  Repeats 
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On  the 


transmiesirn  the  signal  transmitted  is  of  the  form 


«k 


(0  - 


i) 


(1) 


with  a  variable  but  known  gain  factor,  and  the  receiver's  maximum  likelihood 
estimate  of  6,  based  on  the  first  (k-1)  transmissions.  The  receiver  transmits  to 
the  transmitter  via  a  noiseless  feedback  path.  This  system  is  of  the  information  feed¬ 
back  tvpe,  since  actual  information  as  to  the  received  signal  plus  noise  is  fed  back  to 
the  transmitter. 


On  each  successive  transmission  the  receiver's  estim^-  w'  of  the  correct  signal, 
0,  improves,  so  that  d.  approaches  0  more  closely.  After  N  repeats  the  nearest  0  to 
is  chosen  as  the  correct  signal.  It  may  then  be  shown^'  °  that  the  probability  of 
error  goes  essentially  as 


Pe^  exp  -  (2) 

fnr  large  T,  and  R<C.  Here  the  gain  of  the  transmission  has  been  optimized  to 
provide  minimum  probability  of  error.  The  parameter  R  1l>  the  rate,  in  bits/ second, 
of  signal  transmission: 

log-M 

R  s  —-Hr~  bits/sec.  (3) 


and  C  is  the  so-called  channel  capacity  in  bits/sec.  for  this  gaussian  channel: 

C  =  W  log2  [l  + 

o 

N 

Here  W  *  ‘jy  is  ttie  channel  bandwidth,  Pav  is  the  average  power  availablo  from  the 
transmitter,  andn^/2  is  the  white  noise  spectral  density. 

(Equation  (4)  is  exactly  the  channel  capacity  of  the  gaussian  channel  first  obtained, 
using  a  random  coding  argument,  by  Claude  Shannon.  It  represents  the  maximum  rate 
of  transmission,  in  bits/ sec. ,  available  for  error-free  transmission  over  such  a  chan¬ 
nel.  Schalkwijk's  scheme  is  the  first  specific  signalling  scheme  known  to  obey  Shan¬ 
non's  previously  ideal  signalling  law,  and  this  accounts  for  the  interest  stirred  up  in  it. ) 

A  computer  simulation  o:  this  system  was  carried  out,  with  the  probability  of  er¬ 
ror  found  using  extremal  statistics.  Here,  because  of  the  relative  complexity  of  the 
system,  only  a  limited  amount  of  simulation  could  be  carried  out.  Specifically,  for 
N  ■  2S  repeated  signal  transmissions  and  R/C  ■  0.  $,  the  probability  of  error  was  found 
to  be  0.037,  while  for  SO  signal  transmissions,  the  probability  of  error  was  reduced  to 
2.  3X10*^.  Both  of  these  numbers  compare  favorably  with  results  of  an  pxact  analysis, 
possible  here,  the  complexity  of  the  system  notwi''  *  nding,  because  of  the  additive 


COMMUNICATIONS  AND  INFORMATION  PROCESSING 


391 


white  gam  Sian  noise  assumed  and  linear  operations  at  both  transmitter  and  receiver. 
(Had  the  noise  been  non-white  or  nongaussian,  or  had  some  simple  nonlinear  operations 
been  included,  exact  analysis  would  have  been  out  of  the  question.  Yet  the  simulation 
complexity  would  not  have  been  substantially  different,  pointing  out  the  utility  of  simu¬ 
lation  here. )  For  the  estimation  of  the  probabilities  here,  20  extremal  values  were 
again  used  to  estimate  the  two  parameters  while  50  samples  were  used  in  the  estimation 
of  probability.  The  total  number  of  samples  per  simulation  was  thus  1, 000. 


Details  of  this  work  were  presented  at  the  1968  Spring  Joint  Computer  Conference 
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NONPARAMETRIC  DETECTION  USING  EXTR FME-VALUE  THEORY 
L.  B.  Milstein,  D.  L.  Schilling  and  J.  K.  Wolf 

I.  Introduction 

In  this  research,  we  obtain  a  nonparametric  detector  which  is  based  upon  Gumbel's 
extreme-value  theory  (FVT).  This  theory  is  useu  to  estimate  the  "tails"  of  the  noise 
and  slsn&l  plus-noise  probability  density  functions.  These  estimates  are  in  turn  used 
to  estimate  the  optimum  threshold  and  error  probability  of  the  system. 

An  example  using  an  on-off  signal  embedded  in  unknown  noise  is  prt  sented  to  dem¬ 
onstrate  (he  detector  performanct  .  A  fading  signal  is  also  consid'^  red,  and  it  is  shown 
that  the  EVT  detector  is  now  adaptive.  The  esults  obtained  arc  compared  with  those 
obtained  using  a  parametric  detector,  and.  in  the  case  of  a  constant  signal,  with  a  non- 


392 


COMMUNICATIONS  AND  INFORMATION  PROCESSING 


parametric  detector  designed  using  the  rank  test.  The  EVT  detector  is  shown  to  out¬ 
perform  the  rank  detector  and  approach  the  error  rate  in  the  parametric  detector. 

II.  Nonparametric  Detection  Using  EVT 

1.  Extreme-Value  Theory.  EVT  concerns  itself  with  the  distribution  of  the  maxi¬ 
mum  or  minimum  of  a  set  of  n  independent  samples.  There  are  three  different  asymp¬ 
totic  forma  for  extreme  values,  de^'ending  upon  the  probability  density  ftinctions  of  the 
noise  and  signal-plus -noise,  from  wMch  the  n  samples  were  taken.  The  asymptotic 
form  of  most  interest  is  called  the  "exponential"  form,  which  is  valid  for  any  density 
which  goes  to  zero  on  either  "tail"  at  least  cs  fast  as  an  exponential.  Examples  include 
the  normal  density  for  both  maximum  and  minimum  values,  and  the  Rayleigh  and  chi- 
squared  densities  for  maximum  values. 

The  specific  forms  of  the  asymptotes  are  as  follows.  Defining  and  density  func¬ 
tion  as  f(x)  and  the  distribution  function  as  r(x),  we  have: 


,  -a  (x-u  ) 

lim  F(x)  =  1  -  i  e  ”  " 

n 

X«ii»00 


(1) 


,  <»,(x-u-) 

lim  F(x)  =  i  e  *  ^  (2) 

X— »-ao 


where 


F(u  )  =  1  -  ^  ®n  ""  " 

n  n  n  n 

and 

F(Uj)  =  -^  =  a  f(u^)  (4) 

These  expressions  are  only  accurate  in  some  reasonably  restricted  region  about 

either  u  or  u,. 
n  1 

2.  Using  EVT  for  Detection.  The  (our  parameters  o^.  Uj,  and  u^  are  esti¬ 
mated  from  samples  taken  in  an  initial  learning  period  (see  Section  II.  ?).  Assuming 
that  the  estimates  are  available,  they  are  used  as  follows;  Form  the  likelihood  ratio 
exactly  as  if  the  actual  densities  were  known.  However,  only  use  the  resul^r  in  the 
neighborhood  of  and  U|.  This  yields 


‘n<V  .%■’ 

^S+  N^*t- 


(x.  -  u  ) 
n  t  n 


”i' 


-  «,l 


Cii 


for  equal  aprlori  prot>ahilities  of  transmission. 


is  the  threshold. 
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Solving  (5)  for  and  then  computing  the  false  alarm  and  false  dismissal  errors, 
■we  obtain 


u,  O',  +  u  a  +  In 
1  !  n  n  a. 


S'- 


a.  +  a 
1  n 


P,  =  -i  e  "  *  " 

fa  n 


and 


(6) 

(7) 


*^fd  n  ® 


(8) 


3.  Estinnation  of  Parameters.  Following  Gumbel,  the  parameters  ffj,  or^^,  Uj  and 
are  estimated  by  obtaining  the  sample  mean  and  sample  standard  deviation  of  N  larg¬ 
est  (or  smallest)  values.  Each  extreme  value  is  taken  from  n  independent  samples. 

This  results  in  the  following  equations,  which  can  be  solved  for  the  four  parameters: 


u 


n 


(9) 


X 


1 


X. 


i 


1 

"Z 

a 

n 


In  (9)  and  (10),  ■y  is  Euler’s  constant. 


(10) 

(11) 


(l-J) 


Confidence  Intervals  have  been  obtained  for  the  u's  and  o's,  and  also  (or  the  eeti* 
mate  of  the  probability  of  error. 

III.  Example;  Constant  Signal  Embedded  in  Unknown  Noise 

As  a  specific  example,  consider  the  system  shown  in  Fig.  I.  A  is  a  constant,  A 
a  random  variable,  and  is  white  gauseian  noise.  The  densities  at  the  output  will  be 
Rician  when  signal  is  present,  and  Rayleigh  when  signal  is  absent.  The  tails  of  interest, 
are  the  tail  of  the  Rayleigh  at  large  x,  and  the  tail  of  the  Rician  at  small  x.  While  it 
might  seem,  at  first,  that  the  tail  of  the  Rician  at  small  x  la  not  of  the  exponential  char¬ 
acteristic  at  high  SNR. 

Using  values  of  A  *  7.  3$.  a  -  «.  n  ■'  100.  and  N  iO.  the  results  shown  in  Table  I 
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Fig.  I.  System  Block  Diagram 


nrere  obtuined: 


Variable 


Table  1 

Optimum  and/or  Actual  Value 


Experimental  Result 


% 

3.04 

3.  11 

a 

n 

3.04 

2.84 

'*1 

5.1 

4.95 

“l 

2.  65 

3.01 

4.03 

4.  04 

Pfd 

0.404  X  10*’ 

0.64  X  10 

.  .--3 

Pf. 

0.33  X 10  ^ 

0.71  X  10 

-3 
-3 

It  can  be  shown  that  the  optimum  value  of  n  is  ^or  maximum  values  and 

for  minimum  values.  Thus  n  should  approximately  be  1000  rather  than  100  to 
optimise  resuUs. 

IV.  Fading 

The  previous  exantple  is  r>ow  extended  to  the  case  where  the  signal  is  slowly  fading 
The  fade  will  be  assumed  to  have  a  Rician  amplitude  distribution,  and  also  be  slow  enough 
to  be  considered  constan'  over  approximately  in  bits. 

The  noise  is  still  assumed  to  be  stationary,  and  the  density  of  signal'plus'noise 
will  be  assumed  to  change  only  by  a  shift  in  its  mean  as  the  signal  fades.  This  assump* 
tion  is  only  approximately  correct,  since,  even  for  hi|;n  SNR.  the  variance  of  a  Rician 
density  depends  upon  its  DC  componeid.  The  results  will  show  that  the  assumption 
made  in  not  critical,  but  merely  mathematically  convenient. 

The  significant  difference  in  this  example  and  that  of  .Section  (III)  can  be  seen 
from  the  learning  period.  Whereas  before,  all  nN  samples  were  from  the  distribution, 
now  they  are  from  N  different  distributions  (in  the  learning  period,  it  it  only  necessary 
to  aeeumc  the  fade  is  constant  over  n  bite,  not  .n).  Therefore,  we  cannot  use  (1C)  and 
(Is)  to  estimate  U|  and  0|  as  before.  Note  that  we  can  still  use  (**)  snd  (11)  since  the 
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noise  does  not  fade. 

It  ran  easily  be  shown  that  if  two  densities  are  the  same  except  for  their  mean 
values,  then  the  densities  of  the  minima  from  n  samples  bf  each  of  them  will  also  be  the 
seme,  except  for  a  difference  in  their  means  (which  ia  equal  to  the  diffe^^once  in  means 
of  the  initial  variates).  Therefore,  we  can  use  the  minimum  of  the  N^  set  of  a  sanaples 
as  a  reference  value,  add  to  the  remaining  N-l  minima  the  difference  in  the  mean  of  tlM 
N  set  of  samples  and  their  0'.;n  means  (which  can  be  estimated  by  the  sample  mean  of 

each  set  of  n  bits),  cind  compare  values  of  u.  and  et.  as  if  we  liad  Nts  samples,  aU  of 

* 

which  ca^e  from  the  density  corresponding  to  the  N  fading  amplitude. 

Having  obtained  initial  values  of  Uj  anda^,  we  can  estimate  a  thresholc  and  begin 
the  detection  process.  After  we  make  n  "signal"  decisions  (which,  for  equal  apriori 
probabilities,  will  come  after  approximately  2n  bits  have  been  received),  we  now  find 
the  new  sample  mean.  New  values  of  u^  and  cr^  and  consequently  a  new  threshold  are 
then  determined.  This  procedure  is  then  repeated,  and  the  detector  will  be  adaptive, 
giving  a  new  threshold  for  each  new  fade. 

This  system  was  simulated  on  a  computer,  and  the  results  are  sI.own  In  Fig.  (2). 

It  can  be  seen  that  the  EVT  detector  threshold  is  similar  to  the  threshold  obtained  with 
the  optimum  detector,  even  for  very  deep  fades,  where  Gumbel's  theory  is  less  aCTUrate, 
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Fig.  2.  Comparison  of  Cptimum  and  £stlm«'’>^d  Thresholds 
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and  our  asaumption  that  the  signal-plv.a-noise  density  doesn't  undergo  any  distortion 
becomes  significantly  violated.  -In  terms  of  actual  errors  made,  both  systems  in  Fig.  (2) 
made  180  errors  in  3800  bits. 


V.  Comparison  with  Rank  Test 

The  rank  test  is  a  nonparametric  test  which  has  been  used  quite  often  as  the  basis 
for  a  nonparametric  detector.  The  test  consists  of  having  a  learning  period  during  which 
noise  samples  are  taken.  A  set  ot  unknown  samples  is  then  taken  and  interordered  with 
the  control  samples  according  to  size  (the  smallest  is  first  and  the  largest  is  last).  The 
tanks  (ordering  positions)  of  the  unknown  set  are  then  added  together,  and  if  the  sum 
esceeds  a  predetermined  threshold,  it  is  decided  that  signal  is  present. 


The  comparison  was  made  between  the  Rank  detector  and  the  EVT  detector  by 
assigning  the  same  false  cilarm  probabilities  to  each,  and  comparing  the  false  dismissal 
probabilities.  Because  the  rank  test  uses  m  test  samples,  the  bandwidth  and  hence  the 
noise  power  in  that  system  was  increased  by  a  factor  of  m. 


The  EVT  detector  was  found  to  give  a  smaller  false  dismissal  probability,  al¬ 
though  not  much  smaller.  The  significant  result  was  the  comparative  case  in  using  the 
EVT  detector,  which  occurred  because  the  rank  test  must  find  the  sum  of  the  ranks  of 
m  samples,  whereas  the  EVT  detector  simply  compares  one  sample  to  a  threshold. 
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NOISE -INTENSITY  SENSI'~IVITY  IN  OPTIMAL  STOCHASTIC  SYSTEMS 
P.  Dorato 

For  stochastic  systems  which  can  be  modelled  by  stochastic  differential  equations 
of  the  form 

d  X  =  f(x,  u)  dt  +  (T  (x)  d  4  , 
where 


X  -  n  dimensional  state  vector 
u  -  m  Qime>  -ional  control  input  vector 

-  sca!.ar  W .  ner  process  with  variance  parameter  a,  i.  c. 


\ 


-  a  At 


the  only  noise  parameter  is  the  noise  intensity  (variance)  Q.  The  problem  considered 
here  is  the  sensitivity  problem  associated  with  variations  of  the  cost  functional 

^  ^x)  /  ’ 

whore 

E^j  I  ”  denotes  the  expectation  operation  conditioned  on  -  x 
T  -  fixed  terminal  time 

vO  variations  in  the  parameter  a.  In  partio\ilar,  the  problem  is  to  evaluate  4^  when 
an  optimal  control  law,  u(t)  -  ♦(x^,  t)  designed  lor  a  nominal  value  of  a  is  \j.stMl  in  a 
system  where  the  noise  intensity  parrimeter  a  iias  been  perturbi-d  frtini  a  to  a  4  Ax. 
Since,  due  to  aginij  or  uncertainty,  the  true  v.ilue  of  n  is  seldom  .u-ailahle,  tlu'  sen¬ 
sitivity  problem  is  important  in  .my  jiraeliial  tlesicn. 

The  cost  sensitivitv  function  mav  'oe  evaluated  tollows.  Let  V  denote 

(M 

the  minimum  (it  is  issmm-cl  here  Ih.il  the  .'piim.il  systvoi  i  ■-  one  whiih  oMniini/es  C) 
value  of  C.  Then  it  is  wi-ll  knewn  that  must  s.itisiv  tin  er^u  duai 

0  ■  min  [k(x,  ul  ft'  (\,  u)  V  (D 

*  T  '  (x)  V  <>i)  '  V  1  . 


V(x,  tl  -  0. 


lor  ill  v 
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where  f  denotes  the  transpose  of  f  ,  V  denotes  the  gradient  (column  vector)  of  V 

*"  »•  X  r  g^y  1 

with  respect  to  ^  and  V  denotes  the  Jacobian  matrix  with  elements  I  ^  J  .  Let 

XX  *•  i  j  •' 

u  =  *(x  ,  t)  be  the  optimal  control  law  determined  from  (1)  at  the  nominal  value  for 

^  dC 

noise  intensity,  a.  Then  the  sensitivity  function  v  =  for  the  control  law  4  may 

be  computed  from  the  equation 

0  =  f  (x,  ®)  V  +  -r  O' '  V  O'  +  V.  +  ir '  V  (T  (2) 

—  '•'xZ-'-xx^tZ^xx^  '  ' 

v(x,  t)  =  0,  for  all  x,  where 


V  and  $  are  evaluated  at  their  nominal  values. 

XX 

A  paper  based  on  the  study  of  linear  systems  with  both  additive  and  multiplicative 
noise  was  presented  at  the  second  IFAC  Symposium  on  System  Sensitivity  and  Adapti¬ 
vity,  Dubrovnik,  Yugoslavia,  August  1968.  ^  In  particular,  for  the  linear  multipli¬ 
cative  noise  case  where  the  system  dynamics  are  given  by 

dx  =  Ax  dt  +  Budt  +  Gx  d|  ,  (3) 

and  cost  functional 

C  =  E  I  f  i'  x'  C  X  +  u'  Du  1  dsj  ,  (4) 

xl  L  -»s  «.S  S  ‘O'SJ  j 

the  sensitivity  function  is  given  by 

v(x,  t)  =  x’  S(t)  X  ,  (5) 

where  S(t)  satisfies  the  equa,ion 

S  +  (A  -  B'  P)  S  +  S(d  -  BD"^  EP)  +  G'  PG  +  oG'  SG  =  0,  (6) 

where  P  is  me  solution  ox  the  Ricalti  equation 

P  +  A'  P  +  PA  +  C  +  aC  PG  -  P(BD’*  B'  )  P  ^  0, 

with  boundary  conditions:  P(T)  -  0,  S,‘T>  -  0, 

Work  ic  in  progress  to  extend  some  cf  the  linear  results  discussed  above  to 
certain  classes  of  nonlinear  systems. 

National  Aeronautics  and  Space  Administration  P.  Dorato 

NgR  33-006-04.; 

National  Scienv;e  Foundation 

CU-1557 
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SYSTEM  IDENTIFICATION 
L.  Shaw  and  N.  N.  Gupta 

The  problem  of  system  identification  consists  of  finding  an  approximate  simple 
operator  which  maps  the  set  of  inputs  into  the  corresponding  set  of  outputs,  with  the 
minimum  possible  errors  (in  a  certain  sense). 

The  first  step  in  the  process  of  identification  is  classification  (or  model  elimi¬ 
nation)  v/hich  consists  in  using  the  data  and  knowledge  of  how  they  were  generated  to 
suggest  a  subclass  of  models  worth  tentatively  entertaining.  This  is  the  hardest  part 
of  the  identification  problem  and,  vmfortunately,  no  general  methods  of  attack  ave  a'/ail-j 
able.  The  next  step  in  the  process  of  identification  is  order  discrimination. 

Specifically,  the  problem  considered  he  -  e  is  the  determination  of  the  order  of  a 
linear  differential  system,  given  the  input  and  the  corresponding  output.  The  output  is 
observed  in  the  presence  of  rdditive  stationary  noise. 

I  STATIONARY  NOISE 

_ _  .  I  n(t) 

!tS2Li!!U  oiFFMNm - 

OPERATOR 

Fig,  1  Model  for  Identification  Problem 

Statement  of  the  Problem 

Given  the  input  u(t),  and  the  output  measurements  z(t)  =  y(t)  +  n(t),  and  assuming 
that  there  exists  a  system  satisfying  Eq.  (1). 

E  a.  Y^^V)  =  x(t)  and  Y(o)  =  Y^'^o)  =  =  Y^""^>(o)  =0  (1) 

i=  o 

(The  superscript  i  refers  to  the  order  of  the  derivative. )  Determine  the  order  n  of  the 
system. 

The  method  proposed  here  for  solving  this  problem  uses  the  following  theorem: 

Theorem  Given  the  system  Eq.  (1)  then, 

«)  Y(t),  Y^^^(t),  ....  y^”^t)  are  linearly  independent,  and 

b)  Y(t),  Y^''(t) . Y^^^t),  X(t)are  linearly  dependent. 

This  theorem  suggests  the  following  sequential  test  procedure  for  determining  the 
order  of  a  linear  differential  system. 

Test  if  the  order  is  one  by  checking  whether  N(t),  X(t)  are  linearly  de¬ 

pendent  or  not. 
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If  Y(t),  Y^^^(t),  X(t)  are  linearly  dependent,  then  the  order  ia  one. 

If  Y(t),  Y^^^(t),  X(t)  are  linearly  independent,  then  we  proceed  to  check  whether 
the  order  ia  tv/o,  and  ao  on. 

The  teat  for  linear  dependence  will  be  baaed  on  linear  functionala  involving  the 
input  and  output  functiona. 

We  ahall  aaatime  that  Y^*^^(t)  can  be  written  in  the  following  form  over  an  interval 
I  »  [0,  T] . 

l  \  ^ 

.^1  ‘^i(n+l)n(‘)  (2) 

where  ia  a  finite  orthonormal  set.  Also,  4i^(t)'s  are  chosen  so  that  they  and 

their  first  n  derivatives  are  zero  at  the  two  end  points  of  the  interval  I  (=  [o,  T]  ).  In 

that  case  the  expression  for  a. ,  .  ..becomes 

i(n+l) 

ai(„^l)*  Y<"^(t)  4.i(t)dt  =  (.1)" /^Y(t)4''V)dt  (3) 

The  linear  dependence  test  is  based  on  the  linear  functionals  involving  the  input 
and  output  functions.  These  linear  fxinctionals  are  determined  by  the  a's  which  must 
fir  St  be  estimated  from  the  available  datu,  i.  e. ,  the  discrete  output  measurements  z(t^), 

•  •  •  I 

Using  Eq.  (2)  for  n  =  0,  the  output  measurements  can  be  expressed  as 
m 

z(t)  =  E  a.,  +i(t)  +  n(t)  (4) 

i»l  “  ^ 

where  4ij^(t)  (i  s  1,  2,  .  -  rn)  are  non-random  real,  orthonormal  functions,  the  numbers 
a. I  are  unknown  real  numbers,  and  r4(t)  is  the  stationary  random  noise. 

The  problem  it  to  determine  the  numbers  a^|,  these  being  the  best  unbiased  esti« 
mates  of  the  values  of  the  linear  functionals  obtained  by  the  given  linear  transformation 
L  of  the  signal  component  of  the  function  s(t)  ot'er  the  interval  I.  The  transformation  L 
is  given  by  Eq.  (3) 

Let 
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L  ■ 


Ljj[4'j(t)]  -  -  -  - 


z  s  [z(tj)  . . .  z(t^)] 

L.,  5  J  ^  (t)  4,  (t)  dt 
■’  I 

Let  E  [n(t)]  =  0  for  all  t. 


Let  b"^  be  the  correlation  matrix  of  n(t)  over  the  interval  I. 
r,  r  '  ' 

The  estimate  of  is  given  by  Eq.  (  ' 

=  z  B  4/(0;'^  B  4-)"^  L  (5) 

and  di-s-pcrsion  of  the  estimates  by  Eq.  (6) 


Dj,i  =  l"^  (4;^  B4i)‘^  L  (6) 

Similarly,  we  can  estimate  a^,  .  .  .  ,  Further  we  express  the  input  in  terms  of 

°l(n+2)’ 

*^m(n+2). 

Now  to  test  the  hypothesis  that  the  system  is  of  order  (n-1)  against  the  null  hypo¬ 
thesis  that  the  system  is  "  order  n,  we  check  whether  are 

linearly  dependent  or  im.opondent.  To  do  this  we  proceed  as  follows.  V''e  fo:-m  the  test 
matrix  N; 


m 

the  4)'s  as  x(t)  =  “i(n+2)‘^i^^^ 


N  S  [  «’, 


n+1  n+4i 
a  ,  a 


■  “t  (n+2) 


“m  fn+i)J 


Then  wc  determine  N^',  the  generalized  inverse  of  N  (by  the  method  of  Ia>Budde 
N.  Y.  U.  New  York, Private  Communication).  Our  lest  function  is  the  trace  of  the 
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projection  transformation  P(=  NN'^).  This  projects  the  vectors  onto  the  space  spanned 
by  the  column  vectors  of  N.  The  trace  of  P  is  equal  to  the  rank  of  N.  (If  there  were  no 
noise  in  the  obsr  ^  lo  it,  this  rank  would  be  equal  to  the  order  of  the  system. )  There* 
tore,  we  test  whether  the  trace  of  P  is  n  or  (n*l).  If  the  trace  of  P  =  n-1,  we  say  the 
system  is  of  order  (n-1).  If  the  trace  of  P  b  n,  then  we  go  ahead  to  check  whether  the 
system  is  of  order  n  or  of  order  (n-fl). 

Present  Status 


Programs  are  being  written  to  test  the  method  in  simulated  data.  The  theoretical 
development  is  concentrating  on  the  problem  of  evaluating  the  erron  induced  on  the  trace 
calculation  by  the  observation  noise. 

U. S.  Army  Research  Office,  Durham 

DA.31-124.ARO-D.3l6  L.  Shaw 

N.  Gupta 
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ON  STATE  ESTIMATORS  FOR  NONLINEAR  SYSTEMS 
Y.  O.  Yuksel  and  J.  J.  Bongiorno,  Jr. 

L  A  General  Description  of  the  State  Estimation  Problem 

Often  in  control  system  designs,  the  state  vector  of  the  plant  is  assumed  to  be 
available  for  measurement.  However,  in  many  cases  the  number  of  independent  out¬ 
puts  is  less  than  the  number  of  states.  Hence  it  is  not  possible  to  construct  the  state 
vector  via  a  memoryless  transformation. 

12  3  4 

It  is  shown  that  *  *  '  if  the  plant  is  linear  and  completely  observable,  an 
estimate  of  the  .  ^ate  vector  can  be  constructed  using  a  dynam'c  system  of  order 
less  than  that  of  the  plant.  The  estimate  of  the  state  vector  differs  from  the  actual 
state  vector  by  an  error  vector,  norm  of  which  decays  exponentially  to  zero. 

Methods  given  in  all  four  papers  are  essentially  the  same.  Luenberger's  work^'  ^ 

constitutes  the  original  study.  Work  by  Bongiorno  and  Youla^  should  l>  noted  for  its 

better  formulated  approach  imd  investigation  of  effects  of  the  observer  in  the  feedback 

a 

loop.  Finally,  the  work  by  Wolowich  consists  of  an  algorithm  to  design  the  estima¬ 
tor  (or  observer)  and  stands  alone  for  its  treatment  of  time  varying  systems. 

The  topic  of  state  estimation  offers  a  fruitful  area  of  research.  In  all  of  the 
three  methods  mentioned  there  is  a  certain  degree  of  freedom  which  can  possibly  be 
used  to  optimise  a  cost  function.  For  example,  observer  poles  are  completely  arbi* 


?f-«»'»%1^p»l¥1:»-,^«».-a^™na,^-»-.:-S--.-:«-irrt^  ,r!»j>f.a7agSpqpg>*^l.'Wi 
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trary.  However,  their  location  affects  the  rate  of  decay  of  the  error  vector.  It  is  also 

3 

shown  that  for  some  cases,  moving  these  poles  to  (>00)  may  result  in  a  vory  large 
cost.  This  final  result  is  obtained  using  a  certain  cost  index.  Investigation  of  this 
behavior  for  other  types  of  cost  indices  may  lead  to  very  interesting  and  imusual  re* 
suits.  Finally,  estimators  for  nonlinear  plants  ai  ^  '^ot  treated  in  any  publication 
known  to  us. 

II.  Autonomous  Systems  with  Linear  State -Output  Relationships 


In  this  section  we  will  consider  a  plant  of  the  form 
X  =  Fx  +  v(?c) 

X  = 

where 


x:  the  n  dimensional  state  vector 

'V 

y(?c);  an  n-vector  valued  function  of  vector  x 
F:  an  nxn  matrix 

yt  the  p  dimensional  output  vector 

Hi  a  pxn  matrix 

Our  aim  is  to  design  a  dynamical  system  which  gives  at  its  output,  an  estimate  of  the 
state  vector  of  the  plant.  For  this  system  which  we  will  call  the  "state  estimator 
for  plant  1"  we  will  assume  the  form: 


k  =  Az+  By  +  q  (y,?) 

S=  w[1 1 

where 


(2) 


z: 

V 

m  dimensional  state  vector  of  the  estimator 

A 

x: 

■V 

n-vector,  the  estimate 

A; 

an  mxm  matrix 

B: 

un  mxp  matrix 

q: 

in-vector  valued  function 

W: 

an  nxn  matrix 

m  e 

n-p 

We  will  also  make  following  assumptions 

A-1. 

P  B  (H*  |F*H'  !  ...  1K'"''h')*  has  rank  n 

ii) 

A-il. 

QsfH|An|...  |A'^'’n)  has  rank  m 

(4) 

> 

1 

Equation  1  is  derived  from  an  nth  order  differential  equation. 

Ritm 
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i*  0*  t 


*n-l  ®n-l 
-a*  “a_  , 


!•  1 


*'  U  ' 


'Vfe')  “  •  I  =  -  «n 

"“0 


Suppose 

«  =  T?t  +  €  « 

where  $  is  the  tn>dimensional  error  vector.  Substitution  of  £q.  (6)  into  Eqs.  (1)  and 
(2)  together  with  choice  (sec  Refs,  (l),  (2),  (3)) 

TF  -  AT  =  BK  ( 

yields  &  differential  equation  for  the  error 

e  =  Ae  +  o  (Hj|,  a)  -  T  Y(ji)  (' 

It  is  seen  that 


?  — 


when 


t  — 00 


T  *  (T|^'  (9) 

then  the  choice 

(10) 

reduces  Eq.  (8) to 

e  ■  Ae  ( n ) 

V  V 

stability  of  which  can  easily  bo  achieved  by  choosing  eigen  values  of  A  in  the  left  half 
plane. 

Note  that  the  estimator  is  linear  with  this  choice.  On*  intuitively  feels  that  there 
must  be  a  be^  : probably  using  a  nonlinear  estinutor  structure. 
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We  will  investigate  this  possibility  for  systems  with  the  number  of  outputs  one 
less  than  the  number  of  states. 

i.  e.  p  =  n  -  1  m  =  1 

In  this  case  we  can  expand  a  into  a  series  with  respect  to  the  second  argument 

o  (H^,  T?c  +  e)  »  a  (H?t,  Tj{)  +  o'  (H^t.  T?t)  e  +  . . .  <l2 

where  (' )  denotes  the  /  partial  derivative  with  respect  to  the  second  argument.  Then 
the  choice 

a  (Ufc.  T^)  =  T  y(^c)  =  -  T^e„f(*t)  =  -  t  f{^)  (13 

reduces  Eq.  (8) to 

2 

e  =  [A  -  tf  (H^i,  Tx)]  e  -  tf  (H?c.  T?t)|  +  ...  (14 

For  some  systems  second  order  terms  arc  actually  zero  (e.  g. ,  piecewise  linear 
functions).  The  remaining  problem  is  the  stability  of  a  linear  differential  equation 
with  time  varying  coefficients.  Note  that  the  estimators  obtained  by  the  earlier  men¬ 
tioned  choice  t  s  0  constitute  a  subclass  of  the  estimators  obtained  this  way. 
in.  Non-Autonomous  Systems  with  Additive  Input  Term 

Consider  a  plant,  dynamics  of  which  can  be  shown  as 

5c  =  F;^  ’  y(ji)  +  g(u)  (15 

'  ^ 

where  g(u)  is  an  n- vector  valued  function  of  the  -  input  vector  u. 

A  system 

?  =  Az  +  By  +  a  (y,  *)  +  Tg(u) 

,,  y  (16 

X  =  VV  (^) 

with  A,  B,  0  and  T  satisfying  earlier  mentioned  conditions  will  be  an  estimator  for 
Kq.  (15).  Proof  to  trivial. 

IV.  Example 

Consider 


where  f(x)  is  as  shown  in  Fig.  I. 


(■  ' 
\.l/5  0 


{:) 


I.t  H  «  (.!  I) 


E-l 
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Equation  (14)  takes  the  form 

«  ■  fa  -  tj  f*  (H*.  T»)l  e 

where  T  «  (tj  t^) 

V  (Hx,  Tx)  •  u  <Tx  -  1)  -  u  (.Tx  -  1) 

where  u  represents  the  unit  step  fwction.  Therefore,  a  choice  satisfying 
a  -  t2  0 

satisfies  one  of  the  conditions. 

Second  condition  to  be  satisfied  is 

(tj  t^)  F  -  a  (t,  t2)  ■  b  (-1  I) 

Both  conditions  are  satisfied  by 
2  3 

a  *  •! ,  tj  ■  >y  *2  *  ’  ^  *  7 


which  implies 

W  e 


,-5/3  5/3. 
^2/3  5/3' 


Hence 


a  ■  -  a  ♦  3/5  y  •  /{»)  ♦  u 


-  •  1/3  cl  \)  (J) 
is  an  estimator  fot  E-l. 


E-2 


E-S 

E.4 


E-S 


E-6 


E-? 


E-8 


E-O 
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STATE  ESTIMATION  OF  A  SCALAR  UNEAR  SYSTEM  WITH  RANDOM  COEFFICIENTS 
R.  Fits  and  R.  A,  Haddad 

The  basic  problem  considered  in  this  study  is  the  state  estimation  of  a  scalar 
linear  dynamic  system  with  random  coefficients.  The  model  for  the  message  process 
and  observations  are  given  by  the  ^  equations. 

dx(t)  =  taR)  +  dPj  b(t)  ]  xR)  +  cR)  dp^R)  (1) 

.  ds(t)  =  h(t)  xR)  dt  +  dT)(t)  (2) 

where  x(t)  is  the  state  to  be  estimated,  xR  )  is  a  Gaussian  random  variable  with 
E  ^{t  )}  =  X  and  E  {(x  -  x  )  }  3  u,  ,  aR),  b(t),  and  c(t)  «re  continuous  time -varying 

00  -  O 

coefficients,  ^(t)  =  P^R)  r  is  a  two-dimensional  BrOwnlaa  motion  process 

with  E  {d£R)}x  0  and  £  {d£  dg^^  )  s  Q  dt  =  diag  {qj,  q^  )dt,  «(t)is  the  information 
state,  h(t)  is  a  continuous  time -varying  gain,  and  nR)  is  a  scalar  Brownian  motiw* 
process  with  E  (drt{t) )  s  (j  and  E  {(1*1  {i^)  «  r^  dt  where  r^  is  greater  than  aero. 
Throughout  this  note,  time  indke«  afe  omitted  in  cases  where  it  causes  no  ambiguity. 

The  minimunt  estimate  ts  the  mean  vf  the  v  ondUional  probability  density  hincttoi 
p(t,  x|s(t)  )  where  s(t)  •  (sfs) :  t  >  ;  >  t  K  R  g(x)  is  a  twice  continuously  diCferenticble 
scalar  function  of  the  xR)  process,  then  Kushner  has  shown  that 

d£^  gtx(t))  *  e'  jx(tl  1  ♦  (E*  gx  -  g  B^xMdi  -  HE'  x  dt)  (3) 

whxrr  E^{‘ )  denotes  eKpeclation  of  (• )  with  re»pevt  to  p{t,x|aR)  )  and  JTis  the  dilhtsion 
ooet  atof  for  ihe  sR)  process  and  is  given 


/(• )  *  a  xR) 


Mil 


I  -  >  »  I  * 

♦  I  (h*  x‘R)  qj  ♦  «  “ 
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Denoting  E^x  by  4»  and  using  Eq,  (3),  the  stochastic  differential  equation  for  the 
conditional  mean  is  given  by 
u- h 

d4)  =  a  <|>  dt  +  ■'  2’'  {  dz  -  h  «|»  dt  }  (4) 

r 

4»(t  )  =  X 

'  '  o'  o 

where  is  the  covariance  of  the  conditional  density  function  p[t,  x(t)  |z(t)  ],  To  derive 
the  stochastic  differential  equations  for  the  central  moments  of  p  [t,  x(t)  (z(t)  ]  the  pro¬ 
duct  rule  for  stochastic  differentials  must  be  used  in  addition  to  Kuahner' s  equa¬ 
tions^’  Denoting  E^[(x  -  <t>)*^]  by  u^^,  the  stochastic  differential  equations  for 

the  certral  moments  are  given  by 

dUk  =  (aki  +  ak2  -f)  Uk  dt  +  ak3  <t>  Uk.,  dt 
r 

+  (aj^4  +  ak5  +  ak^  u  dt 

+  ^“k+1  ”  ^  ^2  “  h  4>  dt)  (5>) 

r 

where  the  Sk^  are  dimensionless  constants  given  by 


ak-.  =  -  k  h‘ 


a  =  k  (k  -  1)  b'^  q  ,  +  (k  -  1)  a(t) 


®k4  ”  2 


-il 

2 

kLk  -  11 


b  q  , 


Equations  (4)  and  (5)  constitute  an  infinite  set  of  equations  which  generate  the  minimum 
variance  estimate  of  the  dynamical  system  specified  by  Eqs.  (1)  and  (2). 

In  practice,  Eqs.  (4)  and  (5)  represent  an  infinite  sot  of  equations  and  hence  suit¬ 
able  approximations  must  be  found.  One  approach  that  has  been  utilized  in  finding  a 
finite-order  approximation  is  to  introduce  an  intermediate  step  of  considering  truncated 
llcrmite  expansions  of  the  conditional  probability  density  function.  ^  Under  suitable 
conditions  on  the  conditional  density  function  and  for  a  given  tj  and  z(tj),  we  have  the 
following  expansion: 
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p  [t,,xh(t,)]= 


(6) 


•where  0  =  [  ]  , 

^F2 


2  n=0 

(fi  and 


H  '  s  are  Hermite 


are  the  mean  and  covariance  respectively  of  p  [tj,x|z(tj'  ^ 

polynomials,  a  set  of  polynomials  complete  in  J! "  oo,  i  orthogonal  with  weight 

2  3 

exp  [0^/2],  and  are  called  the  •' quasi  moments"  of  p  [t.,  x|z(tj)]  ,  The  Hermite 

polynomials  are  given  by 

H  (x)  =  (-l)"exp  [+x^/2]  exp[x^/2] 

“  -1,.^ 


fix 

and  can  be  expressed  explicitly  by  the  following  summation 


[n/2  ] 

H  (x)  =  n  J  X 
"  m=0 


,  ,.m  u-2m 
(-1)  X _ 

,m 


ml  2  (n  •  2m)  I 

where  [n/2]  is  he  largest  integer  less  than  or  equal  to  n/  2.  In  the  usual  way  the 
coefficients  c^  can  be  calculated  and  are  seen  to  have  the  following  dependence  on  the 
central  moments  of  p(tj,  x(z(tj); 

U/2]  (.1,  ^ 


Cn  =  hi 


n-  2m 


\'  _ 

■m=  0  (U-)  ^  2*^^  ml  (n  -2ni)I 

2  ^ 


(7) 


Finite  dimensional  approximations  to  Eqs.  (4)  and  (5)  can  be  obtained  under  the 
following  assumption;  For  all  t  and  z(t),  p  [t,  x|y.(t)]  can  be  described  by  a  finite 
Hermite  expansion.  If  p  [t,  x|z(t)l  is  approximated  by  retaining  only  the  first  n  coef¬ 
ficients  of  (6),  then  the  resulting  approximation  to  Eqs.  (4)  and  (5)  is  called  an  n‘ 

th 

ordelr  approximation  of  tin?  optimal  estimator.  For  an  n  order  approximation,  Cj^  =  0 
for  all  k  >  n  +  1.  In  particular  which  by  Eq.  (7)  implies  that 


1^1  (-l)'""’u 

,  X  '^n-2m+l 

“n+1  =  - - 

m®  I 


,th 


n-2  ni+ 1 


.m 


ml  (n-2m'fl)  1 


(8) 


By  Eq.  (8)  the  (n  +  1)  central  momciit  c.m  be  expressed  in  terms  of  lower  order 
moments,  thus  the  equation  for  fin  opiii\jal  v  .itimator  can  be  terminatefi.  An  order 
approximation  is  specified  byi  1)  tin-  stiu  ha siic  <Uficrrntial  for  the  mean,  Eq.  (4), 

2)  The  stochastic  differential  equations  for  the  n  coniral  moments,  Eq.  (S),  and 

1)  the  equation  for  the  (n  -f  I)**  i  antral  mnmem  in  terms  t>f  the  Itjwer  moments,  Eq.  (8). 
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For  example,  if  n  =  3,  the  3  order  approximation  is  given  by 

d^  =  a  ({>  dt  4  2  I  -  h  4>  dt } 

r 

‘I’  -  \  2 

^  "y  7?  hu* 

du2  =  (2a  +  b  q  j  "  ^  q  I  4>^  +  q  I  +  '**"2"  1  ”  h<|)  dt } 

T  r^ 

d  U -j  P  y  3h  y  y 

=  [3a  +  3b^  q^j - U3  +  6  b^  q‘  <J>  U2 

r 

U3(to)  =  0. 

Work  is  being  completed  on  the  following  related  topics: 

!)  extension  of  results  to  vector  models 


2)  stability  analysis  of  the  optimal  and  suboptimal  estimators 

3)  engineering  realization  of  the  estimator  equations. 
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MINIMUM  SENSITIVITY  DESIGNS 
J.  J.  Bongiorno,  Jr. 

The  results  of  an  earlier  effort'  have  been  extended  to  multivariable  control  sys¬ 
tems  of  the  form  shown  in  Fig.  1.  The  transfer  function  matrices  G^(8)  and  H{s)  are 

to  be  determined  and  G  (s,o)  is  the  transfer  function  matrix  of  a  stable  plant.  Without 

P  *  « 

loss  in  generalityi  one  can  assume  that  all  three  of  the  above  transfer  function  matrices 

are  n  x  n  and  that  the  normal  rank  of  G  (s.o)  is  n.  (The  normal  rank  of  a  matrix  is 

P 

r  if  there  is  one  minor  of  order  r  which  is  not  identically  zero  and  all  minors  of  order 
greater  than  r  are  zero.  )  The  symbol  a  denotes  the  nominal  value  of  the  plant  param¬ 
eter  vector  and  any  deviation  from  the  nominal  is  denoted  by  bo.  Only  small  deviations 
in  each  component  of  6a  are  assumed.  It  is  also  assumed  that  a  physically  realizable 
(the  elements  of  the  impulse  response  matrix  are  causal)  nominal  transfer  function 
matrix 

W(s,a)  =  Gp(s.a)  G^(s)  [l^  +  H(s)  Gp(8,£)  G^(s)]  ''  (1) 

has  been  specified.  In  Fq.  (1),  1^^  denotes  the  n  x  n  identity  matrix. 


Fig.  1  System  Block  Diagram 


The  objective  is  the  determination  of  physically  realizable  transfer  function  ma¬ 
trices  G  (s)  and  Hfs)  for  which  the  sensitivity  measure 
c 


S"  J  <lS.a  <S.a 


is  minimum.  In  Fq.  (d)  is  the  response  when  instead  of  £  the  parameters  take  on 
the  value  a  +  6n.  The  not.ation  ^(  •  )^  for  the  exjx'cted  value  of  (  •  )  is  used. 

When  the  elements  of  6a  are  all  small,  are  independent  <>f  th«‘  process  generating 
r  ,(t),  and  possess  zero  means  it  follows  to  within  first-order  effects  th,it 

n  jit’ 

s.'J  Jrj  I  m 

1  ,£■  t  a  I 


wlu'n*  is  the  n-dim  m^ ional  vecft.r  vU  of  whose  <  lomoi,is«  arr  ;'.>  ro  <  xcept  for  unity 


-!*.<« i*-K. 
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in  the  1-row,  for  an  arbitrary  matrix  function  of  s  the  carat  denotes 


A(s)  =  A(-s). 


In  Eq.  (5),  N  is  the  dimension  of 

=<®"l  S"m>' 


W^r  Ur 


.-'V. 


’rr  "  I  £d'<*  T)>d'®^dT. 


The  solution  for  the  physically  realizable  H(s)  which  minimizes  s  is  given  by 


H=  jr,;^  A'j^  [  A-]*^ 
when  the  spectral  factorizations 


«=A  (-s)  A(8)  ■  A,..(8) A{s) 


w  (-8)W(8)  r  (-a)r(8)«r^,f8)r(8)  (lO) 

are  possible  where  A(8)  together  with  A  ^(s)  and  r(8)  together  with  F  ^(s)  are  analytic 
in  Re  s  >  0.  Also, 

lr,‘'w,a\-  J*”  '■.■'w.a  .•'d.  <«.  dii 

I  O'*  -joo 

is 


The  solution  for  as  obtained  from  Fq.  (1)  is  then 

G^(s)  •  G„‘*  (s,o)[  1  -  W(s)H(s)r*  W(s).  (U) 

c  p  ^  n 

One  can  shtm  in  certain  cases  that  the  specification  of  W(s)  can  be  made  so  as  to 
guarantee  the  physical  realizability  of  G^.(s). 

The  above  solution  depends  on  the  spectral  factorizations,  Fqs.  (9)  and  (10). 
Conditions  for  which  these  factorizations  are  posaible  when  all  matrices  are  rational 
have  been  derived  with  the  aid  of  Ref.  i.  The  spectral  factorization  Fq.  (9)  is  always 
possible  when  !W(jy  )\  f  0  for  all  finite  s  •  ju  axis.  The  spectral  factorization  (Fq.  10) 
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is  always  possible  when  the  factorization  Eq.  (9)  is  and 

1.  4(s)  is  analytic  on  the  finite  s  «  ju  axis 

2.  is  positive  definite  for  all  finite  w 

3.  positive  definite 

4.  n  X  n  N  matrix 


ac 

8G 

_ P 

L®“i 

_ p 

da  2 

s  s  a 

_ P 

®"n. 

has  normal  rank  n. 
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AN  APPLICATION  OF  NONLINEAR  FILTERING  TO  THE  PROBLEM  OF  PARAMETER 
ESTIMATION 

L.  Shaw  and  B.  Rubinger 

There  is  considerable  interest  at  the  present  time  in  the  question  of  nonlinear 
filtering.  This  problem  pertains  to  finding  the  optimum  estimate  of  the  state  of  a 
system  based  on  the  available  data;  and  Is  of  obvious  relevance  to  the  problems  of 
satellite  tracking  and  missle  interception.  Thu  standard  approach  to  nonlinear  estima¬ 
tion  has  been  the  linearization  of  the  system  equations  about  the  present  state  followed 
by  the  application  of  linear  system  theory,  ^  In  problems  where  the  nonlinearity  is 
significant,  this  technique  leads  to  serious  error  and  subsequently  second  order  approx¬ 
imations  have  beer*  employed.^  In  lieu  of  these  approximations,  the  approach  of  the 
present  study  has  been  to  expa:;d  the  probability  density  functions  in  terms  of  orthogonal 
polynomials.  The  effect  of  the  nonlinear  system  on  the  terms  of  such  an  expansion  has 
been  investigated  and  equations  derived  for  updating  the  moments  of  the  density  function. 
This  method  is  then  applied  io  a  problem  of  parameter  estimation. 

This  rcsoarcii  is  concerned  with  the  analysis  of  a  plan;:  which  has  an  unknown 
parameter.  I'he  system  under  consideration  is  described  by  the  equations 

Xk^l*  ‘k  ^k^'^k 

(I) 

^*k  *  ^  ^k  ^  '‘k 


'fi>..  ■ 
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where 

ia  the  state  vector  (at  time  t^) 
aj^  is  the  plant  parameter 

ia  the  measurement  at  time  tj^ 
hj^  is  a  known  parameter  of  the  measurement  system 
Wri  Vj^  are  white  noise  sequences  with 
E  (wj^l  =  E  fvj^]  =  0 


E  (  w.  =  q'- 


E  I  V,  ^ 


The  initial  condition  for  ^  gaussian  random  variable: 


”  ry” 

V  2v  0, 


(x-Xq)^ 
exp  [  -  1/2  - ^  ] 


(2) 


and  the  unknow.)  gain  is  assumed  to  be  described  by  the  a  priori  density 

1  (a  -  a  )- 

Pg  (a)  »  p= —  exp  f-  1/2  - 2 -  ) 

o  vZir  a  o 

a  a 


(3) 


If  we  define  to  be  the  collection  of  all  data  available  at  time  t,  ,  the  problem 

I  ^ 

is  to  find  the  density  function  P{a,  X^l^  )>  which  makes  use  of  all  currently  available 
information  in  the  estimation  of  the  state.  Employing  Baye's  rule,  one  obtains  an  ex¬ 
pression  for  updating  the  estimate  of  the  state.  This  relation  takes  the  form 
PU.Xk  +  pZ  )• 


/p(.,«JzNp(x,.,|..  VP(\.| 

^  H-t- 1  ^  \ 

f  (  numerator  )  d  (a.  X 
with  tliv  starting  relation 

...  ... 

P(a.  ’  T - 

j  (nun)frator)  d  (a,  x^) 


(4) 


An  examination  of  Eqs.  (4)  and  reveals  that  no  direct  solution  to  Sese  equa¬ 
tions  exists  and  that  approximating  procedures  are  necessary.  Therefore  the  density, 

P(a,  Xb  I  ^*3  expressed  as  a  two-dimonsiunal  orthogonal  series,  and  expressions 
k  I  k+- 1 

were  obtained  for  the  corresponding  expansion  describing  P(a,  Xg.^|l^  )•  I'hc  ad¬ 

vantage  of  this  approach  over  other  approximation  techniques  is  that  it  guarantees 
mean- square  convergence. 
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COMPUTATIONAL  EVALUATION  OF  EXPECTED  PERFORMANCE  INDICES 
L.  Shaw,  S.  Revkin,  E,  Frankfort 

The  work  on  this  subject  which  was  described  in  the  previous  semi-a.inual  report 
was  continued.  ^  In  particular,  mean-integral  squared  performance  was  evaluated  for 
the  following  time -delay  system. 

One  axis  attitude  control  of  an  HUP-1  single  rctor  helicopter  was  considered. 

The  vehicle' s  dynamics  are  represented  by  the  transfer  function 

12.  1 

=  sTrrosT 


Control  is  applied  by  a  man  with  transfer  function 

-.  Is 


H(s)  = 


K  e 


1  +  sT 


where  T  is  the  random  variable  neuromuscular  time  constant. 


n 

action  is  based  on  an  error  derived  by  unity  negative  feedbacK, 


The  controller' s 
as  shown  in  Fig.  1. 


Fig.  1  Feedback  System 

Considering  1'^  to  vary  frutn  person  to  person  according  to  a  uniform  distribution 
betwiM^n  0  anfl  d.  "  seconds,  the  vaiuu  of 


F.  If  e-(t)dl|  =  >  /  c‘'(t)dt 

0  I'^^O  O  ‘ 

was  found  for  lh<-  case  of  r(t)  ^  0,  and  the  non-i^ero  initial  stater 


(1) 


oft) 


I 


-  0.  I  <  t  <  0  . 
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Truncation  of  the  sum  in  Eq.  (1)  at  0,  3,  and  9  yielded  almost  the  same  resultSi 

indicating  that  such  small  truncations  may  well  yield  good  approximations  to  Eq.  (1). 

When  a  Monte  Carlo  method  was  tried  using  5  realizations  (comparable  in  complexity 

2 

to  a  truncation  at  i  =  4)  much  poorer  stability  of  the  estimate  was  observed. 

A  second  computational  example  was  based  on  the  system  in  Fig.  2,  in  which  the 
reference  signal  r(t)  was  zero,  a  was  a  random  variable  uniformly  distributed  between 
zero  and  one,  and  the  initial  conditions  are  e(o)  s  1,  e(o)  =  0.  The  performance  index 

P  =  E  [/  (t;  a)  +  \  m^  (t;  a)]  dt 

was  evaluated  directly  to  be 


Fig.  2  Computational  Example 


Numerical  values  of  Eq.  (2),  for  various  choices  of  X,  k  and  a,  were  compared  to 
corresponding  approximations  using  4  and  7  terms  of  the  series  expansions.  These 
low  order  approximations  were  quite  good. 

The  theoretical  basis  for  this  orthonormal  function  technique  is  summarized  in 
Ref.  4. 
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ERGODICITY  FOR  NON-STATIONARY  PROCESSES 
A.  Papoulis 

In  the  usjial  definition  of  ergodicity  it  is  assumed  that  a  process ^^(t)  is  stationary, 
and  conditions  ar;  studied  for  the  time  average 

-  1 

R  (r)  =  lim  J  x  (t  +  r)  x '  (t)  dt  (1 ) 

T—  00 

to  equal  the  ensemble  average 

R(t)  =  E  (x  (t  +  :  )  x'' (t)}  (2) 

If  x(t)  is  not  stationary,  then  its  autocorrelation 

R  (t.  r)  =  E  {x  (t  +  r)  (t)}  (3) 

is  a  function  of  t  and  7,  It  cannot  therefore  equal  ihe  time  average  ^  (t)  which  is  a  func¬ 
tion  of  T  only. 

However,  if  wc  form  the  time  average 


1?^  (r)  =  lim 


1 

IT 


T  — 


T 

f  R  (t.  r)  dt 


(4) 


then  in  certain  cases 

R(r)  =  'B'(^)  (3) 

It  is  of  interest  to  establish  conditions  for  the  validity  of  Eq.  (5).  We  have  considered 
the  following  special  case; 

Given  a  stationary  process  3  (t)  with  autocorrelation  Rg(r).  wc  form  the  periodic 
process 

X  (t)  =  s  (t),()  c,  t  c  T 

(t  +  T)  =  X  (t) 

This  process  is  non-statiunary  and  its  autocorrelation  is  given  by 
H(t.  K,(  ,  - 

t  +  e  :»>  I  +  t  s  n  T  +  ^  where  m  .^nd  n  are  integers.  We 

i  «e  « 

show'  that  the  time  average  R  {')  of  x  (t)  ts  given  liv 

R  {-)  s  Rj-  1  (i  -  -J.)  +  R^  (T  -  <  r/Al?  (r  +  T1  =  (■) 


an<l  it  satisfies  Ec|.  (SI 
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W«  not.  that,  with  «  a  random  varUble  uniformly  distributed  In  the  Interval  (0,  T). 
the  process 

a  (t)  «  X  (t  -  s) 

Is  stationary  and  Its  autocorrelation  Is  given  by 
\  (t)  ■  \  (t)  ■  B,  (t) 

Thus,  If  a  random  Jitter  Is  introduced  Into  the  non- stationary  process  x(t),  the  re- 
suiting  process  »(t)  is  stationary  and  its  autocorrelation  equals  the  time  average  of  the 
autocorrelation  of  2(t)* 

The  validity  of  Eq.  (5)  is  Investigated  for  more  general  conditions. 

National  Science  Foundation  ^  Papoulis 

GU-1557 

Joint  Services  Technical  Advisory  Committee 
AF  49(638)-1402 


DUAL  OPTICAL  SYSTEMS 
A.  Papoulis 

In  the  following  development,  all  signals  are  assu/ned  monochromatic  with  angular 
frequency  w  and  all  lenses  thin,  Uluminated  by  narrow  beams.  For  simplicity  of  no¬ 
tation,  the  analysis  is  carried  out  in  terms  of  two-dimensional  fields  and  cylindrical 
lenses.  The  extension  to  three-dimensional  fields  and  spherical  lenses  is  self-evident. 

Diffraction 

Suppose  that  the  complex  amplitude  of  an  optical  field  on  a  plane  Pj  equals  a(x). 
With  the  usual  approximations.  ’  the  complex  amplitude  of  the  field  b{x)  on  a  plane  Pg 
distance  Sj  from  Pj  is  given  by 

b(x>-  /*  aaie^’^’^de  . 

-00 

where  (Fig.  1(a)  ) 

r  •  (sJ  4  (x  -  i)^  1,  k»w/c»2e/K  .  (2) 

The  (unction  a(x)  is  such  that 

a(x)  »  0  (or  U!  >  x^  x^  «  Sj  . 


* 


In  all  equations,  a  constant  factor  (independent  of  x  or  u)  will  be  omiHc«f7 
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‘‘“K  tu 
)»»A(u)  \\r 


o(«l'«>AM  ir 
6(«)  — B(a)  A! 


p  Tp 
|^|%»# 


2 

Fig.  1.  (a)  Diffraction  of  a (x)i  b(x)  =  a(x)*  exp  (jax  ),  Q  =  k/2Z|. 

(b)  Dual  of  free  space)  B(u)  =  A(u)  exp  (-jku^/  2f^)  ,  f^  =  4it  X^Zj  . 

With  the  Fresnel  approximation 

r  a  z,  +  (X  -  4)^/2zj  ,  (3) 

Eq.  (2)  yieUis  Ihi'  involution  intenral^ 

b(x)  =  J  ii{^)  exp  (jk  (x  -  I)  ./  2zj  ]  ,  (4) 

-<JU 

'A/hich  is  Nvritten  in  the  form 

.  2 

b(x)  =  a(x)  *  ,  a  =  k/2zj  .  (5) 

Thus,  b(x)  can  be  i  onsifk  red  as  thi-  output  of  a  linear  system  witli  input  a(x)  and  point 
spread 

> 

h(x)  =  e^“**  (6) 

I  he  eur respoiuliiq;  system  function,  i.  e. ,  the  Fourier  traniform  of  h(x),  is  given  by^ 

I  Mu)  s  I  e  (is  ■■  (  “  )  ^  ^  exp  1  -ju^/  4t4  )  . 


ta>nsi>i>  r  a  perl'  if  h-ns  I,  of  I'mat  letigih  f.  If  the  fiel«l  on  the  plane  P“  to  its  left 

^  ‘1 

Irtg.  i(a)|  equals  v{\),  tlu  r-  the  «Mx)  on  the  plane  t*  to  its  right  i»  given  by 

d(x)  e(x)  e*'*^'  .  (8) 

where  ('  *  k^ii.  Itu'  js  a  <>1  isfaeiory  approximalittn  prnvitled  that  the  angle  of  incl* 
deuve  is  narrow  im.i  •  (x)  takes  significant  values  only  in  a  small  region  (compared  to  f). 

With  Afu)  and  H<\,)  the  Fourier  transforms  of  a(x)  and  b{x*,  rvsp«'ctivcly,  it  follows 
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) 

(b) 

> 

Ctu) 

^dU) 

c(il**C(u) 

d(i)«-»0tu) 

ly  • 

1^ 

Otu) 


Fig.  2.  (a)  Perfect  lens  Lj  d(x)  =  c(x)  exp(-jPx  ),  p  =  k/ 2£. 

(b)  Dual  of  L}  D(u)  =  C(u)’i'exp  2z  ),  z  =  4ir  . 


from  the  convolution  theorem  and  Eqs.  (5)  and  (7)  that 
B(u)  =  A(u)  flxp  [  -  ju^/  4<i  ]  . 


(9) 


If,  in  the  u-space,  A(u)  ia  the  field  on  the  plane  to  the  left  of  a  lens  of  focal 
length 


i  a  2ak  -  z, 

u  1 


(10) 


[Fig.  1(b)],  then  [see  Eq.  (8)]  the  field  on  the  plane  P^^  its  right  equals  B(u). 

Thus,  the  dual  of  free  space  between  two  planes  distance  z.  apart,  is  a  lens  of 

2  2  * 
focal  length  4w  \  z^,  in  the  sense  that  if  A(u)  is  the  Fourier  transform  of  a(x)  (Fig,  1), 

then  B(u)  is  the  Fourier  transform  of  b(x). 

With  C(u)  and  D(u)  the  Fourier  transforms  of  c(x)  and  d(x),  respectively,  it  fol¬ 
lows  from  Eq.  (8)  and  the  convolution  theorem  that 


D(u)  =  C(u)*  exp  [ju  /  4P  J 
If  C{u)  is  the  field  on  a  plane  P 


(11) 


then  the  diffracted  field  on  another  plane  P  at  the 

u 


distance 


/.  =  2pk  =  4it  V'^f  (i2) 

u 

from  Pj  (I'ig-  2(bll  oquaU  n(u)  (^ee  Eq.  (Si). 

Thus,  the  <!ual  of  a  lens  of  focal  length  I  is  a  portion  of  free  space  between  two 

2  /  i 

planes  (Fig.  2)  distance  4ir  /  X  f  apart,  ir.  the  sense  that,  if  C(u)  is  the  Fourier  trans¬ 
form  uf  c(x),  then  D(u)  is  the  Fourier  transform  of  d(x).  Kepeated  application  of  the 
preceding  conclusions  leads  to  the  following  duality  principle. 

Consider  a  system  S  consisting  of  lenses  uf  focal  length  f^  located  cn  the  planes 

P,  distance  *,  apart  [Fig.  3(*)).  The  dual  system  S,  is  formed  by  replacing  each  lens 
i  ‘  ♦  2/2 

by  a  portion  of  space  between  two  planes  P^^  and  P^^  distance  4ir  /  \  f^  apart 
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g(<) 


(o) 


A(ul| 


fG(u) 


•  *ul - 


(b1 


r 

2  Z  Z  Z 

Fig.  3  Optical  system  S  and  its  dual  S^^  J  z^.  =  4n  /  \  =  4n  /  \  . 


+  Z  2 

[Fig.  3(b)]  and  inserting  on  each  plane  Pj^  a  lens  of  focal  length  4it  /  \  z^  ,  This  sys¬ 
tem  has  the  property  that  if  the  field  on  its  input  plane  equals  the  Fourier  transform 
of  the  field  on  the  input  plane  of  S,  then  the  field  on  any  other  plane  will  equal  the 
Fourier  transfortn  of  the  field  on  the  corresponding  plane  of  S, 


Example 

As  an  application,  the  field  g(x)  on  the  right  focal  plane  of  a  lens  L  [Fig.  4(a)] 
equals  the  Fourier  transform  A(u)  of  the  field  a(x)  on  the  left  focal  plane  Pj  (properly 
scaled) 


g(x)  =  Af2TTx/\f)  , 


(13) 


Fig,  4.  (a)  Fourier  transform  system;  a(x)»-»A(u),  g(x)  =  A(EiTx/\f). 


z  z  z 

(h)  I5ual  system  a  =  k/Zf;  r(x)  =  {  [  c{x)  exp  (jax  )]>l‘exp(-ja.\‘^) }  exp’I'jax^). 


The  dual  of  the  system  in  Fig.  4(a)  is  shown  in  Fig.  4(b).  From  the  duality 
principle  it  follows  that  if  c(x)  is  the  Fourier  transform  of  a(x),  then  r(x)  is  the  Fourier 
transform  of  g(x).  Therefore,  to  prove  Eq.  (13)  it  suffices  to  show  that  r(x)  is  the 
Fourier  transform  of  c(x). 

The  field  d(x)  on  the  right  side  of  lens  Lj  is  given  by 
2 

d(x)  =  c(x)  e  ,  a  =  k/  2f 
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[see  Eq.  (8)].  Therefore  [Eq.  (5)]  the  field  w(x)  on  the  left  side  of  lens  equals 

w(x)  =  d(x)*e^**  =  J  c(i)  e  d^ 

-00 

=  /“  c(|)  di  =  • 

-00 

where  C{u)  is  the  Fourier  transform  of  c(x).  Finally,  the  field  r(x)  on  the  right  side 
of  lens  is  given  by 

2 

r(x)  ~  w(x)  e  =  C(2ax)  =  C(2irx/  \f)  . 

The  proof  of  Eq.  (13)  is,  thus,  complete. 

National  Science  Foundation  A.  Papoulis 
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INTERPOLATION  WITH  DERIVATIVES 
J.  W.  Matthews 

Little  is  known  regarding  the  question  of  interpolating  with  the  flerivatives  of 
tunctions  beyond  the  case  of  polynomials.  Utilizing  the  concepts  of  reproducing  kernel 
Hilbert  spaces,  the  following  general  statement  can  be  made: 

Theorem:  Lot  X  be  an  n-dimensional  Ha.ar  subspace  of  C  j  [a,  b]  such  that  the  space 

spanned  by  the  ('-eriv  'ives  of  X  is  an(n- ijdimonsional  Maar  subspace  of  (a,  b). 

Let  E  -  [a,b)CR,  the  real  line,  and  take  the  2-norm  for  X.  Then  the  following 
sta'ements  are  true  and  equivalent: 

(1)  fur  any  distinct  set  1 1  t 

such  that  the  total  number  of  points 

(a  .  .  .  1,  a  ,  .  .  .  a,  )  c  R,  there  exists  an  x  e  X  such  that: 

1  J  J,  J| 


.  ICE  and  any  distinct  subset  It.  ,  .  .  .  t.  ICi  t . t.| 

J  -I  *  J 

in  the  set  and  the  subset  is  <  n,  and  for  any 
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x(t.)  =  a.  ,  i  =  .  j 

x'  (t.  )  =  a.  ,  i  =  1, . . .  i 

h  Ji 

(2)  the  set  {k^  , . .  .  ,  k^,  ....  k^,}C  X  is  linearly  independent  where  the  s 

1  j  j| 

are  the  reproducing  kernels  and  the  k^,  '  s  are  the  derived  reproducing  kernels. 

(3)  The  Gram  determinant,  G(k  ,...k  ,  k,  ,...k,  )>  0. 

1  J  Jl  it 

There  are  many  corollaries  that  result  from  this  theorem.  We  will  list  three. 

The  first  is  a  summary  of  the  theorem  in  terms  of  interpolation. 

Corollary  I;  Given  an  arbitrary  set  of  distinct  points  in  E,  one  may  interpolate  with 
a  function  in  these  points  and  may  interpolate  with  the  derivative  of  the  function  in  some 
or  all  of  these  same  points  provided  the  total  number  of  times  of  interpolation,  counting 
as  one  interpolation  the  arbitrary  specification  of  the  function  in  one  point  and  counting 
as  one  interpolation  the  arbitrary  specification  of  the  derivatives  in  one  point,  does 
not  exceed  n. 

Corollary  II;  Given  an  arbitrary  set  of  distinct  points  in  E,  one  may  interpolate  with 
a  function  in  these  points  and  may  also  interpolate  with  the  derivative  of  the  function  in 
a  different  set  of  distinct  points  in  E  provided  the  total  number  of  times  of  interpolation, 
counting  as  one  interpolation  the  arbitrary  specification  of  the  function  in  a  point  and 
counting  as  two  interpolations  the  arbitrary  specification  of  the  derivative  in  a  point, 
does  not  exceed  n. 

Corollary  III»  One  may  interpolate  in  n-1  distinct  points  of  E  with  a  function  and 
interpolate  the  derivative  once,  anywhere  in  E,  except  at  n-2  points,  each  of  these 
points  lying  in  a  distinct  open  interval  (t^,  i  ~  h  •  •  .n-2,  where  t^,  i-  1,  .  .  .  n-1 

are  the  points  of  interpolation  with  the  lunction. 
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REALIZATION  OF  MAXIMUM  (hXIN  HC  LADDER  NETWORKS 
L.  J.  Degar.  and  11.  Ruston 

The  realiaatiim  >if  an  RC  Udder  Irom  two  prescribed  two-purt  parameters  ta  a 
problem  well  studivfi  in  the  past.  However,  all  the  synthesis  methods  advanced  so  far 
produce  a  network  whose  gain  is  not  know  n  until  the  nehvork  is  realized.  Furthermop'  . 
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the  mechaniftn  which  governs  the  gain,  that  is,  its  control  and  its  tradeoff  (for  other 
desirable  features  of  design)  was  apparently  not  understood  in  the  past. 

It  was  the  object  of  this  study  to  develop  a  method  for  the  realization  of  maximum 

gain  RC  ladder  with  prescribed  z, ,  z, -,  R  /R  .  ,  and  C  /C  .  .  The  last  two 
"  ^  1112  max/  min  max/  mm 

numbers  give  the  permissible  spread  on  the  element  values. 

This  study  was  divided  into  three  cases,  namely:  (1)  Low-pass  case;  (2)  High- 

pass  case;  and  (3)  Band-pass  case.  The  solutions  to  cases  (1)  and  (2)  were  found,  and 

1  2 

were  reported  in  a  previous  report  '  . 

Early  work  on  the  band-pass  case  attacked  the  problem  along  the  traditional  lines. 
Since  a  ladder  is  realized  by  snythesis  of  a  z^^  with  prescribed  transmission  zeros 
(which  are  the  zeros  of  2^2)*  believed  that  it  is  the  order  in  which  the  transmis¬ 

sion  zeros  are  developed  that  controls  the  gain.  Thus,  early  effort  was  directed  on 
finding  the  achievable  ladder  gain  prior  to  synthesis,  and  on  finding  the  optimal  order¬ 
ing  of  the  transmission  zeros.  The  result  of  the  study  was  an  algorithm  utilizing 
Branch  and  Bound  Theory,  whit.h  accomplished  an  ordered  search  of  the  many  possible 
networks  (2°nl(n-fl)l  networks  may  exist  for  n  transmission  zeros).  However,  present 
investigation  showed  that  even  optimum  ordering  does  not  lead  to  maximum  gain.  To 
achieve  maximum  gain,  the  zero  shifting  technique  must  be  extended,  in  that  in  general, 
all  zeros  (rather  than  a  single  one)  of  z^^  must  simultaneously  be  shifted.  This  means 
that  at  the  beginning,  and  perhaps  also  later  steps  of  synthesis,  all  (or  nearly  all)  poles 
have  to  be  partially  removed  (to  effect  the  shifting).  Thus,  the  problem  was  now  re¬ 
interpreted  into  finding  the  factors  (between  0  and  1)  that  musu  multiply  each  residue, 
for  the  remainder  impedance.  With  this  interpretation  the  problem  can  ti.en  be  attacked 
by  dynamic  programming  techniques  because  of  the  following  optimality  theorem. 

Theorem  A.  If  ai.  RC  ladder  network,  N,  has  maximum  gain  and  is  described  by 
z.  ,  and  z.  -,  then  any  subnetwork  which  includes  the  final  stage  of  N  is  also  a  maximum 
gain  network  described  by  Zj j  and  Zj2> 

AUhough  the  method  following  from  the  theorem  can  theoretically  be  immediately 
applied,  it  leads  to  considering  a  very  large  number  of  stager  to  find  the  optimum  ones. 
For  a  one-stage  problem,  there  are  four  possible  candidates  for  optimum  networks. 

For  a  two-stage  network,  there  are  about  lf>  optimum  networks,  and  it  goes  up  expo¬ 
nentially  (or  additional  stages.  However,  theorem  A  does  p»srmit  aome  conclusions  to 
be  proven  about  the  last  stage  of  a  maximum  gain  network  as  given  iniheorem  B.  This 
theorem  and  later  theorems  allow  a  significant  reduction  in  the  number  of  networks  to 
be  considered,  thus  making  the  method  practical. 
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Theorem  B.  If  the  realization  of  an  RC  ladder  network  has  maximum  gain  K  and 
is  described  by  and  Zj2>  network  cannot  terminate  in: 

1.  a  parallel  RC  impedance  across  the  oi'tput  terminals, 

2.  a  resistance  L-stage  network  or 

3.  a  capacitance  L-stage  network. 

Additional  useful  theorems  that  have  been  proven  are: 


Theorem  C.  For  an  RC  ladder  network,  described  by  its  series  and  sh\int  im- 
pedances  and  assuming  that  the  successive  open-circuit  input  impedances,  Zj^,  are 
ratios  of  polynomials  of  the  same  degree,  the  gain  K  of  the  voltage  transfer  fimction 
can  be  found  by  constructing  a  reduced  RC  ladder  network.  This  new  network  is  formed 
by: 

1.  shorting  all  capacitors  in  the  series  branches, 

2.  open-circuiting  the  shunt  resistors  and  shunt  RC  impedances  if  they  are  paralleled 
by  a  capacitor,  and 

3.  opening  all  shunt  impedances  across  the  input  after  step  1  is  performed. 

This  reduced  network  has  the  same  K  as  the  original  network. 


Theorem  D.  If  an  RC  ladder  network  is  described  by 


T  = 


m 

K  n  (s+z.) 
52  _  1  " 


l2=0  ‘11 


n 

n  (s+p.) 


(1) 


n  (s+pj) 


z  = 


1  n 

n  (s+Y.) 

1  * 


(Y^  may  be  zero) 


(2) 


and  a  partial  pole  of  z^  ^  is  removed  as  a  series  impedance,  the  upper  bound  for  K  it 
decreased. 


Theorem  E.  If  an  RC  ladder  network  is  described  by 


T  » 


m 

K  n (s+z.) 
I 

n 

n  (s+p.) 


(3) 
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n  {•+Pi) 

I  * 

*11  “"n -  ^^1  (4) 

n  (s+Yj) 

1 

the  upper  bo\md  for  K  is  not  changed  when  a  zero  of  z^j  is  partially  removed  as  a  shunt 
impedance. 

By  using  Theorems  C,  D,  and  E,  an  algorithm  was  developed  that  will  result  in  an 
RC  ladder  network  with  a  very  large  gain.  For  the  band-pass  case,  this  gain  can  be 

3 

made  to  approach  the  upper  bound  on  T(s)  (i.  e. ,  for  any  z^^)  given  by  Paige  and  Kuh  . 

The  gain  cannot  be  made  equal  to  the  upper  bound  without  the  element  spread  ratios 

R_  /R  and  C  /C  .  going  to  infinity.  For  the  low-  and  high-pass  cases,  the 
max/  mm  max/  mm  =  '  o 

gain  can  be  made  equal  to  the  upper  bound.  The  algorithm  is: 

a.  If  the  degrees  of  the  numerator  and  denominator  of  2^  ^  are  unequal,  remove  a  shunt 
capacitor  to  make  them  equal. 

b.  Determine  the  value  for  r  which  is  the  index  of  the  voltage  transfer  function  pole  at 
the  left  of  the  maximum  horizontal  asymptote  on  a  Bode  plot. 

c«  Form  the  partial  fraction  expansion: 


1 


n 

+  2 
1 


k.s 

1 

s+p. 


(5) 


and  partially  remove  the  n-r  largest  poles  of  i/zj  ^  by  shunt  networks  given  by 


a. k.s 
1  1 


s+Pi 


(6) 


where  0  <  q.  <  1.  In  general,  should  be  very  close  to  l  for  maximum  K.  The 
actual  values  ot  the  o/s  will  be  determined  on  a  trial  basis  by  letting  K  approach  its 
upper  bound  but  keeping  the  ratios  IS^^x/^nin  limits, 

d.  Continue  to  construct  the  first  portion  of  the  ladder  network  by  removing  all  the 
zeros  of  T  which  are  less  than  Each  step  will  consist  of  one  of  the  following; 

!.  Remove  a  total  conductance, 

2.  Partially  remove  a  conductance  or  immittance  to  shift  a  pole  to  a  transmission 
zero. 

3.  Immediately  following  step  2,  invert  and  remove  the  transmission  zero. 
Caution  has  to  be  used  to  insttre  that  all  series  impedances  have  a  capacitor  across 
them.  Also,  a  check  must  be  made  after  each  series  impedance  removal  to  see  that 
the  maximum  horizontal  asymptote  on  the  Bode  plot  still  passes  through  the  original 
p^.  This  can  be  verified  numertcaily  if 
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r 


n 

a+L 

r 

ir 

q+l 


>  1  for  all  q  <  r 


(7) 


where  r  is  the  index  of  the  largest  pole  to  the  left  of  the  maximum  horizontal  asympt> 
ote  and  q  is  the  index  of  the  largest  pole  to  the  left  of  any  horizontal  asymptote. 

The  requirements  of  Eq.  (7)  can  be  achieved  by  trying  various  pole-zero  shift- 
ings  on  a  trial  and  error  basis.  An  alternate  method  is  to  establish  barriers  on  the 

lower  limits  of  p^^j . Pn  ^7^  partial  shunt  removal  of  their  residues  as  given  in 

Eq.  (6).  If  the  a^'s  are  made  sufficiently  large,  the  transmission  zeros  can  then  be 
removed  in  increasing  order.  The  best  values  of  the  a^'s  can  then  be  determined 
later  along  with  the  a.'s  of  step  (c). 

e.  The  remaining  network  after  step  (d)  will  be  a  low-pass  network.  Synthesis  of  the 

low-pass  network,  with  maximum  gain,  can  be  accomplished  by  the  procedures  given 

3  2 

by  Paige  and  Kuh  or  Johnson  . 

End  of  Algorithm 


A  computer  program  has  been  written  on  a  GE625  time-sharing  computer  to  aid 

in  finding  a  network  with  a  large  K  and  acceptable  limits  of  R  /R  .  and  C  /C  ,  . 
®  r  max/  mm  max/  mm 

The  algorithm  and  computer  program  have  been  applied  to  three  band-pass  cases  with 
excellent  results.  The  three  applications  are; 

a.  a  simple  problem  with  only  two  poles  in  the  voltage  transfer  function, 

b.  the  example  considered  in  Ref.  1  which  has  four  poles  in  the  voltage  transfer 
function  and 

c.  a  complex  problem  with  th  ree  peaks  in  the  voltage  transfer  function.  Two  of 
the  peaks  have  equally  high  horizontal  asymptotes  on  a  Bode  plot. 

National  Science  Foundation 
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MINIMUM  GYRATOR  SYNTHESIS 
D.  C.  Youla  and  G.  D.  Ott 

There  are  any  number  of  techniques  for  Uie  synthesis  of  lumped  passive  n-ports 
from  prescribed  rational  bounded  real  scattering  matrices.  The  realization  of  a  given 
matrix,  however,  is  by  no  means  unique.  Moreover,  a  given  realization  may  contain 
superfluous  reactive  elements,  resistors,  or  ideal  gyrators.  A  realization  is  said  to  be 
minimal  witii  respect  to  an  element  type  if  no  other  realization  can  contain  fewer  ele> 
ments  of  the  given  type. 

It  is  well  known^  that  the  minimum  number  of  ideal  gyrators  required  for  the 
realization  of  a  rational  bounded  real  matrix,  S(p),  is  greater  than  or  equal  to  one  half 
the  normal  rank  of  the  skew  symmetric  part  of  S(p).  The  problem  of  proving  that  S(p) 
is  realizable  with  exactly  this  number  of  gyrators  is  now  classic.  Oono's  proof^  that 
one  needs  no  more  than  n-1  gyrators  to  realize  any  nxn  regular  para- unitary  bounded 
real  matrix  is  the  sharpest  result  yet  obtained  for  the  general  case. 

In  tills  report  it  is  proven  that  any  skew  symmetric  regular  para-unitary  matrix 
can  be  realized  using  simultaneously  the  minimum  number  of  gyrators  and  minimum 
number  of  reactances.  (The  phrase  "the  minimum  number  of  gyrators"  will  be  used  syn¬ 
onymously  with  "one  half  of  the  skew  symmetric  rank  of  the  matrix,"  throughout  this 
report.)  A  more  general  result  is  also  obtained  which  includes  the  skew  symmetric  case. 
It  is  proven  that  any  regular  para-unitary  matrix  which  has  a  skew  symmetric  part  that 
is  non- singular  along  the  entire  imaginary  axis  of  the  p-plane  (including  p  =  ‘°)  is  reali¬ 
zable  with  the  minimum  number  of  gyrators.  Since  the  realization  of  any  regular  para¬ 
unitary  matrix  can  easily  be  reduced  to  the  realization  of  one  having  a  skew  symmetric 
part  which  is  not  identically  singular,  the  technique  encompasses  a  very  large  class  of 
matrices. 


Minimum  Gyrator  Synthesis; 

Our  objective  is  to  realize  S(p),  an  nxn  regular  para- unitary  matrix,  using  exactly 
K  gyrators,  where  Ks^  r  CS(p)-S^(p)].  We  begin  by  reducing  S(p)  to  a  regular  para-unitary 
matrix  having  a  skew  symmetric  part  which  is  not  identically  singular,  via  the  following 
preamble. 

case  1)  If  det(ljj*  S(p)3  *  0,  there  exists  a  real  constant  vector,  jj ,  satisfying  S(p)  x*  62^, 
where  c  ■  ±  1  and  x»  1  (Ref.  3).  Form  a  real  orthogonal  nxn  matrix  which  has  x  as  its 
first  column.  X  «  [xlXj3;  X^X  =  1^. 


then  X^S(p)X 


[5S(p)x 

|j'S(p)Xj  ' 

x'jS(p), 

XjS(p)Xj 
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and  using  S(p)x=®x  and  x/x  =  0„  ,  we  obtain 
"  *  ~  ~  ji  ~  »»n-i 

x'S(p)X  =  S{p) 


-1— 

0'  1 

a 

e 

o' 

0 
'  MS 
•• 

XjS(p)Xj 

SjTp) 

^  J 

We  define  the  2n-port  frequency  independent  network,  N^,  by  the  2nx2n  orthogonal  scat¬ 
tering  matrix 


r 

0 

n 

X 

x' 

0 

a 

n 

S(p)  is  realized  fay  the  n-port  which  results  by  terminating  the  (n+l)st  port  of  N^  in 
either  an  open  or  short  circuit,  and  the  last  n-1  ports  in  the  realization  of  S^(p),  an 
(n-l)x(n-l)  regular  para-unitary  matrix  having  the  saune  skew  symmetric  rank  as  S(p), 
We  may  therefore  assume,  with  no  loss  of  generality,  that  both  Z(p)  =  [l^+S{p)3Cl^-S(p)]  ^ 
and  Z"^(p)  exist.  Solving  for  S(p)  and  taking  its  skew  symmetric  part  we  obtain 

s(p)-s'(p)  =  2[z'(p)  +  1^]-^  Cz(p)-z V3tz(p)  +  . 

case  2)  If  det  [S(p)-S^(p)]s  0  then  by  the  last  equation  det[Z(p)-Z^(p)33  0.  Now  Z(p)  sat¬ 
isfies  the  equation  Z(p)  +  Z^(p)  3  0^^  (where  Z^(p)3  z'(-p)).  If  Z(p)  has  a  pole  at  p  =  *  it 
must  have  a  real  symmetric  non-negatb'e  definite  residue  matrix  and  can  be  extracted 
reciprocally.  The  remaining  impedance  is  bounded  and  skew  symmetric  at  p  =  ®.  Since 
Z(p)-Z^(p)  is  identically  singular  Z(*)  is  singular  and  therefore  Y(p)sZ"^{p)  possesses  a 
pole  at  p  =  ®.  This  pole  again  has  a  symmetric  non-negative  residue  which  can  be  ex¬ 
tracted  reciprocally.  The  inverse  of  the  remaining  admittance  may  or  may  not  exist.  If 
it  does, it  is  singular  at  p  =  ®  and  the  process  can  be  repeated.  If  it  does  not  exist, then 
case  1  applies  and  the  size  of  the  matrix  can  be  reduced.  Eventually,  after  a  finite  num¬ 
ber  of  steps,  the  reduction  results  in  an  immittance  matrix  for  which  the  corresponding 
scattering  matrix  possesses  a  skew  symmetric  part  which  is  not  identically  singular. 

Therefore,  without  loss  of  generality,  we  may  assume  that  det  C3(p)-S^p)]^  0.  The 
following  case,  S(p)  =  -S'(p),  is  considered  in  detail  since  it  provided  the  idea  for  the 
approach  used  in  the  more  general  case. 

Case  of  S(p)g  ’S*(p) 

Since  S(p)  is  skew  symmetric,  all  zeros  and  poles  if  its  determinant  must  be  of 
even  multiplicities.  We  shall  reduce  the  degree  of  S(p),  which  is  the  same  as  the  degree 
of  detS(p)  since  S(p)  is  para-unitary,  by  extracting  reciprocal  2n-port  all-pass  nct%vorks 
at  the  singular  points  of  S(p). 
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CM*  1)  d«tS(0Q)  s  0  (Oq  real,  positive) 

We  define  the  para-unitary  matrix  W(p)  by 

'W(p)  ■  (p)  S(p)  B,^(p) 

where  B(p) »  i  +  .  x  real  x  x«  1.  is  a  general  degree  one  regular  para-unitary 

matrix  normalised  to  °  1  Jat  p  =  0.“  We  shall  attempt  to  choose  x  such  that  W(p)  is 
regular.  Using  the  fact  that  x  S(p)x»  0,  since  S(p)  is  skew  symmetric,  we  obtain 


W(p)  =S(p)  -  ^C2cx'S(p)  +  S(p)xx'] 

F  ^0 

Since  S(p)  i.  reiulat,  the  only  poe.ible  pole  of  W(p)  in  Rep>0  occur,  at  pec,.  Choo.ing 
X  a.  a  real  eolutlon  of  S(o.)x  =  0  yield,  a  aero  re.ldue  matrix  for  W{p)  at  p  =  .-,  and  W(p) 
is  regular  para-unitary. 


S(p)  =  b'(p)W(p)B(p) 

case  2)  det  SCp^)  =  0  (Pq=  Oq  +  JDq  ;  Oq  >  0,  uJq  ^  0). 
!  et  W(p)  =  B*(p)S(p)B^(p)  where 


B(p)  =  l„+ 


+ 


Ji 

P  +  Pq 


and 


0  -  1  • 
i  . ,  |2  VTrTZ -  ? 


X*  X  =  1 :  5* »  “  - 

This  form  of  B(p)  is  the  general  form  of  a  decree  ^  regular  para-unltary  matrix  normal¬ 
ised  to  I  at  p--.'*  Noting  that  AS(p)A'.nnd  XS(p]A  both  vaninh  identically  we  have 
n 

.  .  SS(d)  +  S(p)a'’  AS(pllS(j^  ^  AS(£).A^ 

- ip-p,»(p-p,) 

Again  W(p)  is  para-unitary  and  regular  except  possibly  at  p.pg  and  p»Pq.  W*  choose  x 
such  that  S(Pq)x.O  and  hence  S(p^,)x  -  O.  WUh  this  choice  of  x  the  residue  matrices  of 
VV{p)  at  p»Po  and  pepo  both  vanish  and  W(p)  >»  again  regular  para-unltary. 


S(p)=V(p)S^V(p) 

Hence  S(p)  is  realized  by  closing  the  last  n*ports  of  a  reciprocal  2:n-port  N  ,  possessing 
for  its  scatterin'*  matrix  the  2nx2n  regular  all  pass  description 


on  ^  uncoupled  ideal  gyrators.  S,  is  the  scattering  matrix  of  j  uncoupled  ideal  gyrators. 
Observe,  that  j(S^)  =  2 5( V)  s  5(S)  since  i(V)B?  5(S).  Thus  this  realisation  is  also  minimal 
with  rv  spect  to  reactances.  The  preceding  case  led  to  the  id''  v  that  a  Judicious  factor* 
ir.atiott  of  the  skew  symmetric  part  of  an  arbitrary  regular  para*unitary  matrix  might 
prove  fruitful  in  the  synthesis  procedure.  It  will  be  shown  that  thio  is  Indeed  true.  The 
tninim.ll  re.iUzitioii  will  be  explicitly  obtained  for  the  case  in  which  det  Cs(p)*s'(p)]  docs 
not  vanish  .ilong  the  entire  pt^j*  axis  (including  pa*). 


'Vc  sh  ill  attempt  to  find  a  reciprocal  2n-port.  such  that  when  the  last  n*ports  of 
arc  terminated  in  ^  decoupled  Ideal  gyrators.  the  resulting  n*porl  realises  -Mp).  If  we 
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imagine  that  such  a  network  exists  and  is  described  by  the  symmetric  scattering  matrix 
S  (p),  then  S(p)  is  given  by 

A 

S(p)  =Sjj{p)-Sj2(p)  CS22(p)  +S^r  ^S'^CP) 

where 


®a<p)"®Jp^  =r; - 

LSi2^p)Is22(p)  J 

and  S^  is  the  scattering  matrix  of  ^  decoupled  ideal  gyrators.  We  may  rewrite  S(p)  iden¬ 
tically  as 

S(p)=Sjj(p)-S^2(p)  i:S22(p)-S^r^CS22(p)-S^]fe22(p)+S^]'^S^2tP)' 

With  the  definitions 

A{p)=S22{p)-S^  (1) 


V(p)  =  -Sj2(p)A"^p) 

we  obtain  the  equation 


s  (p) -[s(p)tv|p)A(p)v'(p)|.y(p)^pjl 
I  S .  +  A(p)  I 


-A'(p)V'(p) 


Since  S  (p)  must  be  symmetric  we  require 
4 


A(p).a'(p)=-(Sj-S^)  =  -2S^ 


S(p).s'(p)  =  2V(p)S,v'{p).  (5) 

Now  Eq,(5)  a’vways  possesses  a  solution  V(p),  the  most  obviom  being  obtained  using  ele¬ 
mentary  polynomial  operations^.  It  is  easily  shown  that  since  S(p)  is  regular,  V(p)  may 
be  chosen  regular.  (This  is  accomplished  via  the  change  of  variables  r  -  .  accompanied 

by  elementary  polynomial  operations  In  the  variable  a. )  Given  one  solution  for  V,p),  any 

A 

Other  solution  is  of  the  form  V(p)  =  V(p)K(p),  where  K(p)  is  a  syt  iplectic  matrix,  that  is, 
K(p)  satisfies  the  equation 
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K(p)S^K'(p)=S^  .  (6) 

Thus  S(p)  possesses  a  realization  using  exactly^  gyrators  if  and  only  if  there  exists  a 
factorization  Eq.  (5)  of  S(p)-S^(p)  and  a  matrix  A(p)  such  that  S  (p)  given  by  Eq.  (3)  is  a 

cl 

symmetric  regular  para-unitary  matrix. 

The  para-unitary  requirement  on  S  (p)  yields  the  three  equations 

Ci 


sv',  +  VAV's,^  +  VAV'  0^ 

S  V';,  a',  +  VAS^f  VAV' A^  +  VAK.  =  0^ 

S  .  A.„  +  as'  +  a'  v'  v'.  a'^  +  AA...  =  0 
where  the  p  dependence  is  understood.  It  can  be  shown  that 
A(p)  =  -2  V,.(p)S'(p)[  V'(p)]‘"  S'^ I 


(7) 

(«) 

(9) 


(10) 


satisfies  Eqs.(7),(8)  and  (9)  and  makes  S  (p)  symmetric.  The  details  are  lengthy  and  are 
omitted.  The  problem  has  been  reduced,  therefore,  to  finding  that  regular  solution,  V(p), 
of  Eq.  (5)  which  restilts  in  a  regular  A(p)  as  given  by  Eq.  (10).  This  would  guarantee  that 
S  (p)  in  Eq.  (3)  is  regular  and  symmetric  para-unitary. 

3. 

We  define 


z(p)  =i  i  i^-v;,(p)s'(p)[v'(p)]"^s; } 

then 


(11) 


A(p)  =  -Z-^p)S^  (12) 

Using  -qs.(8)  and  (9)  one  arrives  at  the  relation 

=  •  (13) 

Now 

Z(p)  =  -S^  A"*(p)  =Si.^-‘’,-i’^2^p)r' 

Z(p)  --1^^.S,^(P)S']'‘  . 


.Since  ^  diagonal  block  of  a  regular  para- unitary  matrix  it  must  be  bounded  real. 
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Thfirefor*,  from  the  above  equation,  Z(p)  must  be  positive  re?J.  Hence  it  suffices  to 
find  a  solution,  V(p),  of  Eq.  (5)  which  makes  Z(p)  in  Eq.  (11)  regular  with  only  simple 
poles  having  hermitian  non-negative  definite  residue  matrices  on  p  =  jJ'.  By  Eq.{13) 

Z(p)  has  a  positive  para-hermatian  part  on  p=jui;  regardless  of  the  choice  of  V(p). 

Define 

r(p)  =  V^{p)S'(p)C  V'{p)]  ■  ^  S'^ .  (14) 

By  assumption  det CS(p)-S^(p)]  does  not  vanish  for  p  =  ju)( including  p=“)  and  hence  det  V(p) 
has  the  same  property.  By  the  above  equation,  T(p)  also  has  this  property.  Using  Eqs. 
(11),  (13)  and  (14)  it  is  seen  that  T(p)  +  Tj^(p)  is  negative  definite  on  p  =  jjii.  In  a  forth¬ 
coming  memorandum, an  effective  technique  is  presented  for  factorising  a  rational  matrix 
with  the  properties  of  T(p)  into  the  following  form: 

T(p)  =  L(p)K(p)  (15) 

where  L(p)  and  L"^(p)  are  both  analytic  in  Rep<  0  (p-®  included),  while  R(p)  and  R  ^(p) 
are  both  analytic  in  Rep>  0  (*  included).  It  can  be  directly  verified  that  T(p)  is  a  sym- 


plectic  matrix;  i.  e., 

T(p)S^t'(p)=S^  .  (16) 

Using  Eqs.  (15)  and  (16)  we  write 

R(p)S^r'(p)  =  L"^p)S^[l'(p)]'^  <  (17) 

By  Eq,  (17),  L"\p)S  [L*(p)3”^  must  be  analytic  in  the  entire  p-plane  and  hence  must  be 
a  non-singular  constant  skew  symmetric  matrix,  K. 

L’^(p)S  [l'(p)]’'=K  =  -K'  (18) 

Now  there  exists  a  non-singular  constant  matrix,  Q,  such  that 

K  =  Q’^S^(Q')‘^  .  (19) 

Using  Eqs.  (18)  and  (19)  we  get  the  relation 

L;‘(p)Q's,Q[L'„(p)r*  =  S^  .  (20) 


•  1  /  ^ 

Since  L^.  (p)Q  is  a  regular  aymplcctlc  matrix  we  define  a  new  regular  solution,  V(p),  of 

Eq.  (5)  by 
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V(p)  =  V(p)L;^p)q'  .  (21) 

Substituting  V(p)  for  V{p)  in  Eq.(14)  we  obtain  T(p) 

f(p)=QL'^(p)V,,,(p)s'{p)[QL;^p)V'(p)]-^s'^  (22) 

f(p)  =QL‘^p)  {yp)s'(p)[v'(p)]-^s'^  j  S^U^(p)Q"^S;^ 

f(p)  =QL"^p)T(p)S^L,,,(p)a-ls; 
and  using  Eq.  (15)  we  obtain 

f(p)=QR(p)S^L,^(p)Q’^s'^  (23) 

A  A 

Equation  (23)  shows  that  T(p)  is  regular.  Since  V(p)  is  also  regular,  the  resulting  matrix 
A(p)  is  regular  and  hence  S  (p)  is  regular  symmetric  para-unitary.  Therefore  a  realiza- 
tion  of  S(p)  exists  which  contains  exactly  ^  gyrators  and  the  proof  is  complete. 

In  the  case  when  S(p)-S^(p)  is  singular  on  p  =  jx,it  is  the  conjecture  that  it  is  still 

always  possible  to  choose  a  factorization  Eq.  (5)  such  that  Z(p)  in  Eq,  (11)  is  positive  real. 

The  major  difficulty  is  seen  in  guaranteeing  that  Z(p)  has  simple  poles  on  p  =  jeu.  It  is 

extremely  encouraging,  however,  that  the  problem  has  been  brought  to  a  stage  where  the 

difficulties  are  clearly  defined.  The  problem  has  been  reduced,  essentially,  to  a  problem 

of  factorizing  a  skew  symmetric  matrix  in  a  certain  manner. 

Air  Force  Systems  Command 
Research  and  Technology  Division 
Rome  Air  Development  Center 

AF  30(602)-3951  D.  C.  Ycula  and  G.  D.  Ott 
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THE  MAXIMIZATION  OF  NERVE  CONDUCTION  VELOCITY 
S.  Deutsch 

The  signal  that  is  normally  transmitted  along  an  unmyelinated  nerve  fiber  is  a  2 
msec  wide  rounded  pulse  or  "action  potential".  ^  It  can  be  simulated  by  applying  a  unit 
impulse  to  an  RC  cable  at  x  =  0.  The  impulse  response  of  the  RC  cable  is 

(1 

The  waveshape  corresponding  to  Eq.  (1)  is  given  by  inverse  Laplace  transform  tables 

as 


Fig.  1  Normalized  Unit~lmpulse  Response  of  the  RC  Cable,  The  shape  is  an 
Excellent  Likeness  of  the  Action«Potential  Wanr«shape  that  is  Actually 
Observed  in  Vivo.  The  area  Under  the  Curve  is  Unity. 


Equation  (2)  is  plotted  in  Fig.  1.  The  impulse^excitcd  RC  cable  model  is  justified  be¬ 
cause  Fig.  I  is  an  excellent  likeness  of  the  action-potential  waveshape  that  is  actually 
observed  in  vivo.. 
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Differentiation  of  Eq.  (2)  with  reapect  to  1/t  shows  that  the  peak  occurs  at  time 


(3) 


and  the  corresponding  peak  value  is  given  by 


(4) 


A  reasonable  definition  for  the  width  (T)  of  the  action  potential  is  the  width  of  the  curve 

'p’ 

T  =  (5) 


at  V  /2.  Figure  1  shows  that  this  is  approximately  3t  ,  so  that 
P  P 

x^RC 


Because  of  the  x  factor  in  Eqs,  (4)  and  (5),  we  come  to  the  conclusion  that,  in 
the  absence  of  regeneration,  the  peak  voltage  rapidly  decreases  as  the  square  of  the 
distance  while  the  width  correspondingly  increases.  This  situation  is  depicted  in  Fig,  2. 


X»0 


Fig.  2  A  Nerve  Fiber  and  the  Waveshapes,  in  the  Absence  of  Rcfreneration, 
that  are  Associated  with  a  Unit  Impulse  of  Excitation  at  x  =  t  =  0. 


A  living  fiber  continually  regenerates  the  signal  so  that  and  T  remain  constant 
at  approximately  100  mv  and  2  msec,  respectively. 

A  myelinated  fiber  is  depicted  in  Fig.  3,  Because  regeneration  requires  an  access 
to  the  interstitial  fluid  (mainly  NaCl),  the  myelin  is  periodically  interrupted  by  nodes  as 
shown.  The  signal  is  regenerated  at  the  nodes,  where  the  cross  section  reverts  to  that 
of  an  unmyelinated  fiber. 

A  reasonable  value  for  the  node-to-nodc  transit  lin  e  (t^^^)  is  giv'cn  by  the  time  de¬ 
lay  suffert'i  by  the  point  on  the  leading  edge  of  the  action  potential.  Instead  of 
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Fig.  3  A  Myelinated  Fiber  and  the  Waveshapes,  in  the  Absence  of  Regeneration, 

that  are  Associated  with  a  Rectangular  Pulse  of  Excitation  at  the  first  node. 


dealing  with  the  action  potential  of  Fig.  1,  however,  which  leads  to  a  relatively  com¬ 
plicated  mathematical  exercise,  we  can  assume  that  the  first  node  is  excited  by  a  1- 
volt  rectangular  pulse,  as  shown  in  Fig.  3.  The  leading  edge  of  the  pulse  at  the  second 
node  is  then  described  by  the  unit  step  response 


The  time  function  is  given  by  inverse  Laplace  tn'nsform  tables  as 


Equation  (7)  is  plotted  in  Fig.  4.  The  time  delay  at  the  0,  5-volt  level  is  approximately 
given  by 


t 

nn 


nn 


^RC 


(8) 


The  velocity  of  propagation  now  appears  as 

(9) 

According  to  Lq.  (9),  the  velocity  of  propagation  can  be  maximized  by  minimizing 
X  and  RC.  As  x  is  reduced,  however,  more  and  more  of  the  fiber  becomes  exposed 
to  the  high  capacitance  of  the  nodes.  For  example:  calculations  based  on  subsequent 
results  show  that,  for  *  ■  10  myelinated  fiber,  the  capacitance  is  only  5.88  pF/cm 

In  the  myelin  region  compared  to  858  pF/cm  at  the  nodes.  For  this  reason,  we  may 
conjecture,  the  fiber  evolved  so  that  the  actual  values  of  are  relatively  large. 


where  x  is  the  node-to-node  spacing, 
nn 


A  , 

.  nn  1 

veloclly  .  f-  . 

nn  nn 
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Fig.  4  Normalized  Unit-Step  Response  of  the  RC  Cable.  The  Curve  would 
Eventually  Reach  the  Full  Amplitude  of  1  Volt 


The  minimization  of  RC,  on  the  other  hand,  is  easily  and  unambiguously  accom¬ 
plished.  For  R  we  have 


-p  d„ 


(10) 


ohms  per  cm  of  length,  where  p  is  the  ratio  of  inside/outside  diameter,  as  defined  in 
Fig,  3.  For  C  we  assume  that  the  effective  diameter  of  the  cable  is  the  average  of  in¬ 
side  and  outside  diameters,  or  d^(l  +  p)/2.  The  thickness  of  the  insulation  isdj[l-p)/2. 
Then 


SA±Pl 


36  X  10  ‘(1  -  p) 

farads  per  cm  of  length.  Combining  Eqs.  (10)  and  (11), 


(11) 


_  354  X  10 
RC  =  - 


•  12 


ills) 


P  (1  -  P) 

seconds  per  cm  of  length. 
The  factor 


(12) 


F  B  J  P 

P  (1  -  P) 


(13) 
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Fig.  5  Factor  F  =  {1  +  n)/  (c  -  p  )  versus  r  , 


hat  a  minimum  at  »  J  1.25  -  0.  5  »  0.618  correaponding  to  which  F^.^^  »  5(/T725 
+  1.1)  «  11.09.  At  ahown  in  Fig.  5,  however,  the  minimum  it  broad  and  any  value  be¬ 
tween  p  r  0.  4  and  p  »  0.  8  it  reatonable.  The  geometry  of  actual  fibert  agreet  with 
the  0.  4  <  p  <  0.  8  prediction  (i.  c.  ,  myelin  thlcknctt  fallt  between  0.  Id^  and  0.  3d^). 

Substituting  p  »  0.  flH  in  (11),  we  get  C  »  5.  88  pT/cm,  independent  of  fiber  di¬ 
ameter.  Equation  (1  2)  then  yieldt 


(RC) 


min 


3920  X  10 

- 77- 


•  12 


B 


(14) 
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seconds  per  cm  of  length.  For  a  =  10  p  fiber,  Eq.  (14)  yields  0.  00392  compared  to 
an  xinmyelinated  value  of  0.  354  seconds  per  cm  of  length. 

Measurements  show  that  the  velocity  of  propagation  for  myelinated  axons  is 
6  X  lO^d^.  Substituting  this  information  as  well  as  Eq.  (14)  into  Eq.  (9),  we  get 

^  =  42.5.  (15) 

o 

There  are  wide  variations  in  node-to  node  spacing,  but  the  value  42.  5d^  falls  in  the 
range  that  is  reported  based  on  histological  examination.  Substitution  into  Eq.  (8) 
yields  a  constant  node-to-node  transit  time,  t^^^  =7.1  microseconds,  independent  of 
fiber  diameter. 

National  Science  Foundation 
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1969  INTERNATIONAL  SYMPOSIUM  ON  COMPUTER  PROCESSING  IN  COMMUNICATIONS 


Computer  Processing  in  Communicntions  is  the  topic  of  the  nineteenth  in  the  series 
of  annual  international  symposia  organised  by  the  Microwave  Research  Institue  of  the 
Polytechnic  Institue  of  Brookly'i.  This  symposium  will  be  held  at  the  Waldorf  'Astoria 
Hotel  in  New  York  City  on  8-10  April  1969  with  Professor  M.  Schwarts  as  Symposium 
Chairman. 

The  symposium  will  stress  the  role  of  computer  techniques  in  data  transmission 
and  processing  and  will  provide  an  opportunity  for  scientists,  engineers,  and  mathe- 
maticians..to  review  the  latest  viewpoints  and  developments  along  with  specialists  in 
communications  and  computer  processing. 

Adaptive  communication  systems,  data  compression  techniques,  antenna  array 
signal  processing,  adaptive  equalization  for  random  channels,  feedback  communication 
systems,  algorithmic  formulation  of  communication  probl' ms ,  and  computer  simulation 
of  communication  systems  will  be  considered.  The  range  of  applications  includes  space 
telemetry,  seismic  signal  processing,  biomedical  processing,  underwater  communications. 
The  symposium  will  include  a  panel  discussion  focusing  on  the  role  that  computers  ere 
ejtpected  to  play  in  signal  processing  systems  of  the  future.  The  following  outline  suggests 
some  of  the  :nore  prominent  (matures  to  be  explored  in  a  series  of  consecutive  sessions: 

Introductory;  OverpU  view  and  philosophy:  role  of  computer  processing  techniques 
in  data  transmission. 

Adaptive  Systems;  Array  processing,  equalizers,  data  compression  . 

Algorithmic  Formulation  of  Communication  Problems;  Optimization  and  search 
techniques. 

Discrete-  Time  Techniques;  Digital  filtering,  sampling  and  quantization. 

Applications  and  Impler~,c station:  Seismic  arrays,  radar  processing,  radar 

astronomy,  biomedical  processing,  coding  and  decoding  techniques,  pattern 
recognition. 

Computer  Simulation  of  Communication  Systems 

Sv-atistical  Estimation;  Fast  Fourier  transform,  spectral  estimation,  computer 
techniques  for  channel  measurements. 

Switching  and  Routing  by  Computer. 

This  symposium  is  conducted  as  a  portion  of  the  Institute's  Joint  Services  Electronics 
Program  and  is  organized,  as  in  past  years,  under  the  aegis  of  the  Microwave  Research 
Institute  of  the  Polytechnic  Institute  of  Brooklyn  with  the  co-sponsorship  of  the  Air  Force 
Office  of  Scientific  Research,  the  Office  of  Naval  Research,  and  the  Army  Research  Office. 
Once  again  it  will  be  held  in  cooperation  with  the  Institute  of  Electrical  and  Electronics 
Engineers.  The  "Proceedings  of  the  Symposium  on  Computer  Processing  in  Communications 
will  be  published  by  the  Polytechnic  Press  as  Volume  XIX  of  the  MR!  Symposia  Series. 


457 


UNCLASSIFIED 

DOCUMENT  CONTROL  data  •  R  I.  D 

^^^^^^^fs#curiiiMrj<itAifirMfiof^Mijij^b®2^^2^J^2J2il^IIIi^2£lIl!2£^222^l!S^2!l!*!IJ2£lIiJ2I^^ 

t.  OWIGINATINC  ACtlvlTv  {Cofpormf  mutfioe}  It,  MCPOUT  tCCUMiT  ,-  CL AttiriC ATIOK 

Polytechnic  Institute  of  BrocMyn  UNCLASSIFIED 

Microwave  Research  Institute  iTTSou?  — — — —  , 

333  Jay  Street,  Brooklyn,  N.  Y.  11201 

9.  MC^OiRT  TITLC  . 

PROGRESS  REPORT  NO.  33  TO  THE  JOINT  SERVICES  TECHNICAL  ADVISORY 
COMMITTEE 

4  or.scwiT'Tive  NOTES  (Typ*  of  rc|ro?l  Mfitf  IficfuRlve  d«i«Aj 


Scientific 


interim 


I  9-  AUTHOnisi  (Fitmt  MSM,  oilMI#  Inffisf.  teal 


Arthur  A.  Oliner 


Is  ItCPORT  DATE 


November  1968 


|t«.  CONTRACT  OR  GRANT  NO 


AF  49(638)- 1402 


b.  PROJ"*:  T  NO. 


4751 


It«.  TOTAL  NO-  OF  PACES  ItI^  NO.  OF  REFS 


is*.  ORIGINATOR'S  REPORT  NUUBERISI 


PIBMRI  R-452  33-68 


6 14450 IF 
681305 


Isb.  otnER  report  K0IS>  (Any  ofli*r  numb*r«  t  t»t  mmy  by  mssi0tyd 
I  thi9  typort) 


AFOSR  63-2163 


10.  DISTRIBUTION  STATEMENT 


TECH,  OTHER 


i^»w..Aes  tract 


1.  This  document  has  been  approved  for  public  release  and  sale;'  '  - 

_ its  distribution  is  unlimited. 

[  n.  SUPPLEMENTARY  NO*ES  ^POlOORIN^  MIUlTARV  ACTIVITY 

Joint  Services  Electronics  Program  thrnugh 

AirForce  Office  of  Scientific  Research(SREE) 

TECH,  OTHER  1400  Wilson  Boulevard 

Arlington,  Virginia  22209 

*"  - - 

*This  report  is  the  thirty-third  in  a  series  of  progress  reports  to  the 
Joint  Services  Technical  Advisory  Committee  since  inception  of  the  Joint  Services 
Electronics  Program  at  the  Polytechnic  Institute  of  Brooklyn  in  July  1955.  The 
report,  now  being  issued  annually,  summarizes  research  accomplished  under  the 
aegis  of  the  Microwave  Research  Institute  and  reflects  the  impact  of  the  Joint 
Services  Electronics  Program  on  the  research  activities  of  faculty  and  students  of 
the  participating  departments  of  the  Institute.  The  progreim  covers  a  broad 
spectrum  ranging  from  basic  theoretical  physics,  mathematics,  and  engineering, 
to  experimental  investigations  involving  basic  measurements,  development  of 
devices,  and  materials. 

Each  activity  reports  in  summary  fashion  on  specific  results  obtained 
during  the  report  period  of  15  September  1967  through  14  September  1968  with 
individual  acknowledgment  of  the  sponsorship  which  has  contributed  to  the  re¬ 
ported  work.  The  report  is  compiled  under  seven  headings:  Electromagnetics 
and  Waveguide  Techniques;  Quantum  Electronics  and  Optics;  Plasma  Physics  and 
Electronics;  Solid  State  and  Materials;  Control  Theory  and  Computer  Science; 
immuni  cat  ions  and  Information  Processing;  Networks  and  Systems.  / 


\,1473 


UNCLASSIFIED 


Sccuriiv  CUsAificbiion 


UNCLASSIFIED 

Saeurilv  CUttlflcation 


